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µ5ÉuÊ
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ÈÎ��G���¥¦¥ ¬~¥¦��4�µ¨>���8³:�y§)¥¦³���³´�µ��Ô����L©µ�§)©µ£��«��ª�n£���4��¨��!�y�°~��_����µ��S)c¥´��L°�W)~©n³������cÍ�®�¨�³´©HU´º�¸'Vc§{¨�¬�©_§c¥¦¬��°��°�£��¯¹³¦¥��±Ñ�

þ����]ç�î è�î�ê{ç ð}²
i ù í�õ�ö�ö�ì�ö�õ�³yø=´�µ5¶Q· Æ Å º�» n ¼lÆ�¼p½B¾5¿ · »lÄ b Å ºkÈ3¿ ¶ º Î »�½l» ·C· »HÆ�¼p½E¾5¿ · »lÄI» · i ∈ N = {0, . . . , n} ¸Ô ¾ i ¼p½l»LÂÕÂ Å Â�» ¶ º"½ ¶CÎ »3º · »RÖ b » Ãl· Âp× µ ¿�È ¶Q· »pØ Ê
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αn ì Å º�» n ¼3Æ�¼p½B¾5¿ · »lÄ Si Â�» Ã »3º Ã »3ÌkÈLÂ:» Ã!Î » i ¼p½B»LÂvÂ Å Â�» Ã Ö ÃlÅ�í�í ¿ ¶ Ìk»3¿ í�µ5Å ¿ 0 ≤ i ≤ n − 1 ÄH» · Ci Â:» Ã »3º�¼Ã »3ÌkÈLÂ�» ÃSÎ » i ¼p½l»LÂÕÂ Å Â�» Ã Ö?½ µ º · ¿(¾�½ · »3¿ í�µ5Å ¿ 1 ≤ i ≤ n ¸´�µ5¶Q·

S =
⋃n−1
i=0 Si » · C =

⋃n
i=1 Ci ¸Ô » ÃRÎ » Å�îFí ¿EÁ3¼p½ µ º Î5¶v·Q¶Cµ º ÃwÃlÅ�¶ Ñ'¾5º · » ÃSÎ�µ5¶ Ñ5»3º ·XïL· ¿E» Ã ¾ ·C¶{Ãvð ¾ ¶v· » ÃRÊ Â:» Ã ½B»LÂvÂ Å Â�» ÃSÎ�µ5¶ Ñ5»3º ·�ïL· ¿E» Î5¶ÕÃ{ñ�µ5¶ º · » Ã ë ¶ ¸v»�¸

∀c, c′ ∈ C ∪ S, c ∩ c′ = ∅ ì » · Â�»!ò Î »�À5¿EÁ5ó Î »R½3ôc¾�õ Å »R½l»LÂvÂ Å Â:» Î�µ5¶Q·�ïL· ¿(»=Á�À�¾>Â9Ö Î » Å>î Ä ¶ ¸v»�¸ Êö ∀i, 0 ≤ i ≤ n− 2, ∀b ∈ Si, bαi+1αi+2 = bαi+2αi+1ö ∀i, 2 ≤ i ≤ n, ∀b ∈ Ci, bαi−1αi−2 = bαi−2αi−1´�µ5¶Q·
BSi = (Si ∪ Ci)αi − (Si ∪ Ci) Ä ∀i, 0 ≤ i ≤ n ¸Ô ¾ n ¼lÆ�¼p½B¾5¿ · »M¿EÁ ÃlÅ Â · ¾5º · » Î » Ã_ÃlÅ�í�í ¿E» ÃBÃl¶Qµ º Ã » · ½ µ º · ¿(¾�½ ·Q¶Cµ º Ã_ÃB¶ Ì Å Â · ¾5º�ÁB» ÃMÎ »f½l»LÂvÂ Å Â:» ÃKÎ » Î5¶ Ìk»3º Ãl¶Cµ ºõ Å »LÂ:½ µ º"õ Å »�» Ã3· Æ!× êRë B′ Ä α′0, . . . , α′n ì Î ÁQÍGº ¶ » í ¾5¿ ÊË ¸ B′ = B − (C ∪ S)Ð ¸ ∀i, 0 ≤ i ≤ n, ∀ b ∈ B′ −BSi Ä bα′i = bαiÓ ¸ ∀i, 0 ≤ i ≤ n, ∀ b ∈ BSi Ä bα′i = b′ = b(αiαl1) . . . (αiαlr )αi Ä µ5É

r » Ãl· Â:» í Â Å�Ã�í » ·Q¶v· »3º ·Q¶ »3¿ · »LÂmõ Å » b′ ∈ BSi Ä
» · ∀j, 1 ≤ j ≤ r Ä lj =

{
i+ 1 si bj = b(αiαl1) . . . (αiαlj−1

)αi ∈ Si,
i− 1 sinon (bj ∈ Ci).
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i−1 ÄÓ ¸ ∀a Ä 0 < a ≤ m Ä Ga » Ã3·Hµ È · »lº Å »xÖ í ¾5¿ ·Q¶ ¿ Î » Ga−1 »3º ÃlÅ�í�í ¿ ¶ Ìk¾5º · Â:» Ã ½l»LÂÕÂ Å Â�» ÃJÎ » ∪ni=0S

a−1
i» · »3ºj½ µ º · ¿(¾�½ · ¾5º · Â:» Ã ½l»LÂÕÂ Å Â�» ÃxÎ » ∪ni=0C

a−1
i ëi»3ºj¾ í�í Â ¶ õ Å ¾5º · Âp× µlí Á3¿(¾ ·Q¶Cµ ºfÀ�Á3º�Á3¿(¾>Â:» Î » ÃlÅ�í�í ¿E» Ã ¼Ãl¶Cµ º��I½ µ º · ¿(¾�½ ·Q¶Qµ º ì ¸

�Á��¤�Ë���Ô§c¥´��H°�k§�6�©±¯5�y³ °�s�'� ��Á·5� �«¨�����©µ�§~©µ£��µ��ª�n£��Z��;�¬�©µ��H·���HÓ)��Á�¬�Ë�§~©µ¨ª§)©n³´£��n£��W��¯'[ �¬�©n���°����§�6�©±¯5�y³ °���H°�
n gphdg ��¯�©«�n��W�«¨��ª��Ìèé�l�)¯5Y�¬�G))©n³:��¯�§~§{¯�©«�µ��)¯5�ª�n@¤¬���4���¥¦¥ ¬~¥´e�µ¬~§~§~©n³��Ô£�_¨�¬���¨��ª�n©±¯5��n£�8¯¹¬��~³ ®��¯¹¬

a
�~_§{�¬��+¯�§~§c¯�©«�n��~³¦©@Ô¬���s¯¹¬��n©µS���¥ ¥¦¬~¥¦S�µ¬�§)§~©n³��Ô£�k¨ª¬]��¨��ª�n©±¯5���µ£�k°~¬]�=<��yF�)³ ®��¯¹¬�¨�¬�°98 ¬��
¯¹¬��n©µS�~³ ®��¯¹¬FNè ��¨�³´�

a
¡

0 ≤ a < m
�8Ç�¨�¬���§{¨�¬�®�¨>���x�~¨¹�µ�©?Y�¬I8 ¬��~_))³ [ ����±³´¨��

ϕa
�Ë~³:�«�n�����n©µ\¥¦��x)~©n³:���x�n¬�© g®~³ ®ª¯5�ª�B�#°�

Ga
ÍÕ³Õ� ª�}¥¦��H))©n³:���wY�¬)³0�~=�«¨�����§c¯5�w�n¬�§~§)©n³:�y£��w�~³n��¨��ª�n©±¯5��n£��Ñ¡{��#¥¦��w)~©n³�����°�

Ga+1Í
ϕa : Ba−⋃ni=0(Sai ∪Cai ) −→ Ba+1 Ñ��Æd���k°�e�µ³��Ô§)¥ ³*�)�©�¥¦��#��¨¹�¯��±³¦¨�����¡���¨�¬��#��¨¹�n�©µ¨����Î¬���)~©n³��k°~
Ga
��¡�«¨��s³���¯';ª8°c¯5���

Ga+1 §c¯�©+¥´X�=<��Ô���¨�����Ç�¨�¬��+¯�®�¨>���+¯¹¥´¨ª©E�8Ì Ba+1 = Ba−⋃ni=0(Sai ∪Cai )
�

�L¥¦¬��ZD ¨ª©E�Ô�¥ ¥´��y��ª��Ì
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µ5Å
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Cai ∩ Cdj = ∅, ¾5Ñ5»(½ i 6= j
µ5Å

a 6= d.
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bl ∈ Sdi ,

i− 1
�µ³
bl ∈ Cdi .��8 ¨('

kl+1 =

{
kl − 1

�µ³
bl ∈ Sdkl−1,

kl + 1
�µ³
bl ∈ Cdkl+1,�58 ��«�H@Ô°~³´©µ

t′′u =

{
t′′u−1 − 1

�n³
b′′u ∈ Sdt′′u−1−1,

t′′u−1 + 1
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b′u = b′′u
��
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°�
Ch(ku,a,d−1)(bu)

¡
∀u, 1 ≤ u ≤ p ¡ ku =





i
�n³
u
��«��³:�y§c¯¹³´©

,

i+ 1
�n³
u
��«��§c¯¹³¦©���

bu ∈ Sd−1
i ,

i− 1
�n³
u
��«��§c¯¹³¦©���

bu ∈ Cd−1
i ,��

p
��É� ¥´
§)¥ ¬��y§{��±³ ����ª�±³´�©Ô�n�¥ZY�¬~
¥¦
°~�©E�~³¦�©!))©n³:� °~¬}�B�~��y³��²°�q��¨��������±³´¨���Í

bp+1
Ñ¯�§~§{¯�©µ�n³¦����~S@

BSd−1
i

�
�Á�¥ ¯=�!<��Ô���¯5�~³:T�©µk¨��
¯

Ch(i,d−1,d)(b) =
(
Ch(l1,d−1,d−1)(b

′
1), . . . , Ch(lr,d−1,d−1)(b

′
r)
) ¡

�58 ��«�d@Ô°)³´©µ�Ì
Ch(i,d−1,d)(b) =

(
b′2, . . . , b

′
r+1

) ¡
¯�®���yÌ

b′1 = b
¡

∀v, 1 ≤ v < r
¡
b′v+1

��É��¥¦k°~�©E�~³¦�©W)~©n³:�
°�
Ch(lv ,d−1,d−1)(b

′
v)
¡

∀v, 1 ≤ v ≤ r ¡ lv =





i
�n³
v
��É��³��Ô§c¯¹³¦©

,

i+ 1
�µ³
v
��«��§{¯¹³´©���

b′v ∈ Sd−1
i ,

i− 1
�µ³
v
��«��§{¯¹³´©���

b′v ∈ Cd−1
i ,��

r
��É� ¥¦
§)¥¦¬��y§{��±³ � ��ª�±³¦�©Ô�n�¥ZY�¬~
¥¦�°��©E�)³´�©k)~©n³�� °~¬}�B�~��y³�� °�q��¨���������n³¦¨���Í

b′r+1

Ñ¯�§~§{¯�©µ�n³¦����~S@
BSd−1

i

�
Ä4��¬��±³ ¥¦³��n¯5����¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨����s§{¯�;ª�º��s¨��
¯�Ì

∀u, 1 ≤ u < p
¡
bu+1 = buα

d−1
ku

∀v, 1 ≤ v < r
¡
b′v+1 = b′vα

d−1
lv

��L¬~³��(Y�¬~
b1 = b′1 = b

¡XY�¬�
k1 = l1 = i

���Y�¬�\£��¯5����°�¨����~£,¬��é)~©n³�� ³¦¥Á�Ë~³:�É�ni¬�� ¬��)³:Y�¬�M)~©n³:�¥¦³¦£K@Ê¥¦¬)³�§{¯�©�¬���M���©µ�±¯¹³���,³��ª®�¨�¥¦¬��±³¦¨��'¡�¨��m§{�¬��]�Ô¨����µ©n�©�§{¯�©�©µ£���¬�©µ©µ�����M�µ¬�©
u
Y�¬~\§{¨�¬�©��n¨�¬��

u
¡

1 ≤ u ≤ min{p, r} ¨�� ¯ bu = b′u
��
ku = lu

�m��8 ¯¹¬��n©µy§c¯�©«��¡
bp+1

��
b′r+1

�«¨�����©µ��«§{���±³ ®���Ô��ª�s¥´��°��©B�~³´�©E�X))©n³:���H°�
Ch(i,a,d)(b)

��
Ch(i,d−1,d)(b)

�~�]¯�©H°�£L���)³ �±³¦¨>�]��S�«¨����H°�¨����#©µ��µ§{���±³ ®���y��ª��¥´��Z�µ�¬~¥)~©n³�����°�
Ch(i,a,d)(b)

��
Ch(i,d−1,d)(b)

¯�§)§c¯�©«�n��)¯5�ª�w@
Bd
���Á¨����#¨��
§{�¬��H�Ô¨����µ©µ�©�§c¯�©d��¨����µ©±¯¹°)³:��±³¦¨��Y�¬~��~£�����E�n¯¹³¦©µ��Ô����

r = p
�¶8�Y�¬~³9�Ô¨����n©µ�¯¹¥´¨ª©E�ZY�¬�
Ch(i,d−1,d)(b) = (b2, . . . , bp, bp+1)

�
��8 ¯¹¬��n©µL§{¯�©µ��¡�§c¯�©�°�£L�^�~³ �±³¦¨��'¡�¬��k����«��R))¥¦e��¨����~���¯5�ª�nD �©E�Ô£�¯5�(�«¨c��³¦£�@H¬��S�l����y³��S��¨>���±³´������n¨�¬���¥´��

)~©n³����Î°~¬��B����y³:��¯¹³:���n³>Y�¬�L¥´G)~©±³:�k³:�~³´�±³ ¯¹¥Õ���L¬~³:�EY�¬�
Ch(i,a,d)(b) =

(
Ch(k1,a,d−1)(b1), . . . , Ch(kp,a,d−1)(bp)

)

��
Ch(i,d−1,d)(b) = (b2, . . . , bp, bp+1)

¡+¯¹¥¦¨¹©B� {b1, b2, . . . , bp+1} ⊆ Ech(i,a,d)(b)
��
Ech(i,d−1,d)(b) =

{b1, b2, . . . , bp+1}
��]¯�©W��¨����µ£�Y�¬���ª�
Ech(i,d−1,d)(b) ⊆ Ech(i,a,d)(b)

�

�

�¹¾



ÿké�ê{ô]êc÷�î è�î�ê{ç>f²ø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 < a ≤ d ≤ m Ä ∀b ∈ Bd Ä»3ºx½ µ º Ãl¶CÎ Á3¿(¾5º · Â�» ÃZÎ ÁE½ µ Ì í�µ'Ãl¶v·C¶Qµ º ÃZÎ » Ch(i,a,d)(b) » · Ch(i,a−1,d)(b)
¶ÕÃBÃBÅ » ÃZÎ »ZÂ:¾ Î ÁQÍGº ¶Q·Q¶Qµ º<e í ¾�À�» Ë�Ë Ê

Ch(i,a,d)(b) =
(
Ch(k1,a,d−1)(b1), . . . Ch(kp,a,d−1)(bp)

) Ä
Ch(i,a−1,d)(b) =

(
Ch(l1,a−1,d−1)(b

′
1), . . . Ch(lr ,a,d−1)(b

′
r)
) Ä

bp+1 ë�¿(» Ã�í ¸ b′r+1 ì » Ã3· Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(i,a,d)(b) ë�¿E» Ã�í ¸ Ch(i,a−1,d)(b) ì Äµ ºK¾ Ê
bu = b′u Ä ∀u Ä 1 ≤ u ≤ min{p+ 1, r + 1} Ä

r = p ¸

ÿké�õ�ì*-{õ,ø ��¨��ª�n©µ¨�����§c¯�©¤©µ£���¬~©µ©µ�����w�µ¬~©
u
¡
1 ≤ u ≤ min{p+ 1, r+ 1} Y�¬�#¥Q8 �>6�§{¨¹�B�cT��µ Gu �n¬~³ ®ª¯5���µ��«��®�©±¯¹³¦ª�

(Gu) : bu = b′u.èm§{¨�¬�©
u = 1

¡§c¯�©W��¨>���É�n©n¬����n³¦¨���¨���¯
b1 = b

��
b′1 = b

¡)°�¨����
b1 = b′1

�¶8SY�¬~³9�n³*;��~³:�~SY�¬� Í G1
Ñ8��É��®�©±¯¹³´ª�

èé�n¬�§~§{¨��µ¨>���kÍ Gu ÑL®�©±¯¹³¦#§{¨�¬~© 1 ≤ u < min{p+ 1, r + 1} ¡~��d�Ô¨����µ©n¨>���ZY�¬� Í Gu+1
Ñ8��«�¤®�©±¯¹³´ª��]¯�©L°�£����~³´�±³´¨��'¡ª§{¨�¬~©]�n¨ª¬��

u
¡
1 ≤ u ≤ min{p, r} ¡ b′u+1

��
bu+1

�µ¨��ª�L©µ��µ§{���±³´®ª��y��ª�8¥¦��L°��©E�)³´�©E�)~©±³:���#°�
Ch(lu,a−1,d−1)(b

′
u)
��
Ch(ku,a,d−1)(bu)

�I��8 ¨('\°I8 ¯�§~©(T��#¥ ¯ §~©n¨¹§}¨>�n³ �±³¦¨��i�y§{¯';¹�º���¨��,¯
b′u+1 = b′uα

d−1
lu

��
bu+1 = buα

d−1
ku

§{¨�¬�©¤�n¨�¬��
u
¡
1 ≤ u ≤ min{p, r} �

�]¯�©H°�£L�^�~³´�n³¦¨���¨��
¯
ku =





i
�µ³
u
��«��³:�Ô§{¯¹³´©

,

i+ 1
�n³
u
��É�H§c¯¹³¦©���

bu ∈ Sd−1
i ,

i− 1
�n³
u
��É�H§c¯¹³¦©���

bu ∈ Cd−1
i ,

��
lu =





i
�µ³
u
��«�H³��Ô§{¯�³¦©

,

i+ 1
�µ³
u
��É�H§c¯¹³¦©���

b′u ∈ Sd−1
i ,

i− 1
�µ³
u
��É�H§c¯¹³¦©���

b′u ∈ Cd−1
i ,§{¨�¬�©

1 ≤ u ≤ min{p, r} �¶8¨��!�yyÍ Gu Ñ8��«�d�µ¬~§~§{¨��«£�#®�©±¯¹³´�¡~¨��
¯ b′u = bu
���8 ¨('

ku = lu
���§{¯�©J��¨����µ£�Y�¬���ª��§c¬~³��(Y�¬~
°98 ¬��b))©n³:� °�¨����~£ Í

bu
Ñ¡]�� ¬����³:��®ª¨�¥ ¬��±³´¨�� °�¨�����£�Í

αd−1
ku

Ñ8¨��]��#§{�¬��Á¯��µ�µ�³:�~°~©µ�Y�¬I8 ¬��]�«�¬)¥I)~©n³:��¯¹¥¦¨¹©B�
b′u+1 = bu+1

��Á¨�����Í Gu+1
Ñ8��É��®�©±¯¹³´ª�

�Á¨����
bu = b′u

§{¨�¬~©¤�n¨�¬��
u
¡
1 ≤ u ≤ min{p+ 1, r + 1} �

��¨��ª�n©µ¨����ZY�¬�
p = r

���³
r < p

¡{¯¹¥´¨ª©E�
br+1

��«�w@y¥C8 ³:���µ£�©n³´�¬�©Á°�
Ch(i,a,d)(b)

��Á°~¨����k§c¯�©Á°�£L���)³ �±³´¨��
br+1

�I8 ¯�§~§{¯�©«�±³´�����§c¯5�H@
Bd
¡)³¦¥ °)³:�µ§c¯�©±¯�\ �Á¯�®ª¯5�ª���Ã�©�§{¯�©Z��¨����É�n©n¬����n³¦¨��'¡

b′r+1

��É��¥´�°��©E�~³¦�©Z)~©±³:��°�
Ch(i,a−1,d)(b)

���Á¨�����§c¯�©H°�£L���)³ �±³´¨��
³¦¥Î¯�§~§c¯�©«�±³¦��ª�H@
Bd
�ÃH��¯y¯¹¥´¨ª©E�H¬���S��¨��ª�n©±¯¹°~³���±³´¨���¯�®���k¥´SD�¯¹³´�dY�¬�

b′r+1 = br+1
¡)°�¨����

r ≥ p �ÃH�]�Ô¨����n©µk°��� ¯5�~³*T�©µ��µ³��y³ ¥ ¯¹³¦©µ�Y�¬~
r
�98 ��É�H§c¯5�W�É�n©n³:���µ��Ô�����§)¥ ¬��Z;ª©±¯5�~°]Y�¬�

p
��Á¨����

r = p
�

�

�ª»
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1 2

3

5 6 9

7 8

10 1 2 5 6 9 10 1 10

�~³´®��¯¹¬
¸ �)³ ®��¯¹¬iº �~³ ®��¯¹¬��
äeåQæeçL½�èi É¥ ¥¦¬��«�n©±¯��±³´¨��Ê°~�¥ ¯�§~©µ¨ª§{¨��n³ �±³¦¨>�²¼�§c¯';ª
�¹½��_ÃH�²¯

Ch(0,0,2)(1) = (2, 3, 4, 5, 6, 7, 8, 9, 10)
��

Ch(0,1,2)(1) = (2, 5, 6, 9, 10)
¡~°I8 ¨('

Ech(0,1,2)(1) ⊆ Ech(0,0,2)(1)
�

ÿké�ê{ô]êc÷�î è�î�ê{çþ²ø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 < a ≤ d ≤ m Ä ∀b ∈ Bd Ä µ ºK¾ Ê
Ech(i,a,d)(b) ⊆ Ech(i,a−1,d)(b) ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
a ∈ N �n�¥:�WY�¬~ 0 < a ≤ m �Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ�©�§c¯�©�©µ£���¬~©µ©µ�������n¬�©

d
Y�¬~ ∀d ¡ a ≤ d ≤ m ¡)¥Q8 �>6�§{¨¹�B�cT��« Hd �n¬~³´®¹¯5���n#��«��®�©±¯¹³¦ª�

(Hd) : ∀b ∈ Bd, ∀i ∈ N on a : Ech(i,a,d)(b) ⊆ Ech(i,a−1,d)(b).

èm§{¨�¬�©
d = a��¨�³´�
b ∈ Ba �� i ∈ N ���8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨��
°~¬]�B�~��y³���°�S��¨��������±³¦¨>� ÍÕ°��D]Òs§c¯';ªyºªº�Ñ¡�¨���¯

Ch(i,a,a)(b) = (bαai )
���8 ¨('����¯�§~§)¥ ³:Y�¬)¯5�ª�Á¥ ¯y°�£L���)³ �±³´¨��
°~k¥C8 ����«��S))¥¦���¨��������¯5���dD �©E�y£

Ech(i,a,a)(b)
¡~¨>��¨>)��±³´��ª��Ì

Ech(i,a,a)(b) = {b, bαai }
��L¬~³��(Y�¬�

b ∈ Ba
¡d��¨�¬��q�±¯�®�¨>����°I8 ¯�§~©(T���¥ ¯²§~©µ¨ª§{¨��µ³´�±³´¨�� �Ê§{¯';¹mº���¡WY�¬�Ê¥´Ê°��©E�)³´�©_)~©n³���°~

Ch(i,a−1,a)
��«�

bαai
¡~��H§c¯�©H°�£����~³´�±³´¨��

b ∈ Ech(i,a−1,a)(b)
����8 ¨('

Ech(i,a−1,a)(b) ⊇ {b, bαai }
�Ãw�
¯y¯¹¥´¨ª©E�Z))³´��

Ech(i,a,a)(b) ⊆ Ech(i,a−1,a)(b)
�Ä]�d�����³'��É��®�©±¯¹³9Y�¬��¥�Y�¬�S�µ¨�³ �

b ∈ Ba �� i ∈ N ��Á¨���� Ha ��«��®�©±¯¹³¦ª�
èé�n¬�§~§{¨��µ¨>��� Hd ®�©±¯¹³´k§{¨�¬�© a ≤ d < m

��d�y¨��ª�n©µ¨����ZY�¬� Hd+1
��É��®�©±¯¹³¦ª���¨�³´�

b ∈ Bd �� i ∈ N ���8 ¯�§~©(T���¥ ¯ °~£L���~³´�±³´¨�� Òy§{¯�;ª�ºªº��~¨�¬��Á§{¨�¬�®�¨����Á£���©n³´©µÔ¥¦���°~£���¨��Ô§{¨��n³ �±³¦¨>����°�
Ch(i,a,d+1)(b)

��
Ch(i,a−1,d+1)(b)

°~k¥ ¯=��¯5�~³:T�©µ��n¬~³ ®ª¯5���µ�Ì
Ch(i,a,d+1)(b) = C =

(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp)

) ¡��
Ch(i,a−1,d+1)(b) = C ′ =

(
Ch(l1,a−1,d)(b

′
1), . . . , Ch(lr,a−1,d)(b

′
r)
) �

Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§^�µ³ �±³¦¨��
½�§c¯';ª��¹»�¨>��¯y¯¹¥´¨ª©E�kÌ
Ch(i,a,d+1)(b) =

(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp)

)

Ch(i,a−1,d+1)(b) =
(
Ch(k1,a−1,d)(b1), . . . , Ch(kp,a−1,d)(bp)

)
�]¯�©H°�£L�^�~³´�n³¦¨��
°~¬]�B����y³:�
°�S��¨��������±³´¨������°��¥Q8 ����«��R))¥´�°��)~©n³����ZY�¬~³ ¥¦S��¨��Ô§{¨��«�¡�¨��
¯�Ì

Ech(i,a,d+1)(b) =
⋃p
u=1Ech(ku,a,d)(bu)

Ech(i,a−1,d+1)(b) =
⋃p
u=1Ech(ku,a−1,d)(bu)�L¬~³��(Y�¬�k¥C8 ¨����µ¬~§~§{¨��«�¥Q8 ��6�§{¨¹�B�cT��µ Hd ®�©±¯¹³¦ª¡~¨���¯�Ì

Ech(ku,a,d)(bu) ⊆ Ech(ku,a−1,d)(bu), ∀u, 1 ≤ u ≤ p.

�¹½



�Á¨����
Ech(i,a,d+1)(b) ⊆ Ech(i,a−1,d+1)(b)

�Ä]�d�����³'��É��®�©±¯¹³9Y�¬��¥�Y�¬�S�µ¨�³ �
b ∈ Bd �� i ∈ N ��]¯�©W��¨����µ£�Y�¬~��ª� Hd+1

��É��®�©±¯¹³¦ª�
�Á¨���� ∀b ∈ Bd ¡ ∀i ∈ N ¡~�� ∀d ¡ a ≤ d ≤ m ¨���¯�Ì

Ech(i,a,d)(b) ⊆ Ech(i,a−1,d)(b).Ä]���n¨ª¬��n�����µ�nk°�£��Ô¨����«�µ©¯��±³¦¨�����É��®�©±¯¹³´�Y�¬��¥�Y�¬~S�«¨�³´�
a ∈ N �n�¥��ZY�¬� 0 < a ≤ m �

�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä\gIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d < m Ä ∀b ∈ BSdi Ä0» ·�í�µ5Å ¿ ·�µ5Åc· È3¿ ¶ º bu ë 2 ≤ u ≤ p ì· »LÂmõ Å » Ch(i,a,d+1)(b) = C =
(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp)

) ë�½ ð ¸ Î ÁQÍGº ¶Q·Q¶Cµ ºhe í ¾�À�» Ë�Ë ì µ ºK¾
bu ∈ (Sdi ∪ Cdi ) ⊆ Bd Ä» · Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(i,a,d+1)(b) ∈ BSdi ⊆ Bd ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
i ∈ N ¡ a, d ∈ N ¡��µ�¥:�WY�¬� 0 ≤ a ≤ d < m

¡~��d�«¨�³´�
b ∈ BSdi

�Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ�©�§c¯�©�©µ£���¬~©µ©µ�������n¬�©
u
¡�Y�¬~ ∀u ¡ 2 ≤ u ≤ p ¡~¥C8 �>6�§{¨¹�E��T��« Hu �µ¬)³ ®ª¯5�ª�nk��«�¤®�©±¯¹³´ª�

(Hu) : bu ∈ (Sdi ∪ Cdi )èm§{¨�¬�©
u = 2�]¯�©W��¨����«�n©n¬���±³¦¨>� ¡

b2
��«��¥´�°��©B�~³´�©Z)~©n³���°~

Ch(k1,a,d)(b1)
�ÃÁ©

b1 = b ∈ Bd �� k1 = i
�~Ä4�
¬��±³¦¥ ³:�±¯5�ª��¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ªyº���¡~¨���¨>)��±³¦��ª�Á¯¹¥¦¨ª©E�

b2 = bαdi
�¶8¨��!�y

b ∈ BSdi
¡c¯�¥¦¨ª©E�

b2 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� H2
��É��®�©±¯¹³´ª�

èé�n¬�§~§{¨��µ¨>��� Hu ¯�®��� 2 ≤ u < p
®�©±¯¹³´k��d�Ô¨����n©µ¨����ZY�¬~ Hu+1

��É��®�©±¯¹³´ª��]¯�©J��¨����É�n©n¬���±³´¨��'¡
bu+1

��«� ¥´�°��©E�)³´�©k))©n³:� °~
Ch(ku,a,d)(bu)

��Ã�©
bu ∈ Bd

�_Ä4� ¬��n³ ¥¦³��n¯5��� ¥ ¯§~©n¨¹§}¨>�n³ �±³¦¨����s§c¯';ªyº���¡~¨���¨>)��±³´��ª�Á¯¹¥¦¨ª©E�
bu+1 = buα

d
ku

�¶8¨��!�y
bu ∈ (Sdi ∪ Cdi )

¡c¯¹¥´¨ª©E�
bu+1 ∈ (BSdi ∪ Sdi ∪ Cdi )

�ÃÁ©L§c¯�©L°~£L���)³ �±³´¨�� ¡��«�¬)¥)¥¦�°~�©E�~³¦�©4)~©n³���°~
C
§{�¬��¤¯�§~§c¯�©«�n��)³´©�@

BSdi
¡���

bu+1
�I8 ��«�L§c¯5�e�µ¬�§)§{¨��«£³���³I<��n©µk¥¦�°��©E�~³¦�©Z))©n³:� ��Á¨����

bu+1 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� Hu+1
��«�¤®�©±¯¹³´��

�Á¨���� ∀u ¡ 2 ≤ u ≤ p ¡ bu ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Ák§)¥¦¬���¡~§c¯�©W��¨����É�n©n¬����±³´¨��'¡~¨����±¯�³´�dY�¬~k¥¦k°~�©E�~³¦�©Z))©n³:�
°�
Ch(i,a,d+1)(b)

¯�§~§{¯�©µ�n³¦����H@
BSdi

�ÃH��¯Ô°�¨����
Ch(i,a,d+1)(b) ∈ Bd

�Ä]�Á�n¨�¬��F���Y�¬�Ô¥Q8 ¨��\¯x�Ô¨��ª�n©µ�©Á��«�Á®�©±¯¹³0Y�¬~�¥:Y�¬�=�µ¨ª³´�
i ∈ N ¡ a, d ∈ N ¡c�n�¥��HY�¬� 0 ≤ a ≤ d < m

¡{��
b ∈ BSdi

�
�

�¹¼



ÿké�ê{ô]êc÷�î è�î�ê{ç�ä{äiø ∀i1, i2 ∈ N Ä
∀a, d ∈ N Ä · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä
∀b, b′ ∈ Bd Ä · »LÂ Ã õ Å » ÃB¶ i1 = i2

Ê { b′ 6∈ {b, le dernier brin de Ch(i1,a,d)(b)}
b 6∈ {b′, le dernier brin de Ch(i2,a,d)(b

′)} ¸
i Â µ ¿ Ã {b0, b1, . . . , bp} ∩ {b′0, b′1, . . . , b′r} = ∅ ¸

Ô » Ã È3¿ ¶ º Ã bu Ä 1 ≤ u ≤ p Ä�» · b′v Ä 1 ≤ v ≤ r Á · ¾5º · ¿E» Ã�í »E½ ·Q¶ Ñ'»3ÌJ»3º · ½l» Å>îbÎ »_Â*¾ Î ÁE½ µ Ì í�µ'Ãl¶v·Q¶Cµ º Î »
Ch(i1,a,d)(b) » · Ch(i2,a,d)(b

′)
Ã »LÂ µ ºMÂ*¾ Î ÁQÍGº ¶Q·Q¶Qµ ºje í ¾�À�» Ë�Ë Ê

Ch(i1,a,d)(b) =
(
Ch(k0,a,d−1)(b0), . . . , Ch(kp,a,d−1)(bp)

) Ä
Ch(i2,a,d)(b

′) =
(
Ch(l0,a,d−1)(b

′
0), . . . , Ch(lr,a,d−1)(b

′
r)
) Ä

¾5Ñ5»E½ p » · r í�µ5Å Ñ'¾5º ·�ïL· ¿E»�Á�À�¾ Å�î ÖUk�¸
ÿké�õ�ì*-{õWø Ç�¨ª¬��s¯¹¥ ¥´¨����k�n¨�¬���°I8 ¯'){¨ª©n°y�Ô¨��ª�n©µ�©�§c¯�©�©µ£���¬�©µ©µ�����x�µ¬�©

u
Y�¬~x�µ³

i1 = i2 = i
¯¹¥´¨ª©E� ∀u ¡

1 ≤ u ≤ p ¡)¥C8 ��6�§{¨¹�B�cT��« Gu �n¬~³´®¹¯5���n#��É��®�©±¯¹³¦ª�
(Gu) : bu 6∈ {b′1, . . . , b′r}.èm§{¨�¬�©

u = 1��¬~§~§{¨��«¨����ZY�¬98 ³ ¥'�Ë~³:�«�µ
v
¡
1 ≤ v ≤ r �n�¥IY�¬� b1 = b′v

��]¯�©d��¨����«�n©n¬���±³¦¨��'¡
b1
¡
b′v
ÍQ�n³

v
��É�Á³:�Ô§{¯¹³´©Ñ���

b′v+1

ÍC�n³
v
��«�H§{¯¹³´©ÑX�«¨�����©µ��«§{���±³ ®���Ô��ª�Á¥´��H°��© g�~³¦�©E�4)~©±³:���8°~

Ch(i,a,d−1)(b0)
¡
Ch(i,a,d−1)(b

′
v−1)

��
Ch(i,a,d−1)(b

′
v)
���L¬)³:�(Y�¬�

b0 = b
¡
b′v−1

��
b′v¯�§~§{¯�©µ�n³¦����~��ª�F@

Bd−1 Í�§~©µ¨ª§{¨��µ³´�±³´¨�� º�¸y§c¯';ªÔ�¹¼�Ñ¡)��\¯�§~§)¥ ³:Y�¬)¯5�ª��¥ ¯y§~©µ¨ª§{¨��µ³´�±³´¨��\�Ô§c¯';ª º���¡)¨��¯�Ì
b1 = b0α

d−1
i

¡
b′v = b′v−1α

d−1
i

Í�§{¨�¬�©
v
³��Ô§c¯¹³¦©ÑL��

b′v+1 = b′vα
d−1
i

Í�§{¨�¬�©
v
§{¯¹³´©Ñ���8 ¨('�°~³¦©µRY�¬�

b1 = b′v
��É�Á£�Y�¬)³ ®ª¯¹¥´��ª��@y°)³´©µ�Y�¬�

b0 = b′v−1

ÍC�µ³
v
��É��³:�y§c¯¹³´©Ñ¤¨�¬

b0 = b′v+1

ÍC�n³
v
��«��§{¯¹³´©Ñ�¶8]Y�¬)³X��¨��ª�n©µ�°~³´� ¥´qD�¯¹³ �JY�¬�

b0 = b 6∈ Ech◦(i2,a,d)(b
′)
��¯�©

b′v+1

��
b′v−1

�µ¨>����°~�¬�Ëb)~©n³����y°~
Ech◦(i2,a,d)

�
�Á¨���� ∀v, 1 ≤ v ≤ r ¡ b1 6= b′v

¡��>8 ��É�H@Ô°~³¦©µ�Y�¬� G1
��«��®�©±¯¹³¦ª�

èé�n¬�§~§{¨��µ¨>��� Gu ®�©±¯¹³´k§{¨�¬�© 1 ≤ u < p
��d�Ô¨����n©µ¨����ZY�¬~ Gu+1

��É��®�©±¯¹³´����¬~§~§{¨��«¨����ZY�¬98 ³ ¥'�Ë~³:�«�µ
v
¡
1 ≤ v ≤ r �n�¥IY�¬� bu+1 = b′v

�
��³
u+1

��«��³:�Ô§{¯¹³´©Î��
v
§c¯¹³¦©�¡�§c¯�©#��¨����«�n©n¬���±³¦¨>� ¡

bu+1
¡
b′v+1

�«¨�����©µ��«§{���±³ ®���Ô��ª��¥´��Î°��©E�~³¦�©E�9))©n³:���°�
Ch(i,a,d−1)(bu)

��
Ch(i,a,d−1)(b

′
v)
���L¬~³:�EY�¬~

bu
��
b′v
¯�§)§c¯�©«�±³´���������W@

Bd−1 Í�§~©µ¨ª§{¨��µ³´�±³´¨���º�¸§c¯';ªs�¹¼�Ñ¡~���¯�§)§)¥¦³�Y�¬c¯5�ª�Á¥ ¯�§~©n¨¹§}¨>�n³ �±³¦¨����s§c¯';ªyº���¡~¨��
¯�Ì
bu+1 = buα

d−1
i

��
b′v+1 = b′vα

d−1
i

���8 ¨('�°)³´©µSY�¬�
bu+1 = b′v

��É�H£�Y�¬~³´®ª¯�¥¦����H@y°~³´©µSY�¬~
bu = b′v+1

�¶H8 ��«�d@Ô°~³¦©µSY�¬�
bu+1 = b′v

��É�H£�Y�¬~³´®ª¯¹¥´����w@�°)³´©µSY�¬~
bu ∈ {b′2, . . . , b′r+1}

�ÃÁ©H°I8 ¯�§~©(T��H¥Q8 �>6�§{¨¹�B�cT��µ Gu Y�¬��¥Q8 ¨��]�µ¬�§)§{¨��«�®�©±¯¹³´ bu 6∈ {b′2, . . . , b′r} ��Á¨����
bu+1 = b′v

��É�H£�Y�¬~³´®¹¯¹¥¦��ª�w@Ô°)³´©µSY�¬�
bu = b′r+1

��]¯�©�°~£L���~³´�±³´¨��'¡
b′r+1

¯�§)§c¯�©«�±³´����d@
BSd−1

i

���¨����n¯¹³´�WY�¬�
bu ∈ (Sd−1

i ∪Cd−1
i )

¡�°~¨����
bu 6= b′r+1

��Á¨������µ¬�§)§{¨��«�©WY�¬�
bu+1 = b′v

¯'){¨�¬��n³´�H@Ô¬��~���¨����µ©±¯¹°)³:��±³¦¨���°c¯'���Z�����¯5����Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
��É��³:�y§c¯¹³´©H��

v
§c¯¹³¦©�¯¹¥´¨ª©E�

bu+1 6= b′v
�

��³
u + 1

��«�#³:�y§c¯¹³´©���
v
³��Ô§c¯¹³¦©�¡c§{¯�©w��¨����«�n©n¬���±³¦¨>� ¡

bu+1
¡
b′v
�«¨�����©µ��µ§{���±³ ®���y��ª�#¥¦���°��©E�)³´�©E�)~©±³:����°~

Ch(i,a,d−1)(bu)
��
Ch(i,a,d−1)(b

′
v−1)

���_¬)³:�EY�¬�
bu
��
b′v−1

¯�§~§c¯�©«�±³¦�������ª�W@
Bd−1 Í�§~©µ¨ g§{¨��n³ �±³´¨���º�¸p§c¯';ª �¹¼ªÑ¡8��W¯�§~§c¥¦³�Y�¬)¯5����¥ ¯ §)©µ¨ª§{¨��µ³´�n³¦¨��W� §c¯';ªÊº���¡8¨��W¯ Ì

bu+1 = buα
d−1
i

��
b′v = b′v−1α

d−1
i

���8 ¨('�°)³´©µSY�¬�
bu+1 = b′v

��É�H£�Y�¬~³´®ª¯�¥¦����H@y°~³´©µSY�¬~
bu = b′v−1

�
·¹¸



¶H8 ��«�d@Ô°~³¦©µSY�¬�
bu+1 = b′v

��É�H£�Y�¬~³´®ª¯¹¥´����w@�°)³´©µSY�¬~
bu ∈ {b′0, . . . , b′r−1}

�ÃÁ©H°I8 ¯�§~©(T��H¥Q8 �>6�§{¨¹�B�cT��µ Gu Y�¬��¥Q8 ¨��]�µ¬�§)§{¨��«�®�©±¯¹³´ bu 6∈ {b′1, . . . , b′r−1}
�Ä]�H¨��
¯=��£�����(�±¯¹³´©µ��y��ª�

b′0 6= bu
��¯�©

b′0 ∈ Bd
��
bu ∈ (Sd−1

i ∪ Cd−1
i )

��Á¨������µ¬�§)§{¨��«�©WY�¬�
bu+1 = b′v

¯'){¨�¬��n³´�H@Ô¬��~���¨����µ©±¯¹°)³:��±³¦¨���°c¯'���Z�����¯5����Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
��É��³:�y§c¯¹³´©H��

v
³:�y§c¯¹³´©Á¯¹¥´¨ª©E�

bu+1 6= b′v
�

��³
u+ 1

��É�Á§c¯¹³´©���
v
§{¯�³¦©�¡)§c¯�©d��¨����É�n©n¬����±³´¨��'¡

bu+1
¡
b′v
�«¨��ª�Á©µ��«§{���±³ ®���Ô��ª�Á¥¦���°��©E�)³´�©B�Z))©n³:���°�

Ch(ku,a,d−1)(bu)
��
Ch(lv−1,a,d−1)(b

′
v−1)

��H¨>��¯
ku
¡
lv−1 ∈ {i+ 1, i− 1} �Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ªyº���¡~¨��
¯�Ì

bu+1 = buα
d
ku

��
b′v = b′v−1α

d
lv1

�
�L¬~³��(Y�¬�

bu+1
��
b′v
¯�§~§c¯�©«�±³¦����~��ª�Z@

(Sd−1
i ∪Cd−1

i )
Í�§~©µ¨ª§{¨��µ³´�±³´¨��
º�¸k§{¯';¹#�¹¼�Ñ¡����Y�¬~�§c¯�©

αd−1
i−1��

αd−1
i−1

¨��i©µ��É�n °)¯5���s¥ ¯]�=<��Ô
i g ���¥ ¥¦¬~¥¦ª¡�¨��p¯
¯¹¥¦¨ª©E��Ìm�n³ bu+1

��
b′v ∈ Sd−1

i

Í�©µ��µ§ � ∈ Cd−1
i

Ñ¯¹¥¦¨¹©B�
bu
��
b′v−1

¯¹¬��E�µ³'���°�¨�����§c¯�©W��¨>���«£�Y�¬�����sÍ���
¬��±³¦¥ ³:�±¯'����¥ ¯Ô°�£L�^�~³´�n³¦¨��cÑ8¨���¯
ku = lv−1

��L¬~³��(Y�¬�
bu+1 = buα

d−1
ku

¡
b′v = b′v−1α

d−1
lv−1

��
ku = lv−1

¡ °~³¦©µkY�¬~
bu+1 = b′v

��É�k£�Y�¬~³´®ª¯¹¥´�����@°~³¦©µ�Y�¬�
bu = b′v−1

�¶H8 ��«�d@Ô°~³¦©µSY�¬�
bu+1 = b′v

��É�H£�Y�¬~³´®ª¯¹¥´����w@�°)³´©µSY�¬~
bu ∈ {b′0, . . . , b′r−1}

�Ä]�H¨����y¨>���n©µ#�����¨ª©µ�°��¥ ¯=�!<��Ô���¯5�)³*T�©µSY�¬�k§~©µ£���£�°���k�Ô����WY�¬��¥Q8 ¨��
¯Ô¬���S��¨��ª�n©±¯¹°~³���±³´¨�� ��Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
��É�H§c¯¹³¦©���

v
§c¯¹³¦©�¯¹¥¦¨ª©E�

bu+1 6= b′v
�

��³
u + 1

��«�#§c¯¹³´©���
v
³��Ô§c¯¹³¦©�¡{§{¯�©F��¨����É�n©n¬����n³¦¨��'¡

bu+1
¡
b′v+1

�µ¨��ª��©µ��«§{����n³´®���Ô����k¥´��#°��©E�)³´�©E�)~©±³:���H°�
Ch(ku,a,d−1)(bu)

��
Ch(lv,a,d−1)(b

′
v)
��H¨��
¯y¯

ku
¡
lv ∈ {i+ 1, i− 1} �Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ªyº���¡~¨��
¯�Ì

bu+1 = buα
d
ku

��
b′v+1 = b′vα

d
lv

��L¬~³��(Y�¬�
bu+1

��
b′v
Í�§~©µ¨ª§{¨��n³ �±³´¨���º�¸k§c¯';ª��¹¼�Ñ_¯�§~§{¯�©«�±³´�������ª�Z@

(Sd−1
i ∪Cd−1

i )
¡����Y�¬~�§c¯�©

αd−1
i−1��

αd−1
i−1

¨��i©µ��É�n °)¯5���s¥ ¯]�=<��Ô
i g ���¥ ¥¦¬~¥¦ª¡�¨��p¯
¯¹¥¦¨ª©E��Ìm�n³ bu+1

��
b′v ∈ Sd−1

i

Í�©µ��µ§ � ∈ Cd−1
i

Ñ¯¹¥¦¨¹©B�
bu
¯¹¬��E�µ³}���°�¨����#§c¯�©W��¨����µ£�Y�¬~��ª�sÍ����¬��±³ ¥¦³��n¯5�ª�Á¥ ¯Ô°~£L���~³´�±³´¨��cÑ�¨��
¯

ku = lv
��L¬~³��(Y�¬�

bu+1 = buα
d−1
ku

��
b′v+1 = b′vα

d−1
lv

��
ku = lv

¡�°~³¦©µHY�¬�
bu+1 = b′v

��É�8£�Y�¬~³ ®ª¯¹¥¦��ª�Z@�°~³¦©µY�¬�
bu = b′v+1

�¶H8 ��«�d@Ô°~³¦©µSY�¬�
bu+1 = b′v

��É�H£�Y�¬~³´®ª¯¹¥´����w@�°)³´©µSY�¬~
bu ∈ {b′2, . . . , b′r+1}

�Ä]�H¨����y¨>���n©µ#�����¨ª©µ�°��¥ ¯=�!<��Ô���¯5�)³*T�©µSY�¬�k§~©µ£���£�°���k�Ô����WY�¬��¥Q8 ¨��
¯Ô¬���S��¨��ª�n©±¯¹°~³���±³´¨�� ��Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
��É�H§c¯¹³¦©���

v
³��Ô§c¯¹³¦©�¯¹¥´¨ª©E�

bu+1 6= b′v
�

�Á¨���� Gu+1
��«��®�©±¯¹³¦ª�

�Á¨���� ∀u ¡ 1 ≤ u ≤ p ¡ bu 6∈ {b′1, . . . , b′r} �
��¨�¬�©�§{¨�¬�®ª¨�³¦©?��¨�����¥¦¬�©µ,³ ¥H©µ��É�nM@y�Ô¨����µ©µ�©xY�¬�M�µ³

i1 6= i2
¨�� ¯ £L;�¯¹¥¦��Ô�����¥ ¯y�=<��Ô�§~©µ¨ª§~©n³¦£��n£M@�n¯�®�¨�³´©�Ì

bu 6∈ {b′1, b′2, . . . , b′r} ∀u, 1 ≤ u ≤ p.Ä4��¬��±³ ¥¦³��n¯5����¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��,º�¸Ô§c¯';ª���¼�¡~¨����±¯¹³ �dY�¬��Ì
{b1, . . . , bp} ⊆ (Sd−1

i1
∪ Cd−1

i1
)
��dY�¬� {b′1, . . . , b′r} ⊆ (Sd−1

i2
∪ Cd−1

i2
)
�Ã�©H§c¯�©H°�£����~³´�n³¦¨��

(Sd−1
i1
∪ Cd−1

i1
) ∩ (Sd−1

i2
∪ Cd−1

i2
) = ∅ ��Á¨���� {b1, . . . , bp} ∩ {b′1, . . . , b′r} = ∅ �¶H8 ��É�H@Ô°~³¦©µ�Y�¬�S�µ³

i1 6= i2
¨���¯

bu 6∈ {b′1 . . . , b′r}
¡ ∀u ¡ 1 ≤ u ≤ p �

�Á¨�����Y�¬~�¥:Y�¬�S�«¨�³´�
i1
¡
i2 ∈ N

¨���¯ {b0, b1, . . . , bp} ∩ {b′0, b′1, . . . , b′r} = ∅ �
�

·�º



ÀH���§)©µ¨ª§~©n³´£��µ£�³:�y§{¨ª©«�¯5�ª�n�°�����l����y³����Ô°����¨��������±³´¨��Ê��«�!Y�¬98 ³ ¥:��Í�¨�¬Ê§)¥¦¬���§~©µ£���³��«£��y��ª��¥´����� g�«��S))¥¦��W��¨��������¯5�ª�B�¤¨�¬�®��©«�B�W��¨ª©µ©µ��µ§{¨��~°)¯5�ª�B�Ñe��S�L8 ³��ª�n�©E�µ���n�����§{¯5���

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä~ðÊø ∀i1, i2 ∈ N Ä
∀a, d ∈ N Ä · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä
∀b, b′ ∈ Bd Ä · »LÂ Ã õ Å » ÃB¶ i1 = i2

Ê { b′ 6∈ {b, le dernier brin de Ch(i1,a,d)(b)}
b 6∈ {b′, le dernier brin de Ch(i2,a,d)(b

′)} ¸
i Â µ ¿ Ã Ech◦(i1,a,d)(b) ∩ Ech◦(i2,a,d)(b

′) = ∅ ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
a ∈ N ¡��n�¥��WY�¬~ 0 ≤ a ≤ m �

Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ�©�§c¯�©�©µ£���¬~©µ©µ�������n¬�©
d
¡
a ≤ d ≤ m ¡�Y�¬~k¥C8 �>6�§{¨¹�E��T��« Hd �n¬~³ ®ª¯5�ª�nk��«�¤®�©±¯¹³´ª�

(Hd)
Ì ∀i1, i2 ∈ N ¡ ∀b, b′ ∈ Bd ¡��n�¥:�XY�¬~F�µ³ i1 = i2

Ì { b′ 6∈ {b, le dernier brin de Ch(i1,a,d)(b)},
b 6∈ {b′, le dernier brin de Ch(i2,a,d)(b

′)},¨��
¯�Ì
Ech◦(i1,a,d)(b) ∩ Ech◦(i2,a,d)(b

′) = ∅ �
èm§{¨�¬�©

d = a��¨�³´�
i1, i2 ∈ N

¡��¨�³´�
b, b′ ∈ Ba ®�£�©n³:�c¯5�ª�Á¥´��W��6�§{¨¹�B�cT��µ���°~�Í Ha Ñ�Ãw�
¯�§c¯�©H¥ ¯Ô°�£����~³´�n³¦¨���Òs§c¯';ªyºªºª¡

Ch(i1,a,a)(b) = (bαai1)
��
Ch(i2,a,a)(b

′) = (b′αai2)
���8 ¨('

Ech◦(i1,a,a)(b) = Ech◦(i2,a,a)(b
′) = ∅ ��Á¨����

Ech◦(i1,a,a)(b) ∩ Ech◦(i2,a,a)(b
′) = ∅ �Ä]�d�����³'��É��®�©±¯¹³9Y�¬��¥�Y�¬�S�µ¨�³ �

i1, i2 ∈ N
¡
b, b′ ∈ Ba ®ª£�©±³*�c¯5����¥´��Z��6�§{¨¹�B�cT��«��H°� Í Ha Ñ��Á¨���� Ha ��«��®�©±¯¹³¦ª�

èé�n¬�§~§{¨��µ¨>��� Hd ®�©±¯¹³´k§{¨�¬�© a ≤ d < m
¡~��d�Ô¨����n©µ¨����ZY�¬~ Hd+1

��«��®�©±¯¹³¦ª���¨�³´�
i1, i2 ∈ N

���¨�³´�
b, b′ ∈ Bd+1 ®�£�©n³:�c¯5�ª�Á¥´��W��6�§{¨¹�B�cT��«��H°��Í Hd+1

Ñ�
��8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨���Òs§c¯';ª�º¹º#¨���¯�Ì

Ch(i1,a,d+1)(b) =
(
Ch(k0,a,d)(b0), . . . , Ch(kp,a,d)(bp)

)

��
Ch(i2,a,d+1)(b

′) =
(
Ch(l0,a,d)(b

′
0), . . . , Ch(lr,a,d)(b

′
r)
) ¯�®ª��

p
��
r
§{¨�¬�®¹¯5���W<��n©µk£L;�¯¹¬�Ë�@Ô¸~�

Ç�¨¹�n¨����'£L;�¯¹¥´��Ô����
bp+1

¥¦_°~�©E�~³¦�©9)~©±³:�k°�
Ch(kp,a,d)(bp)
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b′r+1
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Ch(lr,a,d)(b

′
r)
���8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨���»s§c¯';ª���·�¡~¨��
¯y¯¹¥¦¨ª©E�

Ech◦(i1,a,d+1)(b) =
(⋃p

u=0 Ech
◦
(ku,a,d)(bu)

)
∪
(⋃p

u=1{bu}
)

��
Ech◦(i2,a,d+1)(b

′) =
(⋃r

v=0Ech
◦
(lv ,a,d)(b

′
v)
)
∪
(⋃r

v=1{b′v}
) �

�Á¨����#§{¨�¬�©W�y¨>���n©µ�©WY�¬~
Ech◦(i1,a,d+1)(b) ∩ Ech◦(i2,a,d+1)(b

′) = ∅ ³¦¥m�µ¬\[Ô��°�S�Ô¨��ª�n©µ�©kÌ




bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
Ech◦(ku,a,d)(bu) ∩ Ech◦(lv ,a,d)(b

′
v) = ∅ ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

bu 6∈ Ech◦(lv ,a,d)(b
′
v) ∀u, 1 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ Ech◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
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bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
∀u, 0 ≤ u ≤ p
∀v, 0 ≤ v ≤ r

}
si ku = lv bu 6= b′v bu 6= b′v+1 bu+1 6= b′v

bu 6∈ Ech◦(lv ,a,d)(b
′
v) ∀u, 1 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ Ech◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
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ÃÁ©�°I8 ¯�§~©(T���¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��\º�¸�§c¯';ªs�¹¼s¨>�
¯
bu ∈ (Sdi1 ∪Cdi1) ∀u, 1 ≤ u ≤ p �� b′v ∈ (Sdi2 ∪Cdi2)

∀v, 1 ≤ v ≤ r �Ä]��°98 ¯�§)©(T��k¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨�� ¾�§c¯';ª��ªÒ ¨��K�n¯¹³´�SY�¬~�¥´���)~©n³����k°�
Ech◦(ku,a,d)(bu)

¯¹³����n³¡Y�¬~k���¬�Ë°�
Ech◦(lv ,a,d)(b

′
v)
¯�§~§c¯�©«�±³¦�������ª�W@s°���X���¥ ¥¦¬~¥¦��X�µ¬~§~§~©n³��Ô£���8¨�¬x��¨��ª�n©±¯5��n£���8��ª�n©µ�¥¦��X�~³ ®��¯¹¬�Ë

a��
d
�'�]¯�©F��¨����«£�Y�¬���ª�k³ ¥:�F��Ô§{�¬�®������¯�§~§c¯�©«�n��)³´©�@�°���w���¥¦¥¦¬)¥´����µ¬�§)§~©n³:�y£���Á¨�¬M��¨��ª�n©±¯5��n£���#¯¹¬�~³´®��¯¹¬

d
��Á¨����

bu 6∈ Ech◦(lv ,a,d)(b
′
v)
¡ ∀u, 1 ≤ u ≤ p, ∀v, 0 ≤ v ≤ r ¡��

b′v 6∈ Ech◦(ku,a,d)(bu)
¡ ∀u, 0 ≤ u ≤ p, ∀v, 1 ≤ v ≤ r ��]¯�©W�µ¬)³ �nª¡)¥¦��H°��¬�Ë�°~�©E�~³¦�©E��§{¨�³:���E�H°� Í«º�¸�Ñe�µ¨��ª��®ª£�©n³*�~£�����Á¨����#§{¨�¬�©W�y¨>���n©µ�©�Í«º�¸�Ñ�³ ¥'©µ��É�nS@=�y¨��ª�n©µ�©WY�¬~





∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r si ku = lv bu 6= b′v
∀u, 1 ≤ u ≤ p+ 1 ∀v, 0 ≤ v ≤ r si ku−1 = lv bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r + 1 si ku = lv−1 bu 6= b′v
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Ä4�
°�£���¨��Ô§{¨��±¯'����¥¦��HÓ�³���£�Y�¬)¯��±³´¨�����°~SD�¯�
�¨��q@Ô¨>)��µ�©«®��©
u
��
v
�«�¥´¨��
¥¦���³:���µ�©«®ª¯�¥ ¥´��

1 ≤ u ≤ p��
1 ≤ v ≤ r ���¥¦��W��¯5� u = 0

¡
v = 0

¡
u = p

��
v = r

¨���¯�Ì




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si k0 = l0 b0 6= b′0

∀v, 1 ≤ v ≤ r si k0 = lv b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = l0 bu 6= b′0

si kp = l0 bp+1 6= b′0
∀u, 1 ≤ u ≤ p si ku−1 = l0 bu 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr b0 6= b′r+1

∀v, 1 ≤ v ≤ r si k0 = lv−1 b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1
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Ech◦(i1,a,d+1)(b)

¯¹³:���n³#Y�¬�=���¬�Ë�°�
Ech◦(i2,a,d+1)(b

′)
¯�§)§c¯�©«�±³´���������F@ °���H���¥ ¥¦¬)¥´��w�µ¬�§)§~©n³��Ô£����¨�¬_��¨��ª�n©±¯5��n£��������n©µs¥¦��H�~³´®��¯¹¬�Ë

a��
d+ 1

�~�]¯�©W��¨>���«£�Y�¬������³¦¥��W��k§{�¬�®�����Á¯�§~§c¯�©«�n��)³´©d@
Bd+1 �ÃÁ©

b0
��
b′0 ∈ Bd+1 ¡)°I8 ¨('è

b0 6= b′v
¡ ∀v, 1 ≤ v ≤ r ¡è

b′0 6= bu
¡ ∀u, 1 ≤ u ≤ p ���8 ¯�§~©(T��H¥´��W��6�§{¨¹�B�cT��µ��W�µ³

i1 = i2
¡~¨>��¯�Ì

b0 6= b′0
¡
b0 6= b′r+1

��
b′0 6= bp+1

�c¶H8 ��«�H@Ô°~³´©nyÌèé�µ³
k0 = l0

Ì
b0 6= b′0

¡èé�µ³
k0 = lr

��
r
§{¯¹³´©�ÍC�58 ��«�H@Ô°~³´©n��µ³

lr = i2
ÑÁÌ
b0 6= b′r+1

¡èé�µ³
kp = l0

��
p
§c¯¹³´©sÍQ�>8 ��É�H@Ô°~³¦©µ��n³

kp = i1
ÑÁÌ
b′0 6= bp+1

���8 ¨('���
¬��±³ ¥¦³��n¯5�ª�H�����³'¨��
°�£��y¨>���n©µ#���§c¯�©«�±³´�¥´���§{¨�³:���B�H°��Í«º��ªÑ� É¥9��S��¨�¬���©µ��«�µ#§c¥¦¬��ZY�¬I8£@=�Ô¨����µ©n�©ZY�¬�




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si kp = l0 et kp 6= i1 bp+1 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr et lr 6= i2 b0 6= b′r+1

∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1
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Ä4����4Y�¬~³���¨������©E��L¥¦_§~©µ���³´�©Î§{¨�³��ª��°��Í«º�·�Ñ¡�¨����n¯¹³´��°I8 ¯�§~©ET��Î¥ ¯¤§~©n¨¹§}¨>�n³ �±³¦¨��yº¹º4Y�¬~ {b1, . . . , bp}∩
{b′0, . . . , b′r} = ∅ ���Á¨����#¥¦k§~©µ���³´�©�§{¨�³��ª�H��«�W))³¦���®ª£�©n³:�~£ª�
Ä4�j��_Y�¬~³W��¨������©E�~�¥´�°��¬�Ë�³:T��Ô�§{¨�³��ª��°~ÊÍÉº�·�Ñ¡_§)¬~³��(Y�¬~�¥Q8 ¨��j�µ¬�§)§{¨��«

l0 = kp
��
i1 6= kp³ ¥9�I8 6�¯=Y�¬I8 ¬��]�«�¬)¥9��¯5�W@��Ë)¯5�y³:�~�©kÌ����¥¦¬~³'¨('

p+ 1
��É�H§c¯¹³¦©���]¯�©m��¨����«�n©n¬���±³´¨�� ¡

bp+1
¡
b′1
�µ¨��ª�Î©µ��µ§{���±³ ®���y��ª��¥¦��Î°��©E�)³´�©B�I)~©n³����Î°�

Ch(i2,a,d)(bp)
��
Ch(i2,a,d)(b

′
0)
��Á¨����#���¯�§~§)¥ ³:Y�¬)¯5�ª�Á¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨����s§c¯';ªyº���¡~¨��
¯

bp+1 = bpα
d
i2

��
b′1 = b′0α

d
i2

���8 ¨('�°)³´©µSY�¬�
bp+1 = b′0

��«�H£�Y�¬)³ ®ª¯¹¥´����w@Ô°~³¦©µ�Y�¬�
bp = b′1

�ÃÁ©H°I8 ¯�§~©(T��W���Y�¬��¥Q8 ¨��
¯=�y¨��ª�n©µ£#§~©µ£���£�°���!�Ô����H¨��
¯
b′1 6∈ {b1, . . . , bp}

��Á¨����#¨��
¯Ô¬��~���¨>���n©±¯¹°~³:���±³´¨��'��]¯�©W��¨����µ£�Y�¬~��ª�H�µ³
l0 = kp

��
i1 6= kp

¡
bp+1 6= b′0

�
�Á¨����k¥´�°��¬�Ë�³:T��Ôk§{¨�³:����°� Í«º�·�Ñ8��«�¤®�©±¯¹³��
Ä4�����Y�¬~³9��¨������©E���¥´#�n©µ¨�³:�µ³:T��Ôk§{¨�³:����°��Í«º�·�Ñ¡��«¨�³ �

v, 1 ≤ v ≤ r ��]¯�©m��¨����«�n©n¬���±³´¨�� ¡
b′v+1

¡
bp+1

�«¨����Î©µ��«§{���±³ ®���Ô��ª��¥´��Î°~�©E�~³¦�©E�I))©n³:��� °~
Ch(lv,a,d)(b

′
v)
��
Ch(kp,a,d)(bp)

�Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ªyº���¡~¨��
¯
bp+1 = bpα

d
kp

��
b′v+1 = b′vα

d
lv

�ÃÁ©�¨����n¬�§~§{¨��µ
kp = lv
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b′v = bp+1

��É�H£�Y�¬~³ ®ª¯¹¥¦��ª�w@Ô°~³¦©µ�Y�¬�
b′v+1 = bp

�¶H8 ��«�d@Ô°~³¦©µSY�¬�
b′v = bp+1

��«��£�Y�¬~³´®¹¯¹¥¦��ª�w@Ô°)³´©µSY�¬~
bp ∈ {b′2, . . . , b′r+1}

�Ä]�H¨����y¨>���n©µ#�����¨ª©µ�°��¥ ¯=�!<��Ô���¯5�)³*T�©µSY�¬�k§~©µ£���£�°���k�Ô����WY�¬��¥Q8 ¨��
¯Ô¬���S��¨��ª�n©±¯¹°~³���±³´¨�� ��Á¨����#§{¨�¬�©¤�n¨�¬���®}¡
1 ≤ v ≤ r ¡��µ³ lv = kp

¯¹¥´¨ª©E�
b′v 6= bp+1

�
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k0 = lr
��
i2 6= lr³ ¥9�I8 6�¯=Y�¬I8 ¬��]�«�¬)¥9��¯5�W@��Ë)¯5�y³:�~�©kÌ����¥¦¬~³'¨('

r + 1
��«�H§c¯¹³´©���]¯�©m��¨����«�n©n¬���±³´¨�� ¡

b′r+1

¡
b1
�µ¨��ª�Î©µ��«§{���±³´®ª��Ô����Î¥¦��Î°��©E�)³´�©B�I)~©n³����Î°�

Ch(i1,a,d)(b
′
r)
��
Ch(i1,a,d)(b0)
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¯
b′r+1 = b′rα

d
i1

��
b1 = b0α

d
i1

���8 ¨('�°)³´©µSY�¬�
b′r+1 = b0

��«�H£�Y�¬)³ ®ª¯¹¥´����w@Ô°~³¦©µ�Y�¬�
b′r = b1

�ÃÁ©H°I8 ¯�§~©(T��W���Y�¬��¥Q8 ¨��
¯=�y¨��ª�n©µ£#§~©µ£���£�°���!�Ô����H¨��
¯
b1 6∈ {b′1, . . . , b′r}

��Á¨����#¨��
¯Ô¬��~���¨>���n©±¯¹°~³:���±³´¨��'��]¯�©W��¨����µ£�Y�¬~��ª�H�µ³
k0 = lr

��
i2 6= lr

¡
b′r+1 6= b0
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Ä4�����Y�¬~³9��¨������©E���¥´�°��©E�)³´�©H§{¨�³:����°� Í«º�·�Ñ¡��«¨�³ ��¬i¡

1 ≤ u ≤ p ��]¯�©u��¨����É�n©n¬���±³´¨��'¡
bu+1

¡
b′r+1

�«¨�����©µ��µ§{���±³´®ª��y��ª�,¥¦���°��©E�~³¦�©E�q))©n³:����°�
Ch(ku,a,d)(bu)

��
Ch(lr,a,d)(b

′
r)
�Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ªyº���¡~¨��
¯

bu+1 = buα
d
ku

��
b′r+1 = b′rα

d
lr

�ÃÁ©�¨����n¬�§~§{¨��µ
ku = lr

°98 ¨0'
°~³¦©µ�Y�¬�
bu = b′r+1

��«�H£�Y�¬~³ ®ª¯¹¥´��ª�w@Ô°~³¦©µ�Y�¬�
bu+1 = b′r

�¶H8 ��«�d@Ô°~³¦©µSY�¬�
bu = b′r+1

��É�H£�Y�¬~³ ®ª¯¹¥¦��ª�w@Ô°~³¦©µSY�¬�
b′r ∈ {b2, . . . , bp+1}

�Ä]�H¨����y¨>���n©µ#�����¨ª©µ�°��¥ ¯=�!<��Ô���¯5�)³*T�©µSY�¬�k§~©µ£���£�°���k�Ô����WY�¬��¥Q8 ¨��
¯Ô¬���S��¨��ª�n©±¯¹°~³���±³´¨�� ��Á¨����#§{¨�¬�©¤�n¨�¬���¬'¡
1 ≤ u ≤ p ¡��n³ lr = ku

¯¹¥´¨ª©E�
bu 6= b′r+1

�
�Á¨����k¥´�°��©E�)³´�©H§{¨�³��ª��°� Í«º�·�ÑL��«��®�©±¯¹³Õ�
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Ech◦(i1,a,d+1)(b) ∩ Ech◦(i2,a,d+1)(b
′) = ∅

�µ¨>���W))³´���®�£�©n³:�~£�����Á¨����
Ech◦(i1,a,d+1)(b) ∩ Ech◦(i2,a,d+1)(b

′) = ∅ �Ä]�d�����³'��É��®�©±¯¹³9Y�¬��¥�Y�¬�S�µ¨�³ �
i1, i2 ∈ N

¡
b, b′ ∈ Bd+1 ¡��n�¥��ZY�¬�
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�n³
i1 = i2

Ì { b′ 6∈ {b, le dernier brin de Ch(i1,a,d+1)(b)}
b 6∈ {b′, le dernier brin de Ch(i2,a,d+1)(b

′)}�Á¨���� Hd+1
��É��®�©±¯¹³¦ª�

�Á¨���� Hd ��É��®�©¯�³¦k§{¨�¬�©¤�n¨�¬�� d ¡ a ≤ d ≤ m �Ã�©��n¨ª¬��n�����µ�nk°�£��Ô¨����«�µ©±¯��±³¦¨�����É��®�©¯¹³´SY�¬��¥:Y�¬�S�«¨�³´�
a ∈ N ¡��n�¥��WY�¬� 0 ≤ a ≤ m ��]¯�©W��¨����µ£�Y�¬���ª�Á¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨�����«�H°~¨�����®�©±¯¹³¦ª�

�È�¯y§)©µ¨ª§{¨��µ³´�n³¦¨��q�n¬~³ ®ª¯5���µ��µ¨�¬~¥¦³:;����¥´�D�¯¹³´�wY�¬��¥ ¯J�«£�Y�¬�������°�S))©n³:����°)³:�µ§c¯�©n¬�����Á©µ�¥¦³ ¯'���
b
��
b′ = bαdi��«��¥Q8 ³:��®ª�©E�«�°��¥ ¯=�µ£�Y�¬~������°���X)~©±³:���H°~³��«§{¯�©±¬��¤��ª�n©µ

b′ = bαdi
��
b
�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä�ýIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d ≤ m Ä ∀b ∈ Bd Ä µ ºK¾ ÊË ¸ (b, Ch(i,a,d)(b)) =
¶ º�Ñ5»3¿ Ã »�l Ã ÁEõ Å »3º"½l» ((b′, Ch(i,a,d)(b

′))
) Ï

Ð ¸ Ech(i,a,d)(b) = Ech(i,a,d)(b
′)
Ï

¾5Ñ5»E½ b′ Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(i,a,d)(b) ¸
ÿké�õ�ì*-{õ ø
ºª����¨�³´�

a ∈ N �n�¥��ZY�¬� 0 ≤ a ≤ m �Ç�¨�¬��Á¯¹¥ ¥´¨����H�y¨��ª�n©µ�©�§c¯�©Á©µ£���¬�©n©µ�������µ¬�©
d
¡"Y�¬� ∀d, a ≤ d ≤ m

¡{¥Q8 �>6�§{¨¹�B�cT��µ Hd �µ¬~³´®ª¯'���ns��É�®�©±¯¹³´ª�
(Hd)

Ì ∀b ∈ Bd, ∀i ∈ N ¡
(b, Ch(i,a,d)(b)) = inverse m séquence ((b′, Ch(i,a,d)(b

′))
)

avec b′ le dernier brin de Ch(i,a,d)(b)
�

èm§{¨�¬�©
d = a

¡��¨�³ �
i ∈ N ¡ b ∈ Ba �� b′ ¥´�°��©E�~³¦�©Z)~©n³��
°� Ch(i,a,a)(b)

�ÇH¨�¬��Z�n¯�®�¨�����§c¯�©H°�£����~³´�±³´¨�� ÍÕ°��D]Òs§c¯';ªyºªº�Ñ�Y�¬�
Ch(i,a,a)(b) = (bαai )

���8 ¨('
b′ = bαai ∈ Ba
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Ch(i,a,a)(b

′) = (b′αai )
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αai
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°I8 ¨('

Ch(i,a,a)(b
′) = (b)

�ÃH��¯y¯¹¥´¨ª©E�
(b, Ch(i,a,a)(b)) = (b, b′)

��
(b′, Ch(i,a,a)(b

′)) = (b′, b)
�

�Á¨����
(b, Ch(i,a,a)(b)) =
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ku = lr−u+1 ∈ N, ∀u, 1 ≤ u ≤ p,
b′r−u+1 = dernier brin de Ch(ku,a,d)(bu), ∀u, 1 ≤ u ≤ p,
bu ∈ Bd, ∀u, 1 ≤ u ≤ p,
r = p.ÃÁ©
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ku = lr−u+1, ∀u, 1 ≤ u ≤ p,
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ku = lr−u+1 ∈ N, ∀u, 1 ≤ u ≤ p,
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Ä4�]��¨��Ô§{¯�©¯�³��«¨��
¯�®���k¥Q8 ¯¹¥*;ª¨ª©n³´�B���Ôs��¡è ³ ¥9��¨����µ³ °cT�©n��n¨�¬���°I8 ¯'){¨ª©n°�¥¦���¯5��¨('
d > nivb + 1

ÍÕ°)¯5���Z�����¯'��¨��
¯
ChE(i,a,d)(b) = ()

Ñ�Nè ¥ ¯_��¨��~°)³ �±³¦¨>�²°����¨��ª�±³���¬)¯��±³¦¨��I°��¥Q8 ¯'[ ¨�¬���°����¨�¬�®��¯¹¬�ËO)~©n³:���Ô°)¯5���Ô¥¦��B����y³��p��É��¯¹¬c;��y��ª�n£��¡§)¬)³:�EY�¬�]��¯¹³:���n��)¯5�ª��³ ¥�D�¯�¬��Ô§)©µ��~°�©n���b��¨��Ô§~�µ�¥¦�D�¯¹³´�!Y�¬��¥¦�°��©E�~³¦�©=)~©n³��I°)¬b�B�����³:�I§{�¬��£L;�¯¹¥¦��Ô����d<��µ©µs¥¦S)~©n³���³:�)³ �±³ ¯¹¥�°)¬q�B����y³:� �^�Á¨����R��¯¹³:���n��)¯5�ª�Á¨���¯�[ ¨�¬��µs¬��q��¨�¬�®��¯¹¬]))©n³:��°c¯'���¥¦��B����y³:�t�«�¬)¥´��y��ª�k�µ³¤¥´
°��©E�~³¦�©=))©n³:� ¯�[ ¨�¬��µ£
¯\°~³��«§c¯�©n¬Ê��ª�n©µ�¥¦��=�)³ ®��¯¹¬�Ë
a
��
d − 1

�«¨�¬�����©«�¯�³�����X��¨>�)°~³ �±³¦¨����#Í
brin ∈ ⋃d−1

k=a(Skinv ∪ Skinv−1 ∪Ckinv ∪Ckinv+1)
Ñ_��W�µ³}³ ¥��~F��¨ª©µ©µ��«§}¨>�)° §{¯5�

Ó�¾



¯¹¬?))©n³:�
³:�)³ �±³ ¯¹¥Õ�
¶8���°��¬�Ë�¯¹¥*;ª¨ª©n³´�E���Ô��8¨��ª�X�!<��Ôw��¨��Ô§)¥¦�Ë�³´�n£ÔÍ

Θ(d′p)
Ñ��¢�¨�¬��nHD ¨�³:�8¨�� §~©µ£�D £�©µ�©¯k�� §~©¯��±³�Y�¬~�¬��±³¦¥ ³ g�«�©�¥Q8 ¯¹¥*;ª¨ª©n³´�B���Ô#³´�n£�©±¯��±³:D�¯'�^��°98 £�®�³ �n�©�°�F�n¬�©E�l�)¯�©(;ª�©�¥ ¯s§c¥ ¯5����Ô£��y¨�³´©µ�§c¯�©�¥C8 ¬��±³¦¥ ³:�n¯��±³¦¨���°98 ¬����§c³¦¥¦#°~©µ£���¬�©E�µ³´®�³´�n£ª�

o]�¯5�ª�L°�¨�����£�¬��!�B����y³:�y°�Z��¨>�������±³¦¨���£��n��~°)¬
ChE(i,a,b)(d)

¡�¨���§{�¬��L°�£�°~¬)³´©µH°��¬�Ës����«��R))¥¦��]°�)~©n³����#Ì)¥Q8 ����µ��S)c¥´���¨>�������¯5����¨�¬�®��©«�H£��n��~°~¬
EchE◦(i,a,d)(b)

���¥Q8 ����µ��S)c¥´���¨����~���¯5�ª�dD �©E�Ô£#£��n��~°~¬
EchE(i,a,d)(b)

Í�®�¨�³´©w��;�¬�©µ�º�¸�Ñ±�Î¶8��Á°~�¬�Ë�����«��S))¥¦���°��)~©n³����w�«Ô°�£L�^�~³:�E�«����k°�=��¯5�~³:T�©µ=�µ³:��³¦¥ ¯¹³´©µ!@¥Q8 ����«��R))¥¦���¨����~���¯5�ª��¨ª¬�®ª�©«�
Ech◦(i,a,d)(b)

���¥C8 ����µ��S)c¥´���¨���������±¯5���dD �©E�y£
Ech(i,a,d)(b)

�È�¯=��¨¹�±³¦¨���°98 ¨ª©()c³ �nF;ª£���£�©±¯¹¥¦³��«£�k��«�W)c¯5�«£�S�µ¬�©W�����°~�¬�Ë�����«��R))¥´����

þ����]ç�î è�î�ê{ç�ärgþ² ` ç�÷�õ��u��ö�õ�÷yí�ê}ç�ç�õ�í¹è�ó)çcèx�ªè�õ�çÎë+ìÎ÷�ê}ì*-{õ�é�è õªè d õ�é'�f��³�ø=´�µ5¶Q· i ∈ N Ä a » · d · »LÂ Ãõ Å » 0 ≤ a ≤ d ≤ m ¸
� µ5Å ¿S½3ôc¾�õ Å »�È3¿ ¶ º b ∈ Ba Êö EchE◦(i,a,d)(b) » Ãl· Âi× »3º Ã »3ÌkÈLÂ�» Î »�È3¿ ¶ º ÃwÎ5Å ½3ô�»3Ì ¶ º Î »F½ µ º�º�»E½ ·Q¶Cµ º ChE(i,a,d)(b) ÄG» î ½B» í�· ÁwÂ:» Î »3¿l¼º ¶ »3¿RÈ3¿ ¶ º Ï

ö EchE(i,a,d)(b) =

{ ∅ Ãl¶ ChE(i,a,d)(b) = ()
EchE◦(i,a,d)(b) ∪ {b, b′}

Ãl¶ º µ º�Ä µ5É b′ » Ãl· Â:» Î »3¿lº ¶ »3¿�È3¿ ¶ º Î » ChE(i,a,d)(b)

ï*) ð ) ð ÿké�ê{ô�é�îv��è���÷
�#¯5���4����µ�nH§c¯�©«�±³´d�«¨����L�Ë�§{¨��«£���_��8°�£��y¨��ª�n©µ£���L°~³:A{£�©µ��ª�n��_§~©µ¨ª§)©n³´£��n£��L°���4�B�~��y³����L°�d��¨��������±³¦¨��£��n��)°~¬����c¶8�¥¦¥¦�� g ��³9�«¨����H°~��¤§)©µ¨ª§~©n³¦£��n£��H¯5�c¯�¥¦¨>;�¬���d@=���¥ ¥´���°~��Z�l�����³:���H°�S��¨����~���±³´¨�� �

ÿké�ê{ô]êc÷�î è�î�ê{ç�äc�Iø � µ5Å ¿ ·�µ5Å�· i ∈ N Ä a, d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Ba Ä µ ºM¾ ÊË ¸�Â:¾ Ã ÁEõ Å »3º"½l» Î »�È3¿ ¶ º Ã ½ µ ¿l¿E» Ã�í�µ º Î ¾5º · Ö ChE(i,a,d)(b) » Ã3·GÅ º ¶ õ Å » ÏÐ ¸R» · Âi× »3º Ã »3ÌkÈLÂ:» Î »=Èl¿ ¶ º Ã ¿E» í ¿EÁ Ã »lº · ¾5º · EchE(i,a,d)(b) » Ã3·4Å º ¶ õ Å »�¸
ÿké�õ�ì*-{õ
ø ��H°�£��y¨��ª�n©µ�°~�¥ ¯F�=<��yZ��¯5�~³:T�©µZY�¬�H¥ ¯Á§~©µ¨ª§{¨��n³ �±³¦¨>� Ò�§{¯';¹Á��Ó)¡¹��Ô§~©µ��c¯5�ª�

b ∈ Ba ¡¹��_����¨����n³¦°~£�©±¯5�ª�W����µ�nwD ¨�³��¤¬�� �µ©n¨ª³��µ³:T��ÔF��¯5��Ì����¥¦¬)³{¨('
d+ 1 > nivb + 1

³��Ô§)¥ ³:Y�¬)¯5�ª�
ChE(i,a,d+1)(b) = ()

�
�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä�+pø ∀i ∈ N Ä ∀a, d ∈ N Ä�Ñ5Á3¿ ¶ Íe¾5º · 0 ≤ a < d ≤ m Ä ∀b ∈ Ba · »LÂnõ Å » b ∈ (BSd−1
i ∪

Sd−1
i ∪ Cd−1

i ) Ä µ ºM¾ Ê
ChE(i,d−1,d)(b) = (b2, . . . , bp, bp+1) Ä» ·9í ¾5¿ ÃlÅ�¶Q· » Ê EchE(i,d−1,d)(b) ⊆ EchE(i,a,d)(b) ¸Ô » Ã È3¿ ¶ º Ã bu Ä 2 ≤ u ≤ p + 1 ÄZÁ · ¾5º · ½l» Å�î�Î »RÂ:¾ Î Á(½ µ Ì ícµ'Ãl¶Q·Q¶Cµ º Î » ChE(i,a,d)(b)

Ã »LÂ µ ºKÂ*¾ Î ÁQÍGº ¶Q·Q¶Cµ ºj�í ¾�À�»���k�Ädë bp+1 » Ã3· Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » ChE(i,a,d)(b) ì ¸
ÿké�õ�ì*-{õ ø ���°�£��Ô¨����n©µk°�k¥ ¯=�!<��Ô���¯5�)³*T�©µ�Y�¬��¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨���»s§{¯�;ª��¹¾��¶8��µ�nHD ¨�³��

b ∈ Ba ∩ (BSd−1
i ∪Sd−1

i ∪Cd−1
i )

¡���X�~¨>� §c¯5�
b ∈ Bd ∩BSd−1

i

�~¶8�§{��)°)¯5�ª�¤°c¯'���e����8°~�¬�Ë��¯5��¡�¥ ¯k°�£���¨��y§{¨��µ³ �±³¦¨��y°~
ChE(i,a,d)(b)

��«�8¥ ¯��=<��Ôª¡��«�¬~¥´d�l�)¯5�c;ª�¥ ¯F��¨��~°)³ �±³¦¨>� °I8 ¯�©µ©(<��eY�¬)³��98 ��É�L§)¥ ¬��
�«�¬~¥´��Ô����WzÉ¥´Ô°~�©E�~³¦�©w)~©n³���°)¬u�B�����³:�\°�=��¨��������±³¦¨���£��µ��~°~¬IÍ

bp+1
Ñ�¯�§~§c¯�©«�±³¦��ª��@

BSd−1
i

|���¯¹³:�Á��É�°��®����¬JzÉ¥´�°��©E�~³´�©Z))©n³:�
°~¬]�B�����³:�
°�S��¨��������±³´¨���£��n��~°)¬iÍ
bp+1

Ñ8��É�
b
¡~¨ª¬�¯�§~§c¯�©«�±³¦��ª�H@

BSd−1
i

|�¶8��H°~³:A{£�©µ�������W����l�)¯5�c;ª����H§c¯5�H¥ ¯Ô°~£��Ô¨����«�n©±¯��n³¦¨��'�
�

Ó�»



4

1 2

3

5 6 9

7 8

10 1 2 5 6 9 10 1 10

�~³ ®�¸ �~³´®\º �)³ ®c�
äeåQæeç�º��jè� É¥ ¥¦¬��É�n©±¯��±³´¨��G°�m¥ ¯W§~©µ¨ª§{¨��n³ �±³¦¨>� º�½ §{¯';ª Ó�½��kÈÎ��f�B�~��y³����p°�þ��¨���������n³¦¨��G³:�(�n¬�� °~ �
Ch(1,0,2)(2) = (3, 4, 5)

��
Ch(1,1,2)(2) = (5)

¨��ª��¥¦�¬�©�°��©E�)³´�©W)~©n³���£�;�¯¹¬�Ë}�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä\fIø ∀i ∈ N Ä ∀a, a′, d ∈ N ÄwÑ'Á3¿ ¶ Íe¾5º · 0 ≤ a ≤ d ≤ m ÄS» · 0 ≤ a′ ≤ d ≤ m ÄS» ·
∀b ∈ Bmax{a,a′} Ä µ ºM¾ Ê

Î »3¿lº ¶ »l¿�Èl¿ ¶ º Î » ChE(i,a,d)(b) =
Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » ChE(i,a′,d)(b) ¸

ÿké�õ�ì*-{õ ø��¨�³ �
i ∈ N ���¨�³´�

a, a′ ∈ N ¡�®�£�©n³*�{¯5�ª� 0 ≤ a ≤ m ¡��� 0 ≤ a′ ≤ m �
��³
a = a′

¡¹¨>�Ô©µ�� ¯�©BY�¬�ZY�¬�H¥Q8 £L;�¯¹¥¦³´�n£W@�°~£��Ô¨��ª�n©µ�©+��É�_£�®�³ °�����nWY�¬��¥:Y�¬�W�«¨�³´�
d ∈ N ¡ a, a′ ≤ d ≤ m ��Á¨����k°)¯5���H¥ ¯=�n¬~³´�µ�°��¥ ¯Ô°~£��Ô¨����«�µ©¯��±³¦¨�����¨�¬���¯�¥ ¥´¨����Z�n¬�§~§{¨��µ�©WY�¬�

a 6= a′
�È S��¯5�¤¨('

a < a′
£��¯5�ª�d�p6c�Ô£��µ©±³:Y�¬~�¯¹¬���¯5�¤¨('

a′ < a
�~¨�¬��Z�~��n©±¯¹³´�n�©µ¨����ZY�¬�k¥¦S��¯5�¤¨('

a < a′
�

Ç�¨�¬��H¯¹¥¦¥¦¨����Z�Ô¨����n©µ�©¤§c¯�©�©µ£���¬~©µ©µ�����F�n¬�©
d
Y�¬� ∀d ∈ N ¡ a′ ≤ d ≤ m ¥Q8 �>6�§{¨¹�B�cT��« Hd �n¬~³´®¹¯5���n#��É�®�©¯�³¦ª�

(Hd) : ∀b ∈ Bd, dernier brin de ChE(i,a,d)(b) = dernier brin de ChE(i,a′,d)(b).

èm§{¨�¬�©
d = a′��¨�³´�
b ∈ Ba′ ���8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨���½�§c¯';ªkÓª¸~¡���¨�¬���¯�®�¨����#Ì

ChE(i,a′,a′)(b) = Ch(i,a′,a′)(b) = (bαa
′
i )
��L¬~³��(Y�¬�

b ∈ Ba′ ¡�§{¯�©Î¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨����8§c¯';ª�º���¡���¨�¬��9�±¯�®�¨>���9Y�¬�L¥´L°��©E�)³´�©m)~©n³��#°� ChE(i,a,a′)(b)��«�
bαa

′
i

���Á¨����ÔÌ
dernier brin de ChE(i,a,a′)(b) = dernier brin de ChE(i,a′,a′)(b).

Ä]�d�����³'��É��®�©±¯¹³'§{¨�¬~©¤�µ¨�¬��
b ∈ Ba′ ��Á¨���� Ha′ ��«��®�©±¯¹³¦y�

èé�n¬�§~§{¨��µ¨>����¥Q8 ��6�§{¨¹�B�cT��µ�°~
©µ£���¬�©µ©µ�����
®�©±¯¹³´�§{¨�¬�©
d
Í
a′ ≤ d < m

Ñ���x�Ô¨����µ©n¨>���kY�¬98 �¥¦¥¦
��É������¨ª©µ�®�©±¯¹³´s¯�¬�©±¯5�c;
d+ 1

���¨�³´�
b ∈ Ba′ �

��³
d+ 1 > nivb + 1

¡�¨���¯y¯¹¥´¨ª©E�
ChE(i,a,d+1)(b) = ()

��
ChE(i,a′,d+1)(b) = ()

�Ä]��°�¨����,§c¯�©�®ª¯5��¬)³ �n£f��¨�¬���¯�®�¨>���?)c³´���°��©E�~³¦�©])~©n³:� °~
ChE(i,a,d+1)(b) =

°~�©E�~³¦�©�))©n³:� °�
ChE(i,a′,d+1)(b)

°)¯5���W��S��¯5���
��³���¨��²ÍC�n³

d + 1 ≤ nivb + 1
Ñ¡I�~¨ª¬��#°��®�¨�����©nL;�¯�©n°��©s�J��¯5�ÔÌ9���¥ ¬~³+¨('

b 6∈ (BSdi ∪ Sdi ∪ Cdi )
�����¥¦¬~³'¨('

b ∈ (BSdi ∪ Sdi ∪ Cdi )
�
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��³
b 6∈ (BSdi ∪Sdi ∪Cdi )

¡�¨>��¯�¯¹¥´¨ª©E�'§{¯�©Î°�£L�^�~³ �±³¦¨��
ChE(i,a,d+1)(b) = ChE(i,a,d)(b)

��
ChE(i,a′,d+1)(b) =

ChE(i,a′,d)(b)
¨ª©�¨��f�µ¬�§~§}¨>�µ Hd ®�©±¯¹³´ª¡#�58 ��É�=@�°~³¦©µJY�¬~ ¥´ °~�©E�~³¦�©S)~©n³�� °� ChE(i,a,d)(b)

��É�¯¹¬��E�µ³^���¥¦¬)³{°�
ChE(i,a′,d)(b)

���Á¨����
ChE(i,a,d+1)(b)

��
ChE(i,a′,d+1)(b)

¨��ª�X�=<��Ô�°~�©E�~³¦�©e))©n³:�°)¯5���Z��S��¯5���ÂHL;�¯�©n°�¨����Z��¯¹³��ª�n��c¯5�ª��¥´S��¯5��¨0'
b ∈ (BSdi ∪ Sdi ∪ Cdi )

���8 ¯�§~©(T�� ¥ ¯i°�£����~³´�n³¦¨��m½\§{¯';¹�Ó�¸~¡
ChE(i,a,d+1)(b)

��
ChE(i,a′,d+1)(b)

�«�°�£���¨��Ô§{¨��«��ª��°��¥ ¯D�¯�
�¨>�]�µ¬)³ ®ª¯5�ª�n�Ì
ChE(i,a,d+1)(b) = C =

(
ChE(k1,a,d)(b1), . . . , ChE(kp,a,d)(bp)

)
��
ChE(i,a′,d+1)(b) = C ′ =

(
ChE(l1,a′,d)(b

′
1), . . . , ChE(lr,a′,d)(b

′
r)
)
.��¨�¬�©d�Ô¨��ª�n©µ�©WY�¬�

dernier brin de ChE(i,a,d+1)(b) = dernier brin de ChE(i,a′,d+1)(b),³ ¥9�µ¬\[Ô�Á¯¹¥´¨ª©E�H°�S�Ô¨��ª�n©µ�©ZY�¬�
dernier brin de ChE(kp,a,d)(bp) = dernier brin de ChE(lr,a′,d)(b

′
r).��¨�¬�©H���¥ ¯k��¨�¬��Á¯¹¥¦¥¦¨����d�Ô¨����n©µ�©H§{¯�©H©µ£���¬~©µ©µ�����R�µ¬�©

u
Y�¬� ∀u ¡ 1 ≤ u ≤ min{r, p} ¡c¥Q8 �>6�§{¨¹�B�cT��µ

Gu
�µ¬~³´®ª¯5�ª�nk��É��®�©±¯¹³¦ª�

(Gu) : bu = b′u ∈ Bdèm§{¨�¬�©
u = 1ÃH��¯�§c¯�©H°�£L�^�~³´�n³¦¨��

b1 = b
¡
b′1 = b

��d��¨�¬��W�«¨��!�y���°)¯5���H¥´S��¯5�¤¨('
b ∈ Bd ��Á¨���� G1

��É��®�©¯�³¦ª�
èé�µ¬�§)§{¨��«¨�����¥C8 ��6�§{¨¹�B�cT��« Gu ®�©¯�³¦#§{¨�¬�© u ®�£�©n³:�c¯5�ª� 1 ≤ u < min{r, p} ��d�Ô¨����n©µ¨����ZY�¬~ Gu+1��É��®�©±¯¹³´ª��]¯�©#��¨����É�n©n¬���±³´¨��

bu+1
��
b′u+1

�µ¨>����¥´��Î°��©E�~³´�©E�I))©n³:���Î°�
ChE(ku,a,d)(bu)

���°~
ChE(lu,a,d)(b

′
u)
��_¬)³:�EY�¬�8°I8 ¯�§~©(T�� Gu ¡ bu �� b′u ∈ Bd ¡�¯¹¥´¨ª©E�Î°98 ¯�§)©(T��Î¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨��s��§c¯';ªHº���¡�¨���¯ bu+1 = buα

d
ku��

b′u+1 = b′uα
d
lu

��H§c¯�©W�µ¬)³ �n
bu+1

��
b′u+1 ∈ Bd

�
�]¯�©d��¨����«�µ©n¬���±³´¨���¨���¯�£L;�¯¹¥´��y��ª�

ku =





i
�µ³
u
��É��³:�y§c¯¹³´©

,
i+ 1

�µ³
u
��É�H§{¯�³¦©���

bu ∈ Sdi ,
i− 1

�µ³
u
��É�H§{¯�³¦©���

bu ∈ Cdi ,
��
lu =





i
�µ³
u
��É��³��Ô§c¯¹³¦©

,
i+ 1

�µ³
u
��«�H§c¯¹³´©H��

b′u ∈ Sdi ,
i− 1

�µ³
u
��«�H§c¯¹³´©H��

b′u ∈ Cdi ,�_¬)³:�EY�¬� Gu ��É�y®�©±¯¹³´ª¡_¨�� ¯ bu = b′u
�8ÃH�²�� °~£�°~¬~³´��¯¹¥¦¨ª©E�kY�¬�

ku = lu
���§c¯�©J�µ¬)³ �nqY�¬~

bu+1 = b′u+1 ∈ Bd
��Á¨���� Gu+1

��É��®�©±¯¹³´ª�
�Á¨���� ∀u ¡ 1 ≤ u ≤ min{r, p} ¡ Gu ��É��®�©±¯¹³´ª¡��>8 ��É�H@Ô°~³¦©µ�Y�¬��Ì

bu = b′u
���¬~§~§{¨��«¨����ZY�¬~

r ≤ p ÍÕ¥´S��¯5�¤¨(' p ≤ r £��±¯5���d�i6��Ô£��n©n³�Y�¬��Ñ±�Ç�¨�¬��H¯¹¥ ¥´¨����W�Ô¨����n©µ�©�§c¯�©W��¨����µ©¯�°)³:��±³¦¨���Y�¬���~£�����E�n¯¹³¦©µ��Ô��ª�
r = p

�
��¬~§~§{¨��«¨�����°�¨�����Y�¬�

r < p
��]¯�©�°~£L���~³´�±³´¨��'¡L¥´�°~�©E�~³¦�©k)~©n³�� °�

ChE(lr ,a′,d)(b
′
r)
Y�¬��¥C8 ¨��}��¨��!�y

b′r+1

��«��¯¹¬��(�n³Z���¥ ¬~³�°~
ChE(i,a′,d+1)(b)

��Á¯�§~§c¯�©«�±³¦��ª�H@
BSdi

¨�¬���¨ª©µ©µ��«§{¨��~°]@
b
��ÁF�!<��Ô�¡�§c¯�©�°�£����~³´�n³¦¨���¨��?�n¯¹³´�WY�¬�k¥´k°��©E�)³´�©Z)~©n³:��°�
ChE(kp,a,d)(bp)

Y�¬~#¥C8 ¨�����¨��!�Ô
bp+1��«��¯¹¬��(�n³^���¥¦¬)³{°�

ChE(i,a,d+1)(b)
��¤��É�¤¥¦Á§~©µ���³´�©�)~©n³:��°)¬J�l�����³:�xY�¬)³}¯�§~§c¯�©«�±³¦�����F@

BSdi
¨�¬��¨ª©µ©n��«§{¨��~°~S@

b
��Á¨����#��]��¨����µ³ °�£�©¯'���dY�¬~

br = b′r
¯�®ª��

r < p
¨���¨>)~�n³¦�����¬���S��¨����µ©¯�°)³:��±³¦¨��'��Á¨����

r = p
�

Ó�¼



�L¬~³��(Y�¬���~¨�¬��H¯�®ª¨�����§c¯�©W��¨>���É�n©n¬����n³¦¨��
°~�©E�~³¦�©Z))©n³:�
°�

ChE(i,a,d+1)(b) =
°��©E�)³´�©W)~©n³:�
°�

ChE(kp,a,d)(bp)
¡°~�©E�~³¦�©Z))©n³:�
°�

ChE(i,a′,d+1)(b) =
°��©E�)³´�©W)~©n³:�
°�

ChE(lr,a′,d)(b
′
r)
¡

Y�¬�L¥C8 ¨��#®�³¦��ª��°~4�Ô¨����µ©n�©
bp = b′r

��
r = p

��0Y�¬�L°98 ¯�§)©(T�� Hd ¡�¥¦L°~�©E�~³¦�©m)~©±³:�k°~ ChE(kp,a,d)(bp)��«�8¯¹¬��(�n³����¥ ¬~³)°�
ChE(kp,a′,d)(bp)

¡�¯¹¥´¨ª©E�
ChE(i,a,d+1)(b)

��
ChE(i,a′,d+1)(b)

¨����4�=<��y�°��©B�~³´�©)~©±³:��°c¯5���W��k°~�©E�~³¦�©W��¯'���
Ä]���n¨�¬��n�����µ�nk°~£��Ô¨����«�n©±¯��n³¦¨�����É��®�©¯�³¦SY�¬��¥:Y�¬�S�«¨�³´�

b ∈ Bd+1 ��Á¨���� Hd+1
��É��®�©±¯¹³¦ª�

�Á¨���� ∀d ∈ N, a < a′ ≤ d ≤ m ¡ ∀b ∈ Bd ¨���¯
dernier brin de ChE(i,a,d)(b) = dernier brin de ChE(i,a′,d)(b).Ã�©��n¨�¬��nS����µ�n�°�£��Ô¨����É�n©±¯��±³´¨�����É��®�©±¯¹³´SY�¬��¥�Y�¬�R�«¨�³´�

i ∈ N ¡)�� a, a′ ∈ N ¡�®�£�©n³:�c¯5�ª� 0 ≤ a ≤ d ≤ m ¡��
0 ≤ a′ ≤ d ≤ m �

�

ÿké�ê{ô]êc÷�î è�î�ê{ç�äcIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 < a ≤ d ≤ m Ä ∀b ∈ Ba Ä µ ºK¾ Ê
EchE(i,a,d)(b) ⊆ EchE(i,a−1,d)(b) ¸

ÿké�õ�ì*-{õ ø ���°�£��Ô¨����n©µk°�k¥ ¯=�!<��Ô���¯5�)³*T�©µ�Y�¬��¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨��
¼�§{¯�;ª��¹½���L¬~³��(Y�¬~k¥C8 ¨���§)©µ��~° ∀b ∈ Ba ��W�~¨>��§)¥¦¬�� ∀b ∈ Bd ¡�¨���°~¨�³ �W��¨����µ³ °�£�©µ�©H¬�����¯5�Z�µ¬~§~§)¥¦£��Ô��ª�¯¹³´©µyÌ����¥ ¬~³¨('
d+ 1 > nivb + 1

�~�]¯�©H°~£L���~³´�±³´¨��'¡c°�£L�^�~³ �±³¦¨��,º�¸Ô§{¯�;ªkÓ�»�¡~¨��
¯Ô°c¯'���Z��S��¯5�
EchE(i,a,d+1)(b) = ∅ et EchE(i,a−1,d+1)(b) = ∅.

��8 ¨('
EchE(i,a,d+1)(b) ⊆ EchE(i,a−1,d+1)(b)

�
�

ÿké�ê{ô]êc÷�î è�î�ê{ç ðAgIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d < m Ä ∀b ∈ (BSdi ∪ Sdi ∪ Cdi ) ÄZ» ·#í�µ5Å ¿ ·�µ5Åc· È3¿ ¶ º
bu ë 2 ≤ u ≤ p ì ¶ º · »3¿lÑ'»3º"¾>º ·eÎ ¾5º Ã Â*¾ Î ÁE½ µ Ì í�µ'Ãl¶v·Q¶Cµ º Î » ChE(i,a,d+1)(b)

µ ºM¾
bu ∈ (Sdi ∪ Cdi ) ⊆ Bd Ä» · Â:» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » ChE(i,a,d+1)(b) ∈ Bd ¸Ô ¾ Î ÁE½ µ Ì í�µ'Ãl¶v·C¶Qµ º Î » ChE(i,a,d+1)(b) ½ µ º Ãl¶CÎ Á3¿EÁE»�» Ã3· ½l»LÂvÂ:» Î »SÂ*¾ Î ÁQÍGº ¶Q·Q¶Qµ ºh� í ¾�À�»���k Ê

ChE(i,a,d+1)(b) = C =
(
ChE(k1,a,d)(b1), . . . , ChE(kp,a,d)(bp)

) ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
i ∈ N ¡ a, d ∈ N ¡��µ�¥:�WY�¬� 0 ≤ a ≤ d < m

¡~��d�«¨�³´�
b ∈ (BSdi ∪ Sdi ∪ Cdi )

�Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ�©�§c¯�©�©µ£���¬~©µ©µ�������n¬�©H¬'¡�Y�¬� ∀u ¡ 2 ≤ u ≤ p ¡)¥Q8 ��6�§{¨¹�B�cT��µ Hu �n¬~³ ®ª¯5�ª�nk��É��®�©±¯¹³¦ª�
(Hu) : bu ∈ (Sdi ∪ Cdi )

Ò�¸



èm§{¨�¬�©
u = 2�]¯�©W��¨����«�n©n¬���±³¦¨>� ¡

b2
��«��¥´�°��©B�~³´�©Z)~©n³���°~

ChE(k1,a,d)(b1)
�ÃÁ©

b1 = b ∈ Bd °I8 ¨(' ChE(k1,a,d)(b1) = Ch(k1,a,d)(b1)
��
k1 = i

�~Ä4��¬��±³¦¥ ³:�±¯5�ª�H¥ ¯s§~©n¨¹§}¨>�n³ �±³¦¨��
�§c¯';ªyº���¡~¨���¨>)~�n³¦����Á¯�¥¦¨ª©E�
b2 = bαdi

�¶8¨��!�y
b ∈ (BSdi ∪ Sdi ∪ Cdi )

¡���dY�¬�#§{¯�©
αi
¨����B�c¯5�c;ªk°�

i g ���¥ ¥¦¬)¥´S�58 ��«�d@Ô°~³¦©µ�Y�¬�k¥C8 ¨���§{�¬��§c¯5�E�«�©Á°I8 ¬��~
i g ���¥ ¥¦¬~¥¦�°~³��«§{¯�©n¬��@�¬��� i g ���¥ ¥¦¬~¥¦��µ¬~©«®�³´®ª¯'���n�¨�¬�¬���Ô¯¹¬��n©µ i g ���¥ ¥¦¬~¥¦�°~³��«§c¯�©n¬~ª¡c¨�¬¯¹¥¦¨¹©B�¤§c¯5�(�µ�©H°I8 ¬��~

i g ���¥¦¥ ¬~¥¦S�µ¬~©«®�³´®¹¯5���nR@Ô¬��� i g ���¥ ¥¦¬)¥´�°)³:�µ§c¯�©n¬�ª¡c¯¹¥¦¨ª©E� b2 ∈ (BSdi ∪ Sdi ∪ Cdi )
�ÃÁ©�§c¯�©Á°~£L���~³´�±³´¨��'¡��«�¬)¥�¥´�°��©E�~³´�©d)~©±³:��°�

C
§{�¬��#¯�§~§{¯�©«�n��~³¦©w@

BSdi
¡c��

b2
�I8 ��«�Á§c¯5�H�µ¬�§)§{¨��«£³���³I<��n©µk¥¦�°��©E�~³¦�©Z))©n³:� ��Á¨����

b2 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� H2
��É��®�©±¯¹³´ª�

èé�n¬�§~§{¨��µ¨>��� Hu ¯�®��� 2 ≤ u < p
®�©±¯¹³´k��d�Ô¨����n©µ¨����ZY�¬~ Hu+1

��É��®�©±¯¹³´ª��]¯�©m��¨����«�n©n¬���±³´¨�� ¡
bu+1

��«��¥´L°��©E�)³´�©m)~©n³��#°~
ChE(ku,a,d)(bu)

��ÃÁ©
bu ∈ Bd

°98 ¨0'
ChE(ku,a,d)(bu) =

Ch(ku,a,d)(bu)
��
bu ∈ {i, i− 1, i+ 1} �~Ä4��¬��±³¦¥ ³:�n¯5���H¥ ¯s§~©µ¨ª§{¨��n³ �±³´¨�����§c¯';ªÔº���¡�¨���¨>)��±³¦��ª�Á¯�¥¦¨ª©E�

bu+1 = buα
d
ku

�¶8¨��!�y
bu ∈ (Sdi ∪ Cdi )

¡�Y�¬�k§c¯�©
αi
¨�����S�B�)¯5��;¹k§c¯5��°�

i g ���¥¦¥ ¬~¥´k��WY�¬�k°~ αi+1
¨�¬

αi−1
¨���l�)¯5�c;ªk°~

i g ���¥ ¥¦¬~¥¦ª¡{¯�¥¦¨ª©E� bu+1 ∈ (BSdi ∪ Sdi ∪ Cdi )
�ÃÁ©L§c¯�©L°~£L���)³ �±³´¨�� ¡��«�¬)¥)¥¦�°~�©E�~³¦�©4)~©n³���°~

C
§{�¬��¤¯�§~§c¯�©«�n��)³´©�@

BSdi
¡���

bu+1
�I8 ��«�L§c¯5�e�µ¬�§)§{¨��«£³���³I<��n©µk¥¦�°��©E�~³¦�©Z))©n³:� ��Á¨����

bu+1 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� Hu+1
��«�¤®�©±¯¹³´��

�Á¨���� ∀u ¡ 2 ≤ u ≤ p ¡ bu ∈ (Sdi ∪ Cdi ) ⊆ Bd ��ÁH§)¥¦¬���¡ª§c¯�©4��¨����É�n©n¬���±³¦¨��'¡¹¨��k�n¯¹³ �eY�¬��¥´�°��©E�)³´�©4)~©n³:��°�
ChE(i,a,d+1)(b)

��É�
b
¨�¬�¯�§~§c¯�©«�±³¦��ª��@

BSdi
��#¯5���H¥´��H°~�¬�Ë���¯5�¤¨���¯Ô¥´�°��©E�)³´�©W)~©n³���°~

ChE(i,a,d+1)(b) ∈ Bd
�Ä]���n¨�¬�����!Y�¬~Ô¥C8 ¨��,¯x�y¨��ª�n©µ£���É��®�©±¯¹³nY�¬��¥�Y�¬�k�«¨�³´�

i ∈ N ¡ a, d ∈ N ¡{�n�¥��wY�¬� 0 ≤ a ≤ d < m
¡}��

b ∈ (BSdi ∪ Sdi ∪ Cdi )
�

�

ÿké�ê{ô]êc÷�î è�î�ê{ç ð äiø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d ≤ m Ä ∀b ∈ Ba Ä µ ºK¾ Ê
·�µ5Åc· È3¿ ¶ º Î » EchE◦(i,a,d)(b) ¾ í�í ¾5¿ ·Q¶ »3º · Ö Å ºI»R½l»LÂÕÂ Å Â�» ÃlÅ�í�í ¿ ¶ ÌkÁB» µ5Å ½ µ º · ¿(¾�½ · ÁB»»3º · ¿E»RÂ:» Ã º ¶ Ñ5»E¾ Å>î a » · d ¸

½^× » Ã3· Ö Î5¶ ¿E» Ê
∀b′ ∈ EchE◦(i,a,d)(b) Ä ∃j ∈ N » · ∃k ∈ N · »LÂmõ Å » a ≤ k < d » · b′ ∈ (Skj ∪ Ckj ) ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
a ∈ N ¡ 0 ≤ a ≤ m ���¬uD�¯¹³ �k°�Ô¥ ¯�°�£L�^�~³ �±³¦¨��\°)¬u�B����y³:�,°�!��¨���������n³¦¨���£��n��~°~¬²Í�°~�DL½ §c¯';ª�Ó�¸�Ñ¡{¨��u��8 ¯�§{�©�
�¨�³ ��Y�¬�Ô§{¨�¬�©�n¨�¬��

d > nivb + 1
¨>��¯

ChE(i,a,d)(b) = ()
°I8 ¨('

EchE◦(i,a,d)(b) = ∅ �Ä]� °�¨�����§{¨�¬�©Ô�n¨�¬��
d > nivb + 1

¨�� ¯u)c³´��
EchE◦(i,a,d)(b)

³�����¥ ¬���°)¯5����¥C8 ����«��S))¥¦
°~��=))©n³:���!Y�¬~³¯�§~§c¯�©«�±³¦����~��ª�H@Ô°~��W���¥ ¥¦¬~¥¦��W�n¬�§~§~©±³:�Ô£���¤¨�¬���¨��ª�n©±¯5��n£������ª�n©µ�¥´��W�~³´®��¯¹¬�Ë
a
��
d
���¨�¬�©8¥´d��¯5�_¨('

d ≤ nivb+1
¡�¥ ¯k°�£��y¨����É�n©±¯��±³´¨��Ô��É�L�Ë)¯5��n��Ô��ª�8¥ ¯F�=<��yWY�¬~d���¥ ¥´�°��¥ ¯�§~©µ¨ª§{¨��n³ �±³¦¨>� ¾§c¯';ªs�ªÒ��

�

Ò�º



ÿké�ê{ô]êc÷�î è�î�ê{ç ð{ðÊø ∀i1, i2 ∈ N Ä
∀a, d ∈ N Ä · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä
∀b, b′ ∈ Ba ÄGÑ5Á3¿ ¶ Íe¾5º ·Ë ¸ b 6∈ EchE◦(i2,a,d)(b

′) ÄÐ ¸ b′ 6∈ EchE◦(i1,a,d)(b) Ä
Ó ¸ Ãl¶ i1 = i2 :

{
b′ 6∈ {b, le dernier brin de ChE(i1,a,d)(b)},
b 6∈ {b′, le dernier brin de ChE(i2,a,d)(b

′)}.� ºK¾?¾>Â µ ¿ ÃRÊ
EchE◦(i1,a,d)(b) ∩ EchE◦(i2,a,d)(b

′) = ∅ ¸
ÿké�õ�ì*-{õ ø ��¨�³ �

a ∈ N ¡��n�¥��WY�¬~ 0 ≤ a ≤ m �
��¨�¬�©s�n¨�¬��

d > nivb + 1
¡�¨��I¯�§c¯�©Ô°�£����~³´�n³¦¨��I°~¬b�B�~��y³��I°����¨���������n³¦¨��Ê£��n��~°~¬Ê���°��������µ��R))¥´����¨����~���¯5�ª�H£��n��~°~¬���¨�¬�®��©«�B�¤��dD �©E�y£��kÍÕ°�£����~³´�n³¦¨�����½����º�¸Ô§c¯';ª���Ó�¸���HÓ�»ªÑÁÌ
ChE(i1,a,d)(b) = ()

°I8 ¨0'
EchE◦(i1,a,d)(b) = ∅.

�ÁS�=<��y�§{¨�¬~©¤�µ¨�¬��
d > nivb′ + 1

¡~¨��
¯
ChE(i2,a,d)(b

′) = ()
°I8 ¨('

EchE◦(i2,a,d)(b
′) = ∅.

�Á¨����#§{¨�¬�©¤�n¨�¬��
d > min{nivb, nivb′}+ 1

¡~¨���¯
EchE◦(i1,a,d)(b) ∩ EchE◦(i2,a,d)(b

′) = ∅.

Ä]Ë~¯5�y³���¨����W��¯¹³��ª�n��)¯5���H¥¦S��¯5�¤¨('
a ≤ d ≤ min{nivb, nivb′}+ 1

�>8 ��É�H@Ô°~³¦©µ
b, b′ ∈ Bd−1 �

Ç�¨�¬��#¯¹¥ ¥´¨����F�Ô¨��ª�n©µ�©�§c¯�©Á©n£���¬�©µ©n�����=�n¬�©
d
¡IY�¬~ ∀d ¡ a ≤ d ≤ min{nivb, nivb′} + 1

¡'¥Q8 �>6�§{¨¹�B�cT��«
Hd

�µ¬)³ ®ª¯5�ª�nk��É��®�©±¯¹³´ª�
(Hd)

Ì ∀i1, i2 ∈ N ¡ ∀b, b′ ∈ Bd−1 ¡��n�¥��ZY�¬�ºª�
b 6∈ EchE◦(i2,a,d)(b

′)
¡

���
b′ 6∈ EchE◦(i1,a,d)(b)

¡
·��Z�n³

i1 = i2 :

{
b′ 6∈ {b, le dernier brin de ChE(i1,a,d)(b)},
b 6∈ {b′, le dernier brin de ChE(i2,a,d)(b

′)}.ÃH��¯y¯¹¥´¨ª©E�kÌ
EchE◦(i1,a,d)(b) ∩ EchE◦(i2,a,d)(b

′) = ∅ �èm§{¨�¬�©
d = aÃw���Ô¨����µ©nk°�k¥ ¯=�!<��Ô���¯5�~³:T�©µ�Y�¬��°)¯5���H¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨��,º��s§c¯';ª�·���Y�¬� Ha ��«�¤®�©±¯¹³´��

èé�n¬�§~§{¨��µ¨>��� Hd ®�©±¯¹³´k§{¨�¬�© a ≤ d < min{nivb, nivb′}+ 1
¡���d�Ô¨��ª�n©µ¨����ZY�¬� Hd+1

��É��®�©¯�³¦ª���¨�³´�
i1, i2 ∈ N

¡��¨�³´�
b, b′ ∈ Bd ®�£�©n³:�c¯5����¥´��Z��6�§{¨¹�B�cT��«��H°��Í Hd+1

Ñ�
��8 ¯�§~©(T��Î¥ ¯¤°�£����~³´�±³´¨���½�§c¯';ª]Ó�¸¤¨��k¯�Ì

ChE(i1,a,d+1)(b) =
(
ChE(k0,a,d)(b0), . . . , ChE(kp,a,d)(bp)

)

��
ChE(i2,a,d+1)(b

′) =
(
ChE(l0,a,d)(b

′
0), . . . , ChE(lr,a,d)(b

′
r)
) ¯�®ª��

p
��
r
§{¨�¬�®ª¯5���d<��n©µ�£L;�¯¹¬�Ë

@Ô¸~�Ç�¨¹�n¨����'£L;�¯¹¥´��Ô����
bp+1

¥¦_°~�©E�~³¦�©9)~©±³:�k°�
ChE(kp,a,d)(bp)

��
b′r+1

¥´L°��©E�)³´�©m)~©n³��#°~
ChE(lr ,a,d)(b

′
r)
�

Òª�



��8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨��iº�¸Ô§c¯';ª#Ó�»�¡~¨��
¯y¯¹¥´¨ª©E�
EchE◦(i1,a,d+1)(b) =

(⋃p
u=0EchE

◦
(ku,a,d)(bu)

)
∪
(⋃p

u=1{bu}
)

��
EchE◦(i2,a,d+1)(b

′) =
(⋃r

v=0EchE
◦
(lv ,a,d)(b

′
v)
)
∪
(⋃r

v=1{b′v}
) �

�Á¨����#§{¨�¬�©W�y¨>���n©µ�©WY�¬~
EchE◦(i1,a,d+1)(b) ∩ EchE◦(i2,a,d+1)(b

′) = ∅ ³¦¥9�n¬\[Ô��°�S�Ô¨��ª�n©µ�©#Ì




Ech◦(ku,a,d)(bu) ∩ EchE◦(lv ,a,d)(b
′
v) = ∅ ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

bu 6∈ EchE◦(lv ,a,d)(b
′
v) ∀u, 1 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ EchE◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r

Í«º�½�Ñ

��¨�¬�©��Ô¨����n©µ�©�¥´Á§~©µ���³´�©8§{¨�³:���¤°�ÔÍÉº�½�Ñ]³ ¥"�µ¬\[y��°��®ª£�©±³*�~�©�Y�¬~Á¥¦��e��6�§{¨¹�B�cT��«��e�µ¨��ª�8®�£�©n³:�~£���¤¯¹¬©±¯5�c;
d
§{¨�¬�©H§{¨�¬�®�¨�³´©�¯�§~§c¥¦³�Y�¬��© Hd Y�¬��¥Q8 ¨����n¬�§~§{¨��µ�®�©±¯¹³´ª��Á¨����#§{¨�¬�©W�y¨>���n©µ�©�Í«º�½ªÑ�³ ¥9�µ¬\[Ô��°�S�Ô¨����µ©n�©WY�¬�




bu 6∈ EchE◦(lv ,a,d)(b
′
v) ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ EchE◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r
bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
∀u, 0 ≤ u ≤ p
∀v, 0 ≤ v ≤ r

}
si ku = lv bu 6= b′v bu 6= b′v+1 bu+1 6= b′v

Í«º�¼�Ñ

ÃÁ©�°I8 ¯�§~©(T���¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��
��¸�§c¯';ªsÒ�¸�¨>�
¯
bu ∈ (Sdi1 ∪Cdi1) ∀u, 1 ≤ u ≤ p �� b′v ∈ (Sdi2 ∪Cdi2)

∀v, 1 ≤ v ≤ r �Ä]�¤°98 ¯�§)©(T���¥ ¯s§~©µ¨ª§{¨��µ³´�±³´¨�����º�§{¯';ª#Ò�ºÁ¨��x�n¯¹³´�XY�¬��¥¦��e))©n³:����°�
EchE◦(ku,a,d)(bu)

¯¹³:���n³�Y�¬�F���¬�Ë°�
EchE◦(lv ,a,d)(b

′
v)
¯�§~§{¯�©«�±³´���������W@�°���X���¥ ¥¦¬~¥¦��Z�n¬�§~§~©n³��Ô£����¨ª¬���¨��ª�n©±¯5��n£��������n©µ#¥¦��X�~³´®ª�¯�¬�Ë
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��
d
���]¯�©X��¨>���«£�Y�¬������³¦¥��X���§{�¬�®���ª��¯�§~§c¯�©«�n��~³¦©Z@s°�������¥ ¥¦¬)¥´��X�n¬�§~§)©n³:�y£���8¨�¬?��¨��ª�n©±¯5��n£���¤¯¹¬�~³´®��¯¹¬
d
��Á¨����

bu 6∈ EchE◦(lv ,a,d)(b
′
v)
¡ ∀u, 1 ≤ u ≤ p, ∀v, 0 ≤ v ≤ r ¡��

b′v 6∈ EchE◦(ku,a,d)(bu)
¡ ∀u, 0 ≤ u ≤ p, ∀v, 1 ≤ v ≤ r �Ä]�H§c¯�©W��6�§{¨¹�B�cT��µ��Z�~¨�¬��H¯�®ª¨����

b0 6∈ EchE◦(i2,a,d+1)(b
′)
��
b′0 6∈ EchE◦(i1,a,d+1)(b)

��]¯�©W�µ¬)³ �nª¡)¥¦��H°��¬�Ë�§)©µ��y³¦�©E�¤§}¨ª³��ª�B�H°��Í«º�¼�Ñ��«¨��ª��®�£�©n³:�~£�����Á¨����#§{¨�¬�©W�y¨>���n©µ�©�Í«º�¼ªÑ�³ ¥'©µ��É�nS@=�y¨��ª�n©µ�©WY�¬~




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r si ku = lv bu 6= b′v
∀u, 1 ≤ u ≤ p+ 1 ∀v, 0 ≤ v ≤ r si ku−1 = lv bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r + 1 si ku = lv−1 bu 6= b′v
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�¨��q@Ô¨>)��µ�©«®��©
u
��
v
�«�¥´¨��
¥¦���³:���µ�©«®ª¯�¥ ¥´��

1 ≤ u ≤ p��
1 ≤ v ≤ r ���¥¦��W��¯5� u = 0

¡
v = 0

¡
u = p

��
v = r
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∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si k0 = l0 b0 6= b′0

∀v, 1 ≤ v ≤ r si k0 = lv b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = l0 bu 6= b′0

si kp = l0 bp+1 6= b′0
∀u, 1 ≤ u ≤ p si ku−1 = l0 bu 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr b0 6= b′r+1

∀v, 1 ≤ v ≤ r si k0 = lv−1 b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1

ÍÐ��º�Ñ

��8 ¯�§~©(T��H¥´��W��6�§{¨¹�B�cT��µ���¨��
¯
b0 6∈ EchE◦(i2,a,d+1)(b

′)
¡
b′0 6∈ EchE◦(i1,a,d+1)(b)
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è
b0 6= b′v

¡ ∀v, 1 ≤ v ≤ r ¡è
b′0 6= bu

¡ ∀u, 1 ≤ u ≤ p ¡Ä]���n¨�¬'[ ¨�¬�©B�¤§c¯�©W�>6�§{¨¹�B�cT��µ���¡��n³
i1 = i2

¯�¥¦¨ª©E�
b0 6= b′0

¡
b0 6= b′r+1

��
b′0 6= bp+1

�{ÃH��¯y¯¹¥´¨ª©E�kÌèé�µ³
k0 = l0

Ì
b0 6= b′0

¡èé�µ³
k0 = lr

��
r
§{¯¹³´©�ÍC�58 ��«�H@Ô°~³´©n��µ³

lr = i2
ÑÁÌ
b0 6= b′r+1

¡èé�µ³
kp = l0

��
p
§c¯¹³´©sÍQ�>8 ��É�H@Ô°~³¦©µ��n³

kp = i1
ÑÁÌ
b′0 6= bp+1

���8 ¨('���
¬��±³ ¥¦³��n¯5�ª�H�����³'¨��
°�£��y¨>���n©µ#���§c¯�©«�±³´�¥´���§{¨�³:���B�H°��ÍÐ��º�Ñ� É¥9��S��¨�¬���©µ��«�µ#§c¥¦¬��ZY�¬I8£@=�Ô¨����µ©n�©ZY�¬�




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si kp = l0 et kp 6= i1 bp+1 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr et lr 6= i2 b0 6= b′r+1

∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1
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þ����]ç�î è�î�ê{ç�äcäb².�8ói÷�ì�î è�õ (
OGn(K,a,d)(b)

)
0≤n≤p

³�ø�´�µ5¶Q·
K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤

m Ä�» ·¡ÃLµ5¶Q· b ∈ Bd ¸Ô ¾ ÃlÅ�¶Q· » (OGn(K,a,d)(b)
)

0≤n≤p
» Ãl·�Î ÁQÍGº ¶ » Î »SÂ:¾kÌ!¾5º ¶ Ç3¿E» ÃlÅc¶ Ñ'¾5º · » Ê

ö OG0(K,a,d)(b) = {b} Ïö » · ∀n > 0
Ê

OGn(K,a,d)(b) =
⋃
i∈K

⋃
b′∈OGn−1(K,a,d)(b)

EchE(i,a,min{d,nivb′+1})(b′)
Ï

ñ�õ�� ó~éFbÎìÎõpä ø � µ5Å ¿ K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd Ä
Â:¾ ÃlÅ�¶Q· » (OGn(K,a,d)(b)

)
0≤n≤p

» Ã3·Ë ¸S½L¿ µ5¶ÕÃEÃ ¾5º · »BÄÐ ¸RÈ µ ¿lº�ÁB» í ¾5¿ Ba ÄÓ ¸ Ã3· ¾ ·Q¶Cµ º�º"¾ ¶ ¿E»R» ·9í Â Å�Ã�í ¾5¿ ·Q¶ ½ Å Â ¶ Ç3¿E»3Ìk»3º ·�Ê
∃p, 0 ≤ p ≤ |Ba|, · »LÂmõ Å » OGn(K,a,d)(b) = OGp(K,a,d)(b) ∀n ≥ q.
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¡n�µ¨>���y©µ�§~©µ£��µ����µ£����§c¯�©y°~³:A{£�©µ��ª�B�=�)³ ®��¯¹¬�ËI°��;ª©n³:���+°~iÍQ){Ñ�@ÊÍQ;�Ñ

OGj(K,0,5)
¡+§{¨�¬�©y¥¦���))©n³:���

1
¡

2
��

3
¡�§{¨�¬~©

j = 2
@
j = 7

¡X�µ¨��ª��©µ�§~©µ£��µ��ª�n£����§c¯�©�°~³:A{£�©µ����B���~³´®ª�¯¹¬�Ë °�M;ª©n³����¤Ç�¨¹�n¨>���?Y�¬�
OGj(K,0,5) = OG7(K,0,5)

§{¨�¬�©
j > 7

�}�]¯�©Á�Ë���Ô§c¥´ª¡�Y�¬)¯5�~°�¨��u��¯¹¥:��¬)¥´
OG1(K,0,5)(1)

¡{¨��\¯'[ ¨�¬��nÔ¥´��)~©n³����H°�
ChE(0,0,5)(1) = (7, 6, 4)

��
ChE(1,0,5)(1) = (11, 10, 9, 8, 5)

�

þ����]ç�î è�î�ê{ç�ä�ðj²E�yé��+î è�õ_ ^��çm��é�ó)ö�î�÷���õ
OG(K,a,d)(b)

³�ø�´Iµ5¶v·
K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤

d ≤ m ÄW» · b ∈ Bd ¸ Ô × µ ¿LÈ ¶Q· »�À�Á3º�Á3¿(¾>Â ¶ÕÃ ÁB» OG(K,a,d)(b) » Ãl·ZÎ ÁQÍGº ¶ »!½ µ Ì�Ìk»kÁ · ¾5º · Â:¾�Â ¶ Ì ¶Q· » Î »=Â*¾ ÃlÅ�¶Q· »(
OGn(K,a,d)(b)

)
n∈N

¸

ñ�õ�� ó~éFbÎìÎõ,ðIø=´�µ5¶v·
K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd ¸´^¶

b′ ∈ OG(K,a,d)(b)
¶ ÂG» î5¶ÕÃ3· »k¾>Â µ ¿ Ã�Å ºt»3º ·Q¶ »3¿ p Â:» í Â Å�Ãdí » ·Q¶v·ní�µ'ÃBÃB¶ ÈLÂ�» · »LÂ¡õ Å » b′ ∈ OGp(K,a,d)(b) » ·í Â Å�Ã�í ¿EÁE½ ¶{Ã Á3Ìk»3º ·4· »LÂmõ Å »

b′ ∈ OGq(K,a,d)(b) ∀q ≥ p » ·
b′ 6∈ OGq(K,a,d)(b) ∀q < p ¸

^ ¶ ¿E»_õ Å » b′ ∈ OG(K,a,d)(b) » Ã3· ¾>Â µ ¿ Ã Á(õ Åc¶ Ñ'¾>Â:»3º · Ö Î5¶ ¿E»_õ Å × ¶ ÂW» î5¶ÕÃ3· » Å º�» ÃlÅc¶v· »�Ì ¶ º ¶ Ì!¾>Â�» Î »uÈ3¿ ¶ º Ã
{b1, b2, . . . , bp+1} ⊆ OG(K,a,d)(b) ¿E»LÂ ¶ ¾5º · b » · b′ · »LÂvÂ:»�õ Å »





b1 = b
bp+1 = b′

bu+1 ∈ EchE(tu,a,du)(bu), ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p
du = min{d, nivbu + 1}, ∀u, 1 ≤ u ≤ p
bu+1 6= bu

� · Â�» Ã È3¿ ¶ º ÃSÎ »R½l» ·C· » ÃlÅc¶v· »�Ñ5Á3¿ ¶ Í�»3º ·�Ê
bu+1 ∈ OGu(K,a,d)(b)

í�µ5Å ¿ 0 ≤ u ≤ p » ·
bu+1 6∈ OGu−1(K,a,d)(b)

í�µ5Å ¿ 1 ≤ u ≤ p ¸

Òª»
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�#¯5��������µ�ny§c¯�©«�±³¦k�«¨��ª���Ë�§{¨��µ£���#���°~£��Ô¨��ª�n©µ£���k°~³:A{£�©µ����n��#§~©µ¨ª§)©n³´£��n£���°���#¨ª©()c³ �n���;¹£���£�©±¯¹¥ ³:�µ£������]¯�©E�y³>���¥¦¥¦�� g ��³>�µ]�µ©n¨ª¬�®ªL¥ ¯�§)©µ¨ª§~©n³´£��n£_³��~°~³�Y�¬c¯5�ª�0Y�¬�L¥´�� ¨ª©())³´�µ��9;ª£���£�©±¯¹¥ ³:�µ£���m�µ¨��ª��°���Î¬��~³¦¨����Î°98 ¨ª©()c³ �n���¡¯¹³:���µ³nY�¬�!���¥ ¥´y³��~°~³�Y�¬)¯5����Y�¬~Ô°~�¬�Ëu���¥ ¥¦¬~¥¦��w;ª£��~£�©±¯¹¥¦³��«£���w�µ¨>����¡��«¨�¬��w���©«�¯¹³�����w��¨��~°~³´�n³¦¨�����¡'°)³:�«�n³�����n��¨�¬���¨>��D ¨��~°~¬~����
È�¯y§~©µ¨ª§{¨��µ³´�±³´¨��\�¹·Ô§{�©B�Ô���°��§~©µ¨�¬�®��©wY�¬�s¥ ¯k��¨¹�±³´¨���°98 ¨ª©()c³ �nS;ª£��~£�©±¯¹¥¦³��«£����É��¬���S;ª£���£�©±¯¹¥ ³:�n¯��±³¦¨��°�#¥ ¯R�~¨��±³¦¨���°I8 ¨ª©())³´�nª�)¶H8 ��É�W@s°~³´©µFY�¬��§{¨�¬�©¤¬����§�6�©±¯5�y³ °��°�¨�����£�ª¡�§{¨�¬~©¤¬�������µ��S)c¥´�°98 ³��ª®�¨�¥¦¬��n³¦¨����°�¨����~£ª¡Î��s§{¨�¬~©s¬��f)~©n³�� °�¨�����£ª¡�¥C8 ¨ª©()c³ �nk;ª£���£�©±¯¹¥ ³:�«£��¨>)^�«�©«®�£�?@
¬��y�~³ ®��¯¹¬mÍ������¨�� §c¯5�k����n©µ °~�¬�Ë�~³´®ª�¯�¬�Ë °)³:�«�n³�����B�ÑG��¨ª©µ©µ��«§{¨��~°?@�¥C8 ¨ª©())³ �n�°�F��H)~©n³��?@S��w�)³ ®��¯¹¬'��Ä4��°I8 ¯¹¬��n©µ��L�n�©E�Ô���¡��µ³{¥C8 ¨��?�«Á§)¥ ¯'��°)¯5���H¥¦���¯¹°�©µ�°I8 ¬���k§�6�©±¯5�y³ °��°I8 ³:� ¯';ª���¡�����µ�nk§~©µ¨ª§{¨��µ³´�±³´¨����y¨��ª�n©µ�Y�¬��¥Q8 ����«��R))¥´�°~���©µ£L;�³¦¨>����°98 ¬���~³´®ª�¯�¬

a
��¨¹©n©µ��«§{¨��)°)¯5�ª�H@Ô¬���k©µ£L;�³¦¨���°�¨����~£��°~¬��)³ ®��¯¹¬

a
¡~��É�H©µ£�°~¬)³ �H@=����«�nk©µ£L;�³´¨����¥¦¥¦S�=<��yª�

ÿké�ê{ô]êc÷�î è�î�ê{ç ðcýIø=´�µ5¶v·
K ⊆ N Ä a · »LÂmõ Å » 0 ≤ a ≤ m Ä�» · b ∈ Ba Ä µ ºK¾

OG(K,a,a)(b) =<>(K)a (b).

ÿké�õ�ì*-{õIø Ç�¨�¬��Á¯¹¥ ¥´¨����w�Ô¨��ª�n©µ�©�°)¯5���Á¬���§~©µ��y³¦�©H�n��Ô§��HY�¬~
OG(K,a,a)(b) ⊆<>(K)a (b)

¡c§c¬~³:�wY�¬�
<>(K)a (b) ⊆ OG(K,a,a)(b)

���¨�³´�
b′ ∈ OG(K,a,a)(b)

��L¬~³��(Y�¬~
b′ ∈ OG(K,a,a)(b)

¡�¨����n¯¹³ ��°I8 ¯�§~©(T�� ¥ ¯�©µ���¯�©EY�¬�8��Y�¬I8 ³¦¥¹�Ë~³:�«�µL¬��~G�µ¬)³ �n_°~¡)~©n³���� {b1, b2, . . . , bp+1} ⊆

OG(K,a,a)(b)
�n�¥¦¥¦SY�¬�





b1 = b
bp+1 = b′

bu+1 ∈ EchE(tu,a,a)(bu), ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p
bu+1 6= bu

�

Ä]�H§c¯�©H°�£����~³´�±³´¨��iÌ
EchE(tu,a,a)(bu) = {bu, buαatu}

¡ ∀u ¡ 1 ≤ u ≤ p �
��8 ¨('�³ ¥'�Ë�³��É�n {b1, b2, . . . , bp+1} ⊆ OG(K,a,a)(b)

�n�¥9Y�¬�




b1 = b
bp+1 = b′

bu+1 ∈ {bu, buαatu}, ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p�L¬~³��(Y�¬~�¥Q8 ¨��y�µ¬~§~§{¨��«

bu+1 6= bu
¡�¨��p°~£�°~¬)³ �y¯¹¥¦¨ª©E�RY�¬I8 ³¦¥L�Ë~³:�«�µ

tu ∈ K
¡+¯�®ª��

1 ≤ u ≤ p
¡ �n�¥eY�¬�

b′ = bαat1α
a
t2 . . . α

a
tp+1

��Á¨����
b′ ∈<>(K)a (b)

�Ä]�d�����³'��É��®�©¯�³9Y�¬��¥�Y�¬�S�µ¨�³ �
b′ ∈ OG(K,a,a)(b)

��Á¨����
OG(K,a,a)(b) ⊆<>(K)a (b)

�
��¨��ª�n©µ¨����Z� ¯¹³:���µ��)¯5�ª�dY�¬�

<>(K)a (b) ⊆ OG(K,a,a)(b)
���¨�³´�

b′ ∈<>(K)a (b)
�

 É¥¹�Ë~³:�É�n8¯¹¥´¨ª©E�Î¬���G�n¬~³´�µL°�G)~©n³���� {b1, . . . , bp+1} ∈<>(K)a (b)
�n�¥ ¥´4Y�¬~�Ì





b1 = b
bp+1 = b′

bu+1 = buα
a
tu , ∀u, 1 ≤ u ≤ p

tu ∈ K, ∀u, 1 ≤ u ≤ p��¨����µ©n¨>���¤§c¯�©�©n£���¬�©µ©n�����S�µ¬�©
u
¡
1 ≤ u ≤ p+ 1

¡�Y�¬�
bu ∈ OG(K,a,a)(b)

�
èm§{¨�¬�©

u = 1 b1 = b ∈ OG(K,a,a)(b)
§c¯�©W��6�§{¨¹�B�cT��«ª���Á¨������58 ��«�¤®�©±¯¹³}§}¨ª¬~©

u = 1
�

èé�n¬�§~§{¨��µ¨>����¥Q8 �>6�§{¨¹�B�cT��µ�®�©±¯¹³´k§{¨�¬�©
u
¡
1 ≤ u < p+ 1

¡~��d�Ô¨��ª�n©µ¨����ZY�¬�S�58 ��«�¤®�©±¯¹³'§{¨�¬�©
u+ 1

�
bu+1 = buα

a
tu

��
EchE(tu,a,a)(bu) = {bu, buαatu}

����8 ¨('
bu+1 ∈ EchE(tu,a,a)(bu)

�¶8¨��!�yÊ¨�� �n¬�§~§{¨��«I§{¯�©K�>6�§{¨¹�B�cT��«²°~Ê©µ£���¬�©µ©µ�����tY�¬~
bu ∈ OG(K,a,a)(b)

¡#¯¹¥¦¨¹©B�
bu+1 ∈

OG(K,a,a)(b)
��Á¨������58 ��É��®�©±¯¹³}§}¨ª¬~©

u+ 1
�

Ò¹½



�]¯�©W��¨����µ£�Y�¬���ª�
bu ∈ OG(K,a,a)(b)

¡ ∀u ¡ 1 ≤ u ≤ p+ 1
�ÃH��¯y¯¹¥´¨ª©E�

b′ ∈ OG(K,a,a)(b)
�)Ä+�d�����³'��«��®�©±¯¹³9Y�¬~�¥:Y�¬�S�µ¨ª³´�

b′ ∈<>(K)a (b)
��Á¨����

<>(K)a (b) ⊆ OG(K,a,a)(b)
��]¯�©W��¨����µ£�Y�¬���ª�

OG(K,a,a)(b) =<>(K)a (b)
�

�È�¯�§)©µ¨ª§{¨��µ³´�n³¦¨����n¬~³ ®ª¯5���µS�y¨��ª�n©µ�Y�¬~��n³ ¬���)~©n³��
¯�§)§c¯�©«�±³´����H@Ô¬��~#¨ª©()c³ �n�;ª£���£�©±¯¹¥ ³:�µ£�ª¡c¯¹¥´¨ª©E�d@=�B�c¯5Y�¬��~³´®ª�¯�¬ ¡�¥C8 ¨¹©E))³ �nF��¨����n��)¯5�ª�W��w)~©n³��?D�¯¹³ ��§c¯�©«�±³´#°�F����µ�µ�¨ª©())³´�nH;ª£���£�©±¯¹¥ ³:�«£�ª��ÀH���¨ª©())³´�nH;ª£���£�©±¯¹¥ ³:�«£����É�¯¹¥´¨ª©E�H¬����¬��~³¦¨��
°I8 ¨ª©())³ �n����
ÿké�ê{ô]êc÷�î è�î�ê{ç ð)ï²ø=´�µ5¶v·

K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd ¸
� µ5Å ¿ ·�µ5Å�· b′ ∈ OG(K,a,d)(b) Ä <>(K)δ (b′) ⊆ OG(K,a,d)(b) Äe¾5Ñ5»E½ a ≤ δ ≤ min{d, nivb′} ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
b′ ∈ OG(K,a,d)(b)

��
b′′ ∈<>(K)δ (b′)

¯�®ª��
a ≤ δ ≤ min{d, nivb′}

���¨����µ©n¨>���ZY�¬~
b′′ ∈ OG(K,a,d)(b)

��L¬~³��(Y�¬~
b′′ ∈<>(K)δ (b′)

¡)³ ¥'�Ë�³��É�n {b0, b1, . . . , bp} �n�¥9Y�¬�




b0 = b′,
bp = b′′,
bu+1 = buα

δ
tu , ∀u, 0 ≤ u < p,

tu ∈ K, ∀u, 0 ≤ u < p.��¨�³´�
du = min{d, nivbu + 1} ¡ ∀u ¡ 0 ≤ u ≤ p ��L¬~³��(Y�¬~ ∀u ¡ 0 ≤ u ≤ p

¡
bu ∈<>(K)δ (b′)

¡c¨��\¯k��£�����(�±¯¹³´©µ��y��ª�
δ ≤ nivbu

�{Ä4��¬��±³¦¥ ³:�±¯5�ª�#¥ ¯�§~©µ¨ª§{¨��µ³ g�±³´¨����s§c¯';ªyº��s¨����±¯�³´�Á¯¹¥´¨ª©E�WY�¬��¥´�°��©E�~³¦�©Z))©n³:�
°�
Ch(tu,a,δ)(bu)

��É�
buα

δ
tu

�Ã�©H§c¯�©W��6�§{¨¹�B�cT��µ
buα

δ
tu = bu+1

¡~°~¨>���
bu+1

��«��¥´�°��©B�~³´�©Z)~©n³���°~
Ch(tu,a,δ)(bu)

�Ä]�H§c¯�©W��¨����«£�Y�¬�����
bu+1 ∈ Ech(tu,a,δ)(bu)

��L¬~³��(Y�¬~
δ ≤ nivbu

��
du = min{d, nivbu + 1} ¡�¨���¯ δ ≤ du ��#¯5���H¥´S��¯5�¤¨('

δ = du
¡~¨���¯Ô°~³¦©µ���n��y��ª�

bu+1 ∈ Ech(tu,a,du)(bu)
Í�¨�¬

bu+1 ∈ EchE(tu,a,du)(bu)
Ñ�Ä]�_°)¯5���+¥¦X��¯'�+¨('

δ < du
¡�¨����±¯¹³ �L¯¹¥´¨ª©E�+§c¯�©]°�£L���)³ �±³¦¨>��Í ½�§c¯';ª�Ó�¸�ÑmY�¬�

ChE(tu,a,du−1)(bu)
��É�_¥Q8 ¬���°����«¨�¬��G�B�~��y³����HÍ�¨�¬�¥´d�«¨�¬��4�B�~��y³��cÑnY�¬)³���¨��Ô§{¨��µ��ª�

ChE(tu,a,du)(bu)
���]¯�©4�µ¬)³ �n

EchE(tu,a,du−1)(bu) ⊆
EchE(tu,a,du)(bu)

��Ä4�#°���(����)°)¯5�ª��§c¯5�m@�§c¯5��[É¬��EY�¬I8£@
δ
¨����Ô¨��ª�n©µGY�¬~

EchE(tu,a,δ)(bu) ⊆ EchE(tu,a,du)(bu)
�¶8�Y�¬~³'§{�©E�y���°����¨�����¥ ¬�©µSY�¬�

bu+1 ∈ EchE(tu,a,du)(bu)
� É¥'�Ë~³:�«�µs¯¹¥´¨ª©E� {b0, b1, . . . , bp} �n�¥IY�¬�





b0 = b′,
bp = b′′,
bu+1 ∈ Ech(tu,a,du)(bu), ∀u, 0 ≤ u < p,
tu ∈ K, ∀u, 0 ≤ u < p.�]¯�©W��¨����µ£�Y�¬���ª�

b′′ ∈ OG(K,a,d)(b)
ÍC�LDÐ�~©n���¯�©EY�¬�s�ªÑ�

¶8SY�¬��¥C8 ¨���®�³¦��ª�Á°�S�Ô¨��ª�n©µ�©���«��®�©±¯¹³9Y�¬��¥�Y�¬�S�µ¨�³ �
b′′ ∈<>(K)δ (b′)

��Á¨����
<>(K)δ (b′) ⊆ OG(K,a,d)(b)

�
ÃÁ©¤�n¨�¬��d�����³'��É��®�©¯�³9Y�¬��¥�Y�¬~��µ¨�³ �

b′ ∈ OG(K,a,d)(b)
��]¯�©W��¨����µ£�Y�¬���ª��¡~§{¨�¬~©¤�n¨�¬��

b′ ∈ OG(K,a,d)(b)
¡
<>(K)δ (b′) ⊆ OG(K,a,d)(b)

�

�È�¯
§~©µ¨ª§{¨��n³ �±³¦¨>�²�¹Ò]�y¨>���n©µxY�¬~�¥´��s°��¬�Ë ¨ª©())³ �n��S;ª£���£�©±¯¹¥ ³:�µ£����³:�E�µ¬���s©µ��µ§{���±³´®ª��y��ª�Ô°��°��¬�Ëf))©n³:���¯�§~§c¯�©«�n��)¯5�ª�G@�¬���X�=<��yL¨ª©()c³ �n��«¨����¡��¨���D ¨��~°)¬�����ª¶8�Y�¬~³�³��Ô§c¥¦³�Y�¬�XY�¬~�°)¯5����¥´X��¯¹°�©µ¤°I8 ¬����§�6�©±¯5�y³ °�
Ò¹¼



°I8 ³���¯';ª���¡_¥C8 ����«��R))¥¦�°���y©µ£L;�³¦¨�����°I8 ¬��}�~³´®ª�¯�¬ ³:��D £�©n³¦�¬�©J��¨ª©µ©µ��«§}¨>�)°)¯5�ª�x@i¬���
©µ£L;�³¦¨�� °I8 ¬��}�~³´®ª�¯¹¬°�¨����~£#��É��¥´S�=<��y�Y�¬��¥:Y�¬~S�«¨�³ ��¥¦�)~©n³���°)¬kz�){¨ª©n°�|#°��¥ ¯�©µ£L;�³´¨��
³:�~³´�±³ ¯¹¥¦��Ô����d�l��¨�³:�n³'§{¨�¬�©H¥¦S��¯¹¥:��¬)¥��
ÿké�ê{ô]êc÷�î è�î�ê{ç ð{üÊø=´�µ5¶v·

K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b1 Ä b2 ∈ Bd ¸´^¶
b2 ∈<>(K)d (b1) ¾>Â µ ¿ Ã OG(K,a,d)(b1) = OG(K,a,d)(b2) ¸

ÿké�õ�ì*-{õ ø �L¬~³:�EY�¬~
b1 ∈ OG(K,a,d)(b1)

��
b1 ∈ Bd

¯�¥¦¨ª©E�k°I8 ¯�§~©(T��k¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨�� ��Ó�§{¯';¹�Ò¹¼�¡'¨>� ¯
<>(K)d (b1) ⊆ OG(K,a,d)(b1)

���8 ¨('��µ³
b2 ∈<>(K)d (b1)

¯¹¥¦¨ª©E�
b2 ∈ OG(K,a,d)(b1)

���¬)³ �nR@Ô¥ ¯Ô°�£����~³´�±³´¨��
°�
OG(K,a,d)(b2)

¨��
¯y¯¹¥´¨ª©E�
OG(K,a,d)(b2) ⊆ OG(K,a,d)(b1)

���8 ¯¹¬��n©µ#§c¯�©«��°)³´©µSY�¬�
b2 ∈<>(K)d (b1)

��«�H£�Y�¬)³ ®ª¯¹¥´��ª�w@Ô°~³¦©µ�Y�¬�
b1 ∈<>(K)d (b2)

�ÃH��¨>)��±³¦��ª�Á¯¹¥¦¨ª©E��°��¥ ¯=�!<��Ô���¯5�)³*T�©µ�Ì
OG(K,a,d)(b1) ⊆ OG(K,a,d)(b2)

��Á¨������µ³
b2 ∈<>(K)d (b1)

¯¹¥´¨ª©E�
OG(K,a,d)(b2) = OG(K,a,d)(b1)

�
�È�¯�§~©µ¨ª§{¨��µ³´�±³´¨��Ê�¹¾�³��~°)³:Y�¬~JY�¬� ¥C8 ¨ª©()c³ �nk;ª£��~£�©±¯¹¥¦³��«£� °98 ¬��K)~©n³��i¨>)��µ�©«®�£����ª�n©µ °��¬�ËK�)³ ®��¯¹¬�Ë

a
��
d��¨����n³¦����8¥C8 ¨¹©E))³ �nW;ª£���£�©±¯¹¥¦³��«£��°)¬k�=<��yZ)~©n³��y¨>)��µ�©«®�£�H��ª�n©µ�¥¦��4�~³´®��¯¹¬�Ë

a
��
d−1

���L¥ ¯�
�¨����4��¨�¬��L°)¯5���¥´!��¯¹°�©µy°I8 ¬���Ô§�6�©±¯5��³¦°�y°I8 ³���¯';ª���¡}��k§~©µ��~¨>���#°��¬�Ë�©µ£L;�³´¨����
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ÿké�ê{ô]êc÷�î è�î�ê{ç ðAfIø=´�µ5¶v·
i ∈ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m ¸´�µ5¶Q·

b ∈ Ba · »LÂmõ Å » EchE◦(i,a,min{d,nivb+1})(b) 6= ∅ ¸´�µ5¶Q·
b′ ∈ EchE◦(i,a,min{d,nivb+1})(b) ¸´�µ5¶Q·
d′ = min{d, nivb + 1} » · l = nivb′ ¸´�µ5¶Q· Â:¾ ÃlÅ�¶Q· » Î »�È3¿ ¶ º Ã (bd′′)l≤d′′≤d′ Ä µ5É bd′′ ∈ EchE◦(i,a,d′)(b) ∪ {b} ∀d′′ Ä l ≤ d′′ ≤ d′ Ä Î ÁQÍGº ¶ » í ¾5¿ Ê




bd′ = b, » · td′ = i;» ·Ií�µ5Å ¿ l ≤ d′′ < d′
µ º Î ÁQÍ4º ¶v· ¿E» Ã�í »E½ ·Q¶ Ñ5»3ÌJ»lº · bd′′ » · td′′ »3º ðLµ º"½ ·Q¶Cµ º Î » bd′′+1 » · td′′+1 :Ãl¶

bd′′+1 6∈ (BSd
′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

) ¾>Â µ ¿ Ã bd′′ = bd′′+1 » · td′′ = td′′+1;Ãl¶ º µ º�Ä ÃLµ5¶Q· ChE(td′′+1,a,d
′′+1)(bd′′+1) =

(
ChE(k1,a,d′′)(b

′
1), . . . , ChE(kp,a,d′′)(b

′
p)
)

¾5Ñ5»E½ p, k1, . . . , kp, b
′
1, . . . , b

′
p Ñ5Á3¿ ¶ Íe¾5º · Â:» Ã ½ µ º Î5¶v·Q¶Cµ º Ã�Î »SÂ*¾ Î ÁQÍGº ¶Q·Q¶Qµ ºh� í ¾�À�»���k ,» · j ∈ {1, . . . , p} · »LÂmõ Å » b′ ∈ EchE(kj ,a,d′′)(b

′
j), ¾>Â µ ¿ Ã bd′′ = b′j » · td′′ = kj ;» · l » Ãl·e· »LÂmõ Å » b′ =

Î »3¿lº ¶ »l¿�È3¿ ¶ º Î » Ch(tl,a,l)(bl);

� » ·C· » ÃlÅ�¶Q· »�» Ã3·4· »3ÂvÂ�»Rõ Å » ∀d′′ Ä l ≤ d′′ ≤ d′
{
b′ ∈ EchE(td′′ ,a,d′′)(bd′′),» · EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b),» · b′ » Ã3· Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(tl,a,l)(bl) ¸

ÿké�õ�ì*-{õpø ��¨����n©µ¨����¤§{¯�©�©µ£���¬�©µ©µ������°�£���©µ¨�³��(�±¯'���n��n¬�©
d′′
¡
l ≤ d′′ ≤ d′ ¡�Y�¬� b′ ∈ EchE(td′′ ,ad′′)(bd′′)��

EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b)
�èm§{¨�¬�©

d′′ = d′
Ì¨��
¯

bd′ = b
��
td′ = i

°I8 ¨('
EchE(td′ ,a,d′)(bd′) = EchE(i,a,d′)(b)

�Ä]�H§c¯�©W��6�§{¨¹�B�cT��µ#¨���¯
b′ ∈ EchE(i,a,d′)(b)

��Á¨����k¥Q8 �>6�§{¨¹�B�cT��µk°~#©µ£���¬~©µ©µ�����#��É��®�©±¯¹³¦�¯¹¬�©±¯5�c;
d′
�

èé�n¬�§~§{¨��µ¨>���_¥C8 ��6�§{¨¹�B�cT��«�°�H©µ£���¬~©µ©µ�����¤®�©±¯¹³´H§{¨�¬�©
d′′
¡
l < d′′ ≤ d′ ¡ª��e�Ô¨����n©µ¨����GY�¬98 �¥¦¥¦H��«�_®�©±¯¹³¦§{¨�¬�©

d′′ − 1
Ì

a î
bd′′ 6∈ (BSd

′′−1
td′′ ∪ S

d′′−1
td′′ ∪ C

d′′−1
td′′ )
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EchE(td′′ ,a,d′′)(bd′′) = EchE(td′′ ,a,d′′−1)(bd′′)
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bd′′−1 = bd′′
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td′′−1 = td′′

¡�¨���¯y¯¹¥´¨ª©E�
EchE(td′′ ,a,d′′)(bd′′) = EchE(td′′−1,a,d

′′−1)(bd′′−1)
��]¯�©W�>6�§{¨¹�B�cT��µk°~#©µ£���¬~©µ©µ�����#¨��]�n¯¹³ �dY�¬�

b′ ∈ EchE(td′′ ,a,d′′)(bd′′)
��
EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b)

��Á¨����_°)¯5���m��G��¯5��¡
b′ ∈ EchE(td′′−1,a,d

′′−1)(bd′′−1)
��
EchE(td′′−1,a,d

′′−1)(bd′′−1) ⊆ EchE(i,a,d′)(b)
�

a î
bd′′ ∈ (BSd

′′−1
td′′ ∪ S

d′′−1
td′′ ∪ C

d′′−1
td′′ )

¡~¨��
¯Ô§c¯�©H°�£L�^�~³´�n³¦¨��iÍÕ°~�D+½�§c¯';ª#Ó�¸�ÑÁÌ
ChE(td′′ ,a,d′′)(bd′′) =

(
ChE(k1,a,d′′−1)(b

′
1), . . . , ChE(kp,a,d′′−1)(b

′
p)
)

¯�®���
p
¡
k1, . . . , kp

¡
b′1, . . . b

′
p
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b′ ∈ EchE(td′′ ,a,d′′)(bd′′)

� É¥'�Ë�³��É�ns¯¹¥´¨ª©E�
j
¡
1 ≤ j ≤ p ¡��n�¥9Y�¬~ b′ ∈ EchE(kj ,a,d′′−1)(b

′
j)
�ÃÁ©�§c¯�©H°�£L�^�~³´�n³¦¨��
°�k¥ ¯=�n¬~³ �nk¨����n¯¹³´�dY�¬�

bd′′−1 = b′j
��
td′′−1 = kj

��]¯�©W��¨����µ£�Y�¬~��ª�
b′ ∈ EchE(td′′−1,a,d

′′−1)(bd′′−1)
��
EchE(td′′−1,a,d

′′−1)(bd′′−1) ⊆ EchE(td′′ ,a,d′′)(bd′′)
��L¬~³��(Y�¬�k¥C8 ¨����µ¬~§~§{¨��«

EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b)
¡¨��
¯Ô°~¨>���

EchE(td′′−1,a,d
′′−1)(bd′′−1) ⊆ EchE(i,a,d′)(b)
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d′′
¡
l ≤ d′′ ≤ d′ ¡ b′ ∈ EchE(td′′ ,a,d′′)(bd′′)

¡��
EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b)

¡ ∀d′′ ¡ l ≤ d′′ ≤ d′ �
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Â���É�nS@=�Ô¨����n©µ�©WY�¬�
b′
��«�H¥¦�°��©E�~³¦�©W)~©n³���°~

Ch(tl,a,l)(bl)
��]¯�©H°�£����~³´�n³¦¨���¨>��¯

l = nivb′
¡~���°I8 ¯�§~©(T��Z��SY�¬��¥C8 ¨���®�³¦��ª�Á°�S�Ô¨��ª�n©µ�©�¡

b′ ∈ EchE(tl,a,l)(bl)
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EchE◦(tl,a,l)(bl)
�µ¨��ª�H°~

)~©n³����XY�¬~³{¨�����°~³��«§c¯�©n¬�¯�®ª¯5����¥¦F�~³ ®��¯¹¬
l
¡c�«�¬~¥}¥¦#°��©E�)³´�©X)~©n³���°�

ChE(tl,a,l)(bl)
¯�§)§c¯�©«�±³´����H¯¹¬?�~³ ®��¯¹¬

l
Í���H@

EchE(tl,a,l)(bl)
Ñ±��Á¨����

b′
��É��¥¦k°~�©E�~³¦�©Z))©n³:�
°�

Ch(tl,a,l)(bl)
�

�ñ�õ�� ó~éFbÎìÎõ\ý²ø
bd′′ ∈ Bd

′′ Ä ∀d′′ Ä l ≤ d′′ < d′ ¸
È�¯p§)©µ¨ª§{¨��µ³´�n³¦¨�����¼b�Ô¨��ª�n©µMY�¬�i¥Q8 ¨�� §{�¬����Ë��n©±¯¹³¦©µi°�i¥Q8 ����µ��S)c¥´K��¨��������¯5���
³:�(�n¬W°~¬P�B�~��y³�� °~��¨����~���±³´¨��J��¨>���µ³ °�£�©µ£ª¡�¬���H�n¬~³ �nÁ°~W))©n³:���8©µ�¥¦³ ¯5�ª�¤¥Q8 ¨ª©n³:;ª³���Á°~d��H�l�����³:����¤¬��k)~©n³�� °�H���¥ ¬~³ g ��³Õ¡���L�n�¥:�Y�¬~��l�)¯5Y�¬~F))©n³:�
°��¥ ¯=�n¬~³´�µk��É��°~�©E�~³¦�©Z))©n³:�
°I8 ¬��]�B�~��y³���³��(�µ¬
°~¬�)~©n³��]�µ¬~³´®¹¯5�����
ÿké�ê{ô]êc÷�î è�î�ê{ç ð^Iø=´�µ5¶v·

i ∈ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m ¸´�µ5¶Q·
b ∈ Ba · »LÂmõ Å » EchE◦(i,a,min{d,nivb+1})(b) 6= ∅ ¸´�µ5¶Q·
b′ ∈ EchE◦(i,a,min{d,nivb+1})(b) ¸´�µ5¶Q·
d′ = min{d, nivb + 1} » · l = nivb′ ¸� Â#» î>¶{Ã3· »R¾>Â µ ¿ ÃFÅ º�» ÃlÅ�¶Q· » Î »�È3¿ ¶ º Ã {β0, . . . βq}

Î » EchE◦(i,a,d′)(b) ∪ {b} · »LÂÕÂ�»Rõ Å »




β0 = b, τ0 = i;
βq = b′, τq−1 = tl, δq = l;
βu−1 =

Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q;
τu−1 =

{
τu − 1

Ãl¶
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
Ãl¶
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q;

δu = nivβu , ∀u, 0 < u ≤ q;µ5É
tl » Ã3·G¶ÕÃBÃlÅ » Î »RÂ*¾ Î ÁQÍGº ¶v·C¶Qµ º Î »RÂ*¾ ÃBÅc¶Q· » (bd′′)l≤d′′≤d′

Î ÁQÍGº ¶ » Î ¾5º Ã Â*¾ í ¿ µlí�µ'ÃB¶Q·Q¶Cµ º Ð ��¸
ÿké�õ�ì*-{õ ø �_¬)³:�EY�¬��¥¦����>6�§{¨¹�E��T��«��#°~!����µ�ny§~©µ¨ª§{¨��µ³´�±³´¨��K�«¨��ª��¥¦����=<��y��FY�¬~!���¥¦¥¦��k°��¥ ¯�§~©µ¨ª§{¨��µ³ g�±³´¨����¹½�¡~¨����±¯¹³ �H§c¯�©d����µ�nk°��©E�~³:T�©µ�Y�¬��¥ ¯=�n¬~³´�µ

(bd′′)l≤d′′≤d′
°�£L���)³´k§c¯�©





bd′ = b,
��
td′ = i;��H§{¨�¬�©

l ≤ d′′ < d′, bd′′
��
td′′

�µ¨��ª�H©µ��µ§{���±³´®ª��Ô�����°�£L���)³:����]D ¨�����±³¦¨���°~
bd′′+1

��
td′′+1 :�µ³

bd′′+1 6∈ (BSd
′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥¦¨ª©E�

bd′′ = bd′′+1
��
td′′ = td′′+1;�µ³���¨��'¡��«¨�³´�

ChE(td′′+1,a,d
′′+1)(bd′′+1) =

(
ChE(k1,a,d′′)(b

′
1), . . . , ChE(kp,a,d′′)(b

′
p)
)

¯�®ª��
p, k1, . . . , kp, b

′
1, . . . , b

′
p

®�£�©n³:�c¯5�ª�Á¥´��W��¨��~°)³ �±³¦¨>���H°�k¥ ¯Ô°�£����~³´�n³¦¨���½�§c¯';ª#Ó�¸
,��

j ∈ {1, . . . , p} �µ�¥9Y�¬� b′ ∈ EchE(kj ,a,d′′)(b
′
j),
¯¹¥´¨ª©E�

bd′′ = b′j
��
td′′ = kj ;

��«���µ�¥¦¥¦�Y�¬� ∀d′′ ¡ l ≤ d′′ ≤ d′
{
b′ ∈ EchE(td′′ ,a,d′′)(bd′′),��
EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b),��

b′
��«��¥´�°��©E�)³´�©W)~©n³���°~

Ch(tl,a,l)(bl)
�

��¨��ª�n©µ¨�����§{¯�©s©n£���¬�©µ©n�����?�µ¬�©
d′′
¡
l ≤ d′′ ≤ d′

¡0Y�¬I8 ³ ¥L�Ë�³��É�n�¬���x�n¬~³´�µ�°�J))©n³:���
(β0, . . . , βq)

°~
EchE(td′′ ,a,d′′)(bd′′)

�n�¥ ¥´SY�¬~yÌ




β0 = bd′′ , τ0 = td′′ ,
βq = b′, τq−1 = tl, δq = l
βu−1 =

°��©B�~³´�©Z)~©±³:��°~
ChE(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q,

τu−1 =

{
τu − 1

�µ³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�µ³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q,

δu = nivβu , ∀u, 0 < u ≤ q.
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d′′ = l

Ì�_©µ��~¨>���
β0 = bl

¡
τ0 = tl

¡
β1 = b′

¡
δ1 = l

��
q = 1

�Ãw�
¯�Ìèm§c¯�©H°�£L���)³ �±³´¨��
°�k¥ ¯��n¬~³´�µ
(bd′′)l≤d′′≤d′

¡�¨��
¯
b′
°~�©E�~³¦�©Z))©n³:��°~

ChE(tl,a,l)(bl)
¯�®���

bl ∈ Bl
���8 ¨('�§c¯�©Á°�£����~³´�±³´¨���°���H�l����y³����Á°����¨��������±³´¨���¨���¯

ChE(tl,a,l)(bl) = Ch(tl,a,l)(bl)
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b′ = blα
l
tl

���]¯�©�����«�n�§)©µ¨ª§{¨��µ³´�n³¦¨���¨���¯k£�;�¯¹¥¦��Ô��ª�¤°��©E�)³´�©�)~©n³��°�
Ch(tl,a,l)(b

′) = b′αltl = bl
��Á¨�����¨���¯�))³´��

β0 =
°��©E�)³´�©W)~©n³��
°�

Ch(τ0,a,δ1)(β1)

è
δ1 = l = nivb′ = nivβ1�Á¨����#§{¨�¬�©

d′′ = l
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¡
l ≤ d′′ < d′
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b′ ∈ EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(td′′+1,a,d

′′+1)(bd′′+1)
�

�]¯�©H°�£L�^�~³´�n³¦¨���¨����n¯¹³´�dY�¬~��n³
bd′′+1 6∈ (BSd

′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥´¨ª©E�

ChE(td′′+1,a,d
′′+1)(bd′′+1) = ChE(td′′+1,a,d

′′)(bd′′+1),
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ChE(td′′+1,a,d

′′+1)(bd′′+1) =
(
ChE(k1,a,d′′)(b

′
1), . . . , ChE(kp,a,d′′)(b

′
p)
)

¯�®���
b′1, . . . , b

′
p
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k1, . . . kp
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bd′′+1 6∈ (BSd
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td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥¦¨¹©B�

ChE(td′′ ,a,d′′)(bd′′) = ChE(td′′+1,a,d
′′)(bd′′+1),
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¡
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ChE(td′′ ,a,d′′)(bd′′) = ChE(kj ,a,d′′)(b
′
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β0 = bd′′ , τ0 = td′′ ;
βq = b′, τq−1 = tl, δq = l;
βu−1 =

°��©E�)³´�©W)~©n³���°~
Ch(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q;

τu−1 =

{
τu − 1

�µ³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�µ³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q;

δu = nivβu , ∀u, 0 < u ≤ q;��³
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)
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β0 = β′0;
β1 = β′1, τ0 = τ ′0, δ1 = δ′1;��� ��� ���
βq = β′q, τq−1 = τ ′q−1, δq = δ′q;¨��
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)
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β0 = b′1;
β1 = b′2, τ0 = k1, δ1 = d′′;��� ��� ���

βj−1 = b′j = β′0, τj−2 = kj−1, δj−1 = d′′;
βj = β′1, τj−1 = τ ′0, δj = δ′1;��� ��� ���
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C0 = ∅ Ñ�N���
i = n
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OG′n(K,a,d)(b)
)

0≤n≤p
³�ø�´�µ5¶Q·

K = N−
{i} Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» ·¡ÃLµ5¶Q· b ∈ Ba ¸

Ô ¾ ÃlÅc¶v· » (OG′n(K,a,d)(b)
)

0≤n≤p
» Ã3·eÎ ÁQÍGº ¶ » Î »RÂ*¾JÌ!¾5º ¶ Ç3¿E» ÃBÅc¶ Ñ'¾5º · » Ê

ö OG′0(K,a,d)(b) = {b} Ï
ö ∀n > 0

Ê
OG′n(K,a,d)(b) =

⋃
i∈K

⋃
b′∈OG′

n−1(K,a,d)
(b)

(
EchE(i,a,d′)(b

′) ∪A
) Ï
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d′ = min{d, nivb′ + 1};
BSd

′−1
c,i+1 = {b ∈ BSd′−1

i+1

· »LÂmõ Å » bαd′−1
i+1 ∈ Cd

′−1
i+1 };

BSd−1
s,i−1 = {b ∈ BSd′−1

i−1

· »LÂmõ Å » bαd′−1
i−1 ∈ Sd

′−1
i−1 };

A = EchE(i+1,a,d′)(b
′)
Ãl¶
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s,i−1.
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K = N−
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0≤n≤p
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ö OG′0(K,a,d)(b) = {b} Ï
ö ∀n > 0

Ê
OG′n(K,a,d)(b) =
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⋃
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d′ = min{d, nivb′ + 1};
Ap = EchE(i+p,a,d′)(b
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