
���������
	��
������������������������������� �����
�!#" �%$'&)(+*,��� " �

-/.103254 687:9<; 7:9 =>2:0/?@9<; A:B/C1BD032FEG6H;IB/9<;�J
=>K19D4 6LC ; 7:9 =NMOC1C19<=P?@6HMOC 9/? M30RQS68?@9<;

A:B/C1BD032:ET6H;IB/9<;

UWV�XGY�Z\[][_^#`�acb�d�e�f\gihkjGV�lmZ,e�dnZ\g
ophkq�Vsr
d�^sg
t�Z\Y�o�`

" ��u�u�� " �wv
� " ���yx�� " �yx��
n◦
${z{z}|~�
z}$

���)��$cz{z'|
�������_���+���'�����������\���,u��}������������� ! ���)�]���

�����
�]� !#" � ! �i�_���+���'�����������\���,u��}��������������������L���8���� 
¡]¢¤£�¥¦£�§{¨ª©«����¡]��¨�¬~¥¦­�®ª¯�©±°²�\¯�©n³¦­�­����L³´­�©µ©µ­�¶�¬�©n³¦­ª¡]�¤�G·¹¸~º�»¹¼�¡_½¹¾ª¼ª¾���¿+ÀÁ¢�ÀÁÂHÃ#�~¶�Ã��_Ä¶�ÅÁÆ#�~��ÄLÇÁÄLÀH ÉÈÊ¶8­�°�­�Ë'¡)¿+ÂHÆÁÇ#¶�Ä¢¤£�¥]ÌÎÍÐÏ�·ª·�Ñ�Í�¸�ÑµÒsÓ�¼�Ó�¼Ô¾�ÒÔ¼ª¼¿{¯�Ë\ÌÎÍÐÏ�·ª·�Ñ�ÍÕ¸�ÑµÒ�Ó�¼�Ó�¼y¾�ÒÔ»�¸



º



Öp×kØ
Ù�ÚÜÛ�Ú�ÝßÞP×#à�á�â¤ã+Ú�Ý
äæå�çcè�é�ê'ë+ìÎí¹è�î�ê{ç ï
ðòñ�ó)ô�ô_õ�ö�÷�ø

n ù�ú ù í�ó~é�è�õ�÷yõ�è ÷�ìÎô�ô�é�õ�÷�÷�î�ê{ç]û�í�ê{ç{è�é�ó)í¹è�î�ê{çmë�õ�í�õ�ö�ö�ì�ö�õ�÷ ü
ýÿþ����+ç�î è�î�ê}ç ë�õ�÷�ô��Îé�ó��pî�ë�õ�÷yë�õ

n ù�ú ù í�ó)é�è�õ�÷ �
ï 	�
�õ��pî�çÎ÷yë�õ�í�ê{ç�çÎõ�í¹è�î�ê}ç 
Ó)� ºÿ¶��~­��y³����H°�­���¨�����­��
�±³¦¨��i�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� ¼Ó)� ºª� º �Á£����~³´�n³¦¨���� �#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� º�¸Ó)� ºª� � �_©µ¨ª§~©n³¦£��n£��
�k�#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� ��ÓÓ)� � ¶��~­��y³����H°�­���¨�����­��
�±³¦¨���£��µ­��~°~¬�� �#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� ·ª¼Ó)� ��� º �Á£����~³´�n³¦¨���� �#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� ·ª¼Ó)� ��� � �_©µ¨ª§~©n³¦£��n£��
�k�#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#�ÿÓ�»
ü���é���î è�õ�÷! "��ç#��é�ócö�î�÷���õ�÷ ü{üÒ�� º$�Á£����~³´�n³¦¨������k�#�#�k�k�#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� ÒªÒÒ�� � �_©µ¨ª§~©±³´£��n£��I�k�#�#�k�k�#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� Ò¹½Ò�� ·&%�¯�©n³ ¯'���n­#§{¨��(�n³*))¥¦­ß�k�#�k�#�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�k�#�#�k�#�k�k�#�#�k�#�k�#� »¹¾
� 	sê{ç�í�ö�ìÎ÷�î�ê{ç +�


�



·



, -�. à�ã0/�Û�1�2_à�á3/ .
Ä4�²¯5�)¯¹¥76��«­�°98 ³:��¯';ª­�³ ¥8§{­�¬��=<��n©µ­�¬��±³¦¥¦­�§}¨ª¬~©=��­�©«�
¯¹³���­��y¯�§~§)¥ ³:��¯��±³¦¨>����°~­?�«­�;��Ô­����µ­�©�¬���­�³���¯';ª­�@°~³:A{£�©µ­����B�#�)³ ®�­�¯¹¬�Ë'�¹��­�¥´¨��'¡�¥C8 ¯�§~§)¥ ³:��¯��±³¦¨>� ¡���­�©«�
¯�³���­���³:��D ¨ª©E��¯��±³¦¨����Î§{­�¬�®�­��ª�0<��µ©n­L§)¥ ¬��0��¥ ¯¹³´©µ­���­��+°~¨����_§c¥¦¬��D�¯5��³ ¥´­��Ô­����L­�Ë�§c¥´¨�³´�±¯')c¥´­���@F��­�©«�
¯¹³:���G�)³ ®�­�¯¹¬�Ë'��ÀH��­�§�6�©±¯5��³¦°�­�°I8 ³���¯';ª­��G��¨ª©µ©µ­��«§{¨��~°J@#°~³*A{£�©µ­��ª�B�4�~³´®ª­�¯¹¬�Ë°�­K�«­L;��y­��ª�
¯��±³´¨�� °I8 ¬��~­M�=<��Ô­,³:��¯';ª­GN�¥¦­M�)³ ®�­�¯¹¬W¸O��¨ª©µ©µ­��«§{¨��)°P@Ê¥Q8 ³:� ¯';ª­\³��~³´�n³ ¯¹¥´­�¡�­��
¥¦­��?�~³´®ª­�¯¹¬�Ë�µ¬)³ ®ª¯5�ª�B�R��¨ª©µ©µ­��µ§{¨��~°�­��ª��¯¹¬�ËK�µ­L;��Ô­����
¯��n³¦¨����S�µ¬��L��­��E�µ³ ®�­��s°�­ ¥C8 ³:� ¯�;ª­��Î�]¯�©E�y³_¥¦­���§�6�©
¯'��³¦°~­���°I8 ³���¯';ª­��¨�� °~³��(��­�©B��­ ¥´­���§�6�©±¯5�y³ °�­���°I8 ³:� ¯';ª­��#©µ£�;�¬~¥¦³:T�©µ­���ÍC�LDÐ�4U¦º3V�Ñ�­��s¥¦­��k§�6�©±¯5��³¦°�­���°I8 ³:��¯';ª­���³´©n©µ£L;�¬~¥ ³*T�©µ­�� ÍC�LDÐ�U ��¡c·�¡~Ó5V�Ñ±�È�¯�§)¥ ¬���§c¯�©«��°�­���¯¹¥*;ª¨ª©n³´�E���Ô­��8�µ©
¯�®¹¯¹³ ¥¦¥ ¯5�ª�W�µ¬�©¤°~­��¤³:� ¯�;ª­��8¨>���X){­��µ¨�³:��°I8 ­�Ë��n©±¯¹³¦©µ­�°~­���³���D ¨ª©B��¯��±³´¨�����¡�n­�¥ ¥´­��ZY�¬�­k¥C8 ¯¹°5[«¯5��­�����­k°�­��¤©µ£L;�³¦¨�����°I8 ¬���­k³���¯';ª­yÍ�­ª� ;)�)¯¹¥*;ª¨ª©n³ �B���Ô­#°~­��«­L;��Ô­��ª�
¯��±³´¨���§{¯�©�¯';ª©µ£L;�¯��±³´¨���°~­©µ£L;�³¦¨����±Ñ
¡�¥C8 ¨ª©n°�©µ­ª¡ � � ���+¯�©¤­�Ë�­��Ô§c¥´­ª¡~³ ¥{§{­�¬��X<��n©µ­#¬��±³¦¥¦­#°�­�©n­��n©µ¨�¬�®�­�©�¥Q8 ¨ª©n°�©µ­#°~­���¯�©(<��n­��XY�¬~³���¨>�y§{¨��«­�����¥¦­){¨ª©n°�°I8 ¬��~­�©µ£L;�³¦¨��
�'��¡�¨ª¬�­���·5��°�­F��¨����)¯�\ �n©µ­k¥Q8 ¨ª©n°�©µ­#°~­��8®�¨�¥¦¬��Ô­���¡~°�­��XD�¯5��­���¯¹¬��n¨�¬�©�°I8 ¬���­�¯�©(<��n­�¨�¬°I8 ¬��]�«¨��!�y­������­�¯¹¬���¨ª¬~§²°~­�§�6�©±¯5�y³ °�­��y³´©µ©µ£�;�¬~¥¦³:T�©µ­��!�µ¨>����°�£L�^�~³´­��!@_){¯'�µ­�°�­�;ª©±¯�§���­���U ·�¡_Ò�VÐ�]�_¥ ¬��Ô©µ£���­��!�Ô­��ª��¡��©n¬��Ê­��!`#©µ¨ª§c¯��B�(�B�aU ¾�¡L»�¡]½�¡_¼�V¤¨����Ô£��n¬)°~³´£
¥¦­���§�6�©±¯5�y³ °�­��y°�­]��¯�©«�n­��=��¨��R))³:�c¯��µ¨�³¦©µ­����'�bN+¥¦­��!��¯�©«�n­����¨��R))³:�c¯��µ¨�³¦©µ­���§{­�©E�y­��µ�
¯'����°~­\©µ­�§~©n£��«­����n­�©�¥C8 ³:��D ¨ª©E��¯��±³´¨�� �n¨ª§{¨�¥´¨>;�³:Y�¬�­,°�­M�n¬c)}°~³´®�³��µ³¦¨�����°�­M�n¬�©ED�¯5��­��¨ª©n³¦­��ª�
¯'))¥¦­��d�±¯5���W){¨ª©n°��sÍ�§c¯�©�­�Ë�­��Ô§)¥¦­�¥Q8 ³:��D ¨ª©E��¯��±³´¨���°I8 ¨¹©±°�©µ­RY�¬~³#�I8 ­��É�H;ª£���£�©±¯¹¥´­��y­��ª�Á§c¯5��©µ­�§~©n£��«­����n£�­§c¯�©H¥¦­��Z;ª©±¯�§���­��
Ñ
�ÈÎ­���³���¯';ª­��

3
��­��

4
�GÍÕ¥¦­��n­��y§��8£��
¯5�ª��¥ ¯

4
T��y­ °~³:�y­����n³´¨��cÑ4�«¨����X��¯¹³��ª�n­��c¯'����°�­���³���¯';ª­���¬��µ¬�­�¥ ¥´­����ÆÁ¬��E�µ³�¡���¨�¬��]®ª¨�¬)¥´¨����_£��n­��)°�©µ­�¥´­��]�n©±¯�®ª¯¹¬�Ë�§)©µ£���£�°�­��ª�B�e@Á�n¨�¬��n­H°~³��Ô­����µ³¦¨��'¡ª­��y°~£L���)³:�(�±¯5�ª�8¥¦­��_§�6�©
¯'��³¦°~­��°�­f��¯�©«�n­��?;ª£���£�©±¯¹¥ ³:�µ£�­����¤ÈÎ­�����¯�©«�n­��?;ª£��~£�©±¯¹¥¦³��«£�­���°�­ °~³:�y­����n³´¨��

n
Í�¨�¬

n gihdg ��¯�©µ�µ­��±Ñ�©µ­�§~©µ£��µ­��ª�n­����
¥ ¯�n¨ª§{¨�¥´¨>;�³´­\°�­��JY�¬)¯5�µ³ g ®ª¯�©n³´£��µ£�� °~­�°~³:�y­����n³´¨�� n U¦º�¸�VÐ¡_¨ª©n³¦­����±¯')c¥´­�� ¨�¬j��¨��'¡�¯�®�­��
¨�¬j�±¯5���k){¨ª©n°'�8Ç�¨ª¬��¯�®�¨����#�l��¨�³:�n³�¥¦­��0��¯�©«�n­��m;ª£���£�©±¯¹¥¦³��«£�­���°~¬SD�¯¹³ �+°�­�¥´­�¬~©�°�£L�^�~³ �±³¦¨��SY�¬~³�­��É�n��¨��y¨5;>T���­L§{¨�¬�©Î�n¨�¬��n­8°~³:�y­����n³´¨��'�ÆÁ¬��E�µ³�¡���¨�¬��¤§{¨�¬�®�¨�����¯¹³:�«£��Ô­�����°�£L���)³´©�°�­���¨ª§{£�©±¯��±³´¨����X;ª£���£�©±³:Y�¬�­���­���°�­��H¯¹¥:;¹¨ª©n³´�B���Ô­����ÀH��­8§�6�©
¯'��³¦°~­8°�­
n gihdg ��¯�©«�n­�� §}­�¬��0<��n©µ­e��¨����«�µ©±¬~³ �n­8°~­8¥ ¯W��¯5�~³:T�©µ­e�n¬~³ ®ª¯5�ª�n­ª��o]�
¯5�ª�+°�¨�����£�­8¬���­ n gphdg��¯�©«�n­#©µ­�§~©µ£��«­����±¯5����§c¯�©¤­�Ë�­��Ô§c¥´­k¬��~­#³���¯';ª­ª¡��B�)¯5Y�¬�­��~³´®�­�¯¹¬�°�­k¥ ¯�§�6�©
¯'��³¦°~­�­��«�H°�£�°)¬~³ ��°~¬�§~©µ£���£�°�­��ª��~³´®ª­�¯�¬W­�� ¯�§)§)¥¦³�Y�¬c¯5�ª�q�n³:��¬~¥´�±¯5�~£��Ô­����q�µ¬�§)§~©µ­��E�µ³¦¨>����­��3r�¨�¬P��¨����n©±¯5�
�±³´¨����
°�­f��­�¥ ¥¦¬~¥¦­��
°~­i°~³��Ô­����µ³¦¨��Y�¬~­�¥:��¨���Y�¬~­5s�� É¥�­��É�
­��(�µ­��ª�±³¦­�¥Á§{¨�¬~©?){­�¯�¬���¨�¬�§ °I8 ¯�§~§c¥¦³���¯��±³´¨�����¡¤°I8 £��
¯'))¥ ³´©
¥ ¯O��¨ª©µ©µ­��«§{¨��~°c¯5����­,­��ª�n©µ­i¬���­K��­�¥ ¥¦¬)¥´­°I8 ¬��t�)³ ®�­�¯¹¬²°�¨����~£ª¡+­���¥C8 ­����«­��R))¥¦­
°�­��!��­�¥¦¥ ¬~¥´­��y°�­��!�~³ ®�­�¯¹¬�ËI§~©n£���£�°�­��ª�B�y°�¨�����¥ ¯u��¨����n©±¯5�
�±³´¨��I¨�¬I¥ ¯�µ¬~§~§~©µ­��(�µ³¦¨���¯s­����µ©±¯�\v��£#¥ ¯R��©µ£�¯��±³¦¨���°~­F��­��µ�n­w��­�¥¦¥ ¬~¥¦­ª�~�]¯�©¤­�Ë�­��Ô§c¥´­�­��
�'��¡�³ ¥{§{­�¬��Z<��n©µ­#¬��±³¦¥¦­#°I8 ¯5�(�µ¨���³´­�©¬��~­xD�¯5��­�¯�®�­�� ¥ ¯�©n£L;�³´¨��yY�¬)³L¥ ¬~³e��¨ª©µ©µ­��µ§{¨��~°y@�¬��y�)³ ®�­�¯¹¬p³���D £�©n³´­�¬~©���ÄG�p§c¯�©«�±³:��¬)¥¦³¦­�©�¡0��­�¥ ¯�§{­�©E�Ô­���°~­©µ­��n©µ¨�¬�®�­�©H�n¨�¬��n­s³:��D ¨ª©E��¯��±³¦¨>�q��¨>���n­���¬~­�@�¬��q�~³´®�­�¯¹¬�³���D £�©n³´­�¬�©Á°�­�¥ ¯y§�6�©±¯5�y³ °�­ª�{È�¯k��¨¹�±³´¨���°�­��B�c¯'�y§��©µ£���­�§��n­�¬�©�Í{z ©µ­���­�§��±³ ®�­k�~­�¥ °�|y­��p¯5�c;�¥ ¯�³��±Ñk¯�£��n£�³��ª�n©µ¨�°~¬~³´�n­�¯'��� °I8 £��
¯'))¥¦³¦©S��­��µ�µ­J��¨ª©µ©µ­��µ§{¨��~°)¯5����­y­����n©µ­¥´­��y©µ£L;�³¦¨�����°�­�°)³*A{£�©µ­��ª�B�k�)³ ®�­�¯¹¬�Ë'�L¢Î¨�¬���°I8 ¯'){¨ª©n°'¡8¶8­��«�n­q��¨¹�±³¦¨>� ¯,£��n£�°�£����~³¦­�°)¯5��� ¥´­q��¨��ª�n­�Ë��µ­�°~­�~³¦£�©±¯�©E�l�~³´­y°�­�;ª©±¯�§��~­��=U ·�VÐ¡}°~­Ô¥ ¯x� ¯'�)³*T�©n­��n¬~³´®¹¯5���n­�Ì}¥¦­=�B�c¯5�Ô§��Á©µ£���­�§��n­�¬~©#°I8 ¬���­=��­�¥¦¥ ¬~¥´­y°98 ¬��u�~³´®ª­�¯¹¬

a
­��É��¥C8 ­����«­��S))¥¦­
°�­��n¨�¬��y¥¦­��Ô§)³´Ë�­�¥���°~¬t�~³´®ª­�¯¹¬

0
Y�¬~³Gzi��¨��Ô§{¨��«­��ª�p|���­��µ�n­]��­�¥ ¥¦¬~¥¦­ª�_�L¥¦¬��Ô©µ£���­��!�Ô­��ª��¡��©n¬�� ­��?`�©µ¨ª§{¯��B�E�B� ¨��ª��°�£L�^�~³�¥ ¯f��¨¹�±³´¨�� °�­u�B�)¯5�Ô§^��©µ£���­�§��n­�¬�©�°I8 ¬��}))©n³:� §}¨ª¬~©�¬���­�§�6�©±¯5��³¦°�­�°~­��¯�©«�n­��R��¨��R))³��)¯��n¨ª³¦©µ­��y���~U¦ºªº3V �]¶8­��µ�n­x��¨¹�±³´¨�� ­��É��)c¯5�«£�­x�n¬�©�¥ ¯q�~¨¹�n³¦¨��p°�­?��¨�����­����±³:�c;q��¯¹¥:�i­��ª�n©µ­�¬��)~©n³��_�µ¬�©«®~³ ®ª¯5�ª��­��w�«¨��q�n¬��L��­��(�«­�¬�©w@�¬��q�~³´®ª­�¯�¬�°~¨�����£ª¡"��­��µ�µ­�°�­�©E�)³*T�©n­�£��
¯5���Á¥C8 ­����«­��S))¥¦­�°�­��d)~©n³����dY�¬~³�«£�§c¯�©µ­����R��­���°�­�¬�ËK)~©n³����s¯¹¬f�~³´®ª­�¯¹¬ §~©µ£���£�°�­������ÎÈ�¯���¨¹�±³¦¨��i°~­JD ­��c<��n©µ­ °�­�©µ£�°)¬��
�±³´¨��f;¹£���£�©±¯¹¥ ³:�µ­J��­��µ�n­��¨¹�±³´¨��
°�­S��¨�����­��
�±³:�c;!��¯¹¥*��@s�n¨�¬��d�~³´®ª­�¯¹¬'�È48 ¨5)�[É­��
�±³:D §~©n³�����³¦§c¯¹¥}°�­w��­Á©±¯�§~§{¨ª©«�¤­��É��°�­#°�£L���)³´©¤¥ ¯R��¨¹�±³´¨���°I8 ¨ª©())³ �n­H;ª£��~£�©±¯¹¥¦³��«£�­�°)¯5����¥¦­w��¯�°~©µ­�°~­��§�6�©±¯5�y³ °�­��s°�­

n gihHg ��¯�©«�n­����+¶8­��µ�n­J��¨¹�±³´¨�� §{­�©E�y­��s°98 ¯5�E�«¨c��³¦­�©k�µ¨�¬��µ­x��­�¥ ¥¦¬~¥¦­�°�­�°~³:�y­����n³´¨��fY�¬�­�¥���¨���Y�¬�­°I8 ¬��q�)³ ®�­�¯¹¬�°~¨�����£�¯�®�­���¥C8 ­����«­��S))¥¦­s°�­��d��­�¥¦¥ ¬~¥¦­��HY�¬~³�¥ ¬~³m��¨ª©µ©µ­��«§}¨>�)°�­����w@y¬��q�~³ ®�­�¯¹¬�³:��D £�©n³´­�¬�©��'¶8­��µ�n­°�£L�^�~³´�n³¦¨���­��«�Z)c¯5�µ£�­��µ¬�©H¬���­F;ª£��~£�©±¯¹¥¦³��n¯��±³¦¨>��°~­#¥ ¯��~¨¹�n³¦¨���°�­���¨����~­��
�±³:��;=��¯¹¥*�}¡�Y�¬)³}­��«�H¥ ¬~³I�!<��Ô­w){¯5�«£�µ¬~©L¥C8 ¨ª§{£�©±¯��±³´¨���°~­d�µ¬�§)§~©µ­��E�µ³¦¨>���_­�����¨��ª�n©±¯5�
�±³¦¨����L°�­H��­�¥ ¥¦¬~¥¦­��8°�­�°)³:�Ô­����µ³¦¨��kY�¬~­�¥:��¨>��Y�¬�­�§)©µ£��«­��ª�n£�­�°c¯'���U¦º���VÐ�È�¯k�~¨¹�n³¦¨���°I8 ¨ª©())³´�n­s­��É�#¬��~­���¨¹�±³´¨��u��¥ ¯5�E�µ³:Y�¬�­s§{¨�¬~©�¥´­��w��¯�©«�n­��H��¨��R))³:�c¯��µ¨�³¦©µ­���­��w;ª£���£�©±¯¹¥¦³��«£�­����}Ä_¥ ¥´­§{­�©E�y­���°�­i°~£L���~³¦©�¬���­f��­�¥¦¥¦¬)¥´­f��¨>�k�Ô­,£��
¯5�ª��¬�� ­����«­��R))¥¦­i°�­K)~©n³�����¡�¬��P)~©n³:�W£��
¯5�ª��¥Q8 ¬��~³�Y�¬~­,£�¥´£ g�p�9�(���B�C�����3���������H� �p���L�����3��� ���p�����H�p�B�Q���p���p�3�G�'� �'�E���3� �C�p�Z�l�}���i�5��� �p�e�'�l���������!���Z�n�Q�3�'�E���C�i�=���3�3���p�3���C������� ���i���� �����n�X�l��� �p�C�n�'�B�Q��� �(��� � �p�C�� ������B�����¡��� ¢3�(�l�d�£�e�'�l� �¡¤:�C�p�C��¥��'�l� ��¦"�p�Q�9���p�'��� �9�'�W���C�p�i�p���(�3�9��� ¢L�(�l�W�(�Z�p�3�3�����B�i���l�3�G¤:�Q�p����¥���������C�£���3�l��¦I���i�#�B�C§i���i�(¥
Ó



�Ô­��ª�H��¨��Ô§{¨��n¯5����¥´­��d��¯�©«�n­���ÍC�LD ���µ­��
�±³¦¨����ªÑ
��o]�
¯5�ª�Á°�¨�����£�­s¬��~­k¨ª©())³´�µ­�Í�­�� ;)�c¬���­R��­�¥ ¥¦¬~¥¦­s°�­�°~³��Ô­����µ³¦¨��Y�¬~­�¥:��¨���Y�¬~­�ÑH°I8 ¬��_��­�©«�
¯¹³:�_�~³´®ª­�¯¹¬�°I8 ¬���­s§�6�©±¯5�y³ °�­ª¡}¬���­s¨ª©())³´�µ­R;ª£���£�©±¯¹¥¦³��«£�­s­��«��¥Q8 ¬��)³´¨���°98 ¨ª©()c³ �n­��H��¨ª© g©µ­��µ§{¨��~°)¯5���µ­k@�¬��M�~³ ®�­�¯¹¬,³���D £�©n³´­�¬�©���¶8­��µ�n­=�~¨��±³¦¨��u;¹£���£�©±¯¹¥ ³:�µ­!��­�¥¦¥¦­y°�­!�l�)¯5�Ô§^�Á©µ£���­�§��n­�¬~©�§{¨�¬~©Á�n¨�¬��n­¨ª©())³´�n­�ÍÕ³�� ­ª���n¨�¬��n­���­�¥¦¥ ¬~¥´­�Ñ8­����n¨ª¬��W�)³ ®�­�¯¹¬'�¶8­_©±¯�§~§{¨ª©«�Î­��É�Î¨ª©(;�¯5�~³��«£L°�­L¥ ¯X��¯5�)³*T�©µ­4�µ¬~³´®ª¯5�ª�n­ª��Ç�¨�¬��Î°�¨�����¨����'­����«­��
�±³´¨�����Y�¬�­�¥�Y�¬~­��9)~©µ­�Dv� ©±¯�§~§{­�¥����¨�����­�©E�)¯5����¥´­�����¯�©«�n­��F;ª£���£�©±¯¹¥ ³:�µ£�­��k°�­�°~³:�y­����n³´¨��
n
¡'­���¥C8 ¨ª§{£�©±¯��n³¦¨��,°~­!�n¬�§~§~©µ­��(�µ³¦¨����#­��S��¨��ª�n©±¯5�
�±³¦¨>���°�­H��­�¥ ¥¦¬)¥´­���°�­Á°~³��Ô­����n³´¨��JY�¬~­�¥:��¨���Y�¬~­ª��È�¯���¨¹�±³´¨�� °�­�§�6�©±¯5�y³ °�­Á°�­

n gihHg ��¯�©«�n­��_­��É��°�£����~³¦­�­��J�«­��
�±³¦¨�� ·���#¯5����¥´­M))¬��
°�­i°�£L�^�~³´©
¥ ¯O��¨¹�±³´¨�� °98 ¨ª©E))³ �n­M;¹£���£�©±¯¹¥ ³:�µ£�­ª¡X��¨�¬��
¯'){¨ª©n°�¨����?�µ­��
�±³¦¨��mÓ)� ºª¡�¥ ¯O�~¨¹�n³¦¨�� °~­�B�~­��y³���°�­���¨����~­��
�±³´¨���§)¬~³��Á°�­��B�~­��y³���°�­���¨����~­��
�±³¦¨>��£��µ­��~°~¬ �"�#¯5���H��­��µ�µ­��«­��
�±³´¨��_��¨�¬���­���°�¨����~¨>���°�­�¬�Ë °�£����~³´�n³¦¨����R��­JY�¬~³4�~¨ª¬��k§{­�©E�Ô­���°�­�°~£�°~¬~³¦©µ­�°�­�¬�Ëp¯¹¥*;ª¨ª©n³´�B���Ô­��s°�­x��¨����«�µ©±¬��
�±³´¨��p°�­x�B��­��y³�� °~­��¨����~­��
�±³´¨��pÍÕ¥C8 ¬��
©µ£���¬�©E�µ³�D�­���¥Q8 ¯¹¬��n©µ­s³ �n£�©
¯��±³�D�­��q��8 ¯�§)§)¬�6�¯5�ª��°~³´©µ­��
�n­��Ô­��ª�H�n¬�©Á¥´­��Á°�£L���)³ �±³¦¨>���±Ñ
¡c­��H�~¨ª¬��°�¨����~¨����9Y�¬�­�¥�Y�¬~­�� §~©n¨¹§)©n³´£��µ£�� °�­4��­��m�B�~­��y³����'­���°�­�� ­����µ­��R))¥´­��Î°�­G)~©n³����mY�¬98 ³ ¥:�mD ¨ª©E�y­��ª�����L¬~³:��¡��«­��
�±³´¨���Ò�¡��¨�¬��s°�£L���)³:�(�µ¨�����¥ ¯]��¨¹�±³´¨�� °I8 ¨ª©())³´�n­k;ª£���£�©±¯¹¥¦³��«£�­ª¡#��¨�¬���¯'){¨ª©n°�¨����k£L;�¯¹¥´­��Ô­����RY�¬�­�¥�Y�¬�­��k§~©n¨¹§)©n³´£��µ£���¥´­����¨�����­�©E�)¯5���¤¯¹³:���µ³^Y�¬I8 ¬���­H®ª¯�©n³ ¯5���n­�§{¨��(�µ³:))¥¦­ª��Ä4�c��� ¡���¨�¬��e��¨>����¥¦¬~¨����L­���°~¨>����¨����eY�¬�­�¥�Y�¬�­��8§{­�©E�µ§{­��
�±³´®ª­��­��]�«­����n³¦¨��
¾��
¨ © ×Sª?ª\ÚHÙ�Ý¬«

n ­�®¯­ 28×�ãÎà�ÚHÝ²Ú�àmÝ#1xª�ª�ã�Ú�Ý�ÝÎá3/ .q° 2e/ . à�ã�×R2_à�á3/ . Û�Ú±28ÚHÙ�ÙL1�Ù�ÚHÝ
ÈÎ­��W��¯�©«�n­��X;ª£��~£�©±¯¹¥¦³��«£�­��H°�­�°~³:�y­����n³´¨��

n
Í�¨ª¬

n gihdg ��¯�©«�n­��
Ñ8©µ­�§~©µ£��«­����µ­��ª��¥ ¯s�n¨ª§{¨�¥´¨>;�³´­�°I8 ¨>)�[ ­��E�W�µ¬c) g°~³´®�³��«£��Á°~­s°)³:�Ô­����µ³¦¨��
n
¡c­��Á§c¥¦¬��Á§~©µ£���³��«£��Ô­����Á¥ ¯Ô�n¨ª§{¨�¥¦¨5;�³¦­s°�­�Y�¬)¯5�µ³ g ®ª¯�©±³´£��n£���Í�®�¨�³´©=U¦º�·�¡�º�Ó)¡�º�¸�V�Ñ
�{ÀH��­

n gihdg ��¯�©µ�µ­Ô­��É����¨��Ô§{¨��«£y°I8 ¬��,­����«­��S))¥¦­y°I8 £�¥¦£��Ô­��ª�B�k¯')��«�µ©
¯�³´�B�yÍÕ¥´­��F)~©n³:���±Ñ
¡Î¯¹³:���n³nY�¬�­y°~­��k¯�§)§)¥¦³���¯��±³´¨����°�£L�^�~³¦­��W�µ¬�©d��­��Z)~©n³:�����

þ����]ç�î è�î�ê{ç�äO²«í�ó)é�è�õ_ ^��ç#��é�ócö�î�÷���õ�³�ø=´�µ5¶v·
n ∈ Z, n ≥ −1 ¸4¹#º�» n ¼p½B¾5¿ · »eÀ�Á3º�Á3¿(¾>Â ¶{Ã ÁB»lÄ µ5Å n ¼3Æ�¼p½E¾5¿ · »BÄ» Ã3·GÅ º�»R¾>Â À�Ç�È3¿E» G = (B, α0, . . . , αn)

µ5ÉuÊ
Ë ¸ B » Ã3·GÅ ºf»lº Ã »3ÌJÈLÂ:»GÍGº ¶4Î »=Èl¿ ¶ º Ã"ÏÐ ¸ ∀ 0 ≤ i ≤ n, αi » Ã3·GÅ º�» ¶ º�Ñ µ Â Å�·Q¶Cµ º�Ò ÃlÅ ¿ B ÏÓ ¸ ∀ 0 ≤ i ≤ n− 2, ∀ i+ 2 ≤ j ≤ n, αi ◦ αj » Ã3·GÅ º�» ¶ º�Ñ µ Â Å�·Q¶Cµ º�¸
ÈÎ­��G��­�¥¦¥ ¬~¥¦­��4�µ¨>���8³:�y§)¥¦³���³´�µ­��Ô­����L©µ­�§)©µ£��«­��ª�n£�­��4��¨��!�y­�°~­��_­����µ­��S)c¥´­��L°�­W)~©n³������cÍ�®�¨�³´©HU´º�¸'Vc§{¨�¬�©_§c¥¦¬��°�­�°�£��
¯¹³¦¥��±Ñ
�

þ����]ç�î è�î�ê{ç ð}²
i ù í�õ�ö�ö�ì�ö�õ�³yø=´�µ5¶Q· Æ Å º�» n ¼lÆ�¼p½B¾5¿ · »lÄ b Å ºkÈ3¿ ¶ º Î »�½l» ·C· »HÆ�¼p½E¾5¿ · »lÄI» · i ∈ N = {0, . . . , n} ¸Ô ¾ i ¼p½l»LÂÕÂ Å Â�» ¶ º"½ ¶CÎ »3º · »RÖ b » Ãl· Âp× µ ¿�È ¶Q· »pØ Ê

<>N−{i} (b) =< α0, . . . , αi−1, αi+1, . . . , αn > (b) ¸
È�¯k��;�¬�©µ­�º�³¦¥ ¥¦¬��É�n©µ­�¥¦­��w��¨¹�±³¦¨����Á°~­���¯�©«�n­R;ª£��~£�©±¯¹¥¦³��«£�­s­��#°�­

i g ��­�¥ ¥¦¬)¥´­ª�} i�ª�±¬~³´�±³ ®�­��Ô­��ª��¡}¬��~­ i g ��­�¥ ¥¦¬)¥´­­��«�_¥C8 ­����µ­��S)c¥´­�°~­��n¨�¬��_¥´­��¡)~©n³:���¡Y�¬~³�§{­�¬�®ª­����G<��n©µ­�¯��µ�n­�³��ª�B�G@Á§{¯�©µ�n³¦©_°�­
b
¡¹­��y¬��±³¦¥ ³:�±¯5�ª�L¬���­Z��¨��S))³��)¯¹³:�µ¨��Y�¬~­�¥:��¨���Y�¬~­�°�­��H³��ª®�¨�¥¦¬��n³¦¨����H­�Ëc��­�§��n£�­��

αi
�)È48 ­����«­��R))¥¦­k°~­��

i g ��­�¥¦¥ ¬~¥´­���­��«��¬���­k§{¯�©«�±³ �±³´¨��
°�­�¥Q8 ­����«­��R))¥¦­°�­��J)~©n³:���
B
¡_§{¨�¬�©x�B�c¯'Y�¬�­

i
­����n©µ­

0
­��
n
�4�Á­�¬�Ëj��­�¥¦¥ ¬~¥´­��J�µ¨>����°)³:�C[ ¨�³:���n­��JY�¬)¯5�~° ¥¦­�¬�©�³��ª�n­�©E�µ­��
�±³´¨��­��«��®~³¦°�­�¡]³�� ­ª�¡Y�¬)¯5�~°²¯¹¬���¬��b)~©n³��b�I8 ­��«�Ô§{¯�©µ�±¯';ª£�§{¯�©y¥¦­��!��­�¥¦¥ ¬~¥¦­����_�L¥¦¬��y°�­�§)©µ£���³��µ³¦¨>���=��¨�����­�©E�)¯5����¥´­��

n gihdg ��¯�©µ�µ­��Z�«¨�����­�Ë�§{¨��«£�­���°c¯5����U¦º�¸'V ��#¯5����¥´­4)c¬���°~­8°�£����~³¦©�¥´­���§�6�©±¯5�y³¦°~­���°�­
n gihdg ��¯�©«�n­���¡��#¯5�y³ ¯5�~°k­��+ÈÎ³¦­����)¯�©n°���¨�����°~£L���~³'zÉ¥C8 ¨ª§{£�©±¯��n³¦¨��°�­k��¨>���n©±¯5�
�±³´¨������n¬�§~§~©µ­��(�µ³¦¨������µ³��s¬)¥ �
¯5��£�­��k°�­k��­�¥ ¥¦¬)¥´­���°�­�°)³:�Ô­����µ³¦¨��KY�¬�­�¥:��¨���Y�¬�­3|
Í�®�¨�³´©JU¦º���V�Ñ
��¶8­��µ�n­

ÙBÚ#���G� �3¢3�L� ����� �3�
f
�����m���H�p���C�(�G�'� �n�5���

S
�p�Q�#�����¡�'� ÛQ�p�i��� �3�H���

S
�����

S
�C�(� � �¡�����

f = f−1
¥Ü3Ý��3� �

{Π0, . . . ,Πn}
�����(�����p�4�'� �W���d�5�p���4�����E��� �3�������

B
¥�Þ^� �l�C�'� �C�d��� �����(� �(�e�(�3�FßW�Q�(� �B��� ¢3�(�e�(�3�XàF�p�����(���C�(�G�'� ����e�>�i���4�����B��� �3���¡�i�C�

< Π0, . . . ,Πn > (b) = {Φ(b),Φ ∈< Π0, . . . ,Πn >} á �3â < Π0, . . . ,Πn >
���(���B����� ��ãl�C�3���5�����p��5�p���4�����E��� �3���mãl�(���p�Q�p�p�9�'�l�

Π0, . . . ,Πn
¥

Ò



6

2

7

12 1310

15
16

14119
4

8
1

3 5

Í ¯ªÑ ÍQ){Ñ
äeåQæeç�º_è�Í ¯�Ñ�ÀH��­K�n¬c)}°)³ ®�³��µ³¦¨�� °I8 ¬���­f�n¬�©ED�¯5��­ª�kÍv)}Ñ�È�¯

2 gihdg ��¯�©«�n­K��¨ª©µ©µ­��µ§{¨��~°)¯5���n­ª�¤ÈÎ­���)~©n³:�����µ¨��ª�©µ­�§)©µ£��«­��ª�n£���§c¯�©
°~­��]�«­L;��Ô­��ª�B���~¨�³´©E� ÍC��¬��y£�©µ¨¹�n£���§{¨�¬�©]��­�©«�
¯¹³:���
Ñ
�X�Á­�¬�Ëé)~©±³:����­��W©µ­�¥ ¯��±³´¨��W§c¯�©
α0§c¯�©«�
¯';ª­����¤¬�� §{­��n³´�Z�µ­L;��Ô­�����®ª­�©«�±³���¯¹¥+Í�­�Ë'��¥´­��e))©n³:���

1
­��

2
Ñ±�c�Á­�¬�ËJ)~©n³�����­���©µ­�¥ ¯��±³´¨�� §{¯�©

α1
§c¯�©«�
¯';ª­����¬��y�!<��Ô­ §{¨�³:����Í�­�Ë'��¥¦­��S))©n³:���

2
­��

3
Ñ
�#�Á­�¬�Ëf)~©n³�����°~³:�«�±³:�����E�s­�� ©µ­�¥ ¯��±³´¨�� §c¯�©

α2
�µ¨��ª�s§{¯�©±¯¹¥¦¥:T�¥´­���­��§~©µ¨c�l��­��s¥Q8 ¬��p°�­�¥C8 ¯¹¬��n©µ­\Í�­�Ë}��¥¦­��S)~©n³����

9
­��

11
Ñ�Nm�n³:��¨�� ¡�¥´­J)~©±³:� ­��É�=�n¯�§~©µ¨ª§~©µ­�³:� ¯';ª­�§c¯�©

α2
Í�­�Ë'��¥¦­)~©n³��

2
Ñ
�ÎÈ ­k�«¨��k�Ô­���³�����³ °�­�����¯¹¬M)~©±³:�

14
­��«�

< α1, α2 > (14) = {13, 14, 15, 16} ¡'È48 ¯�©E<��n­y³�����³ °�­����n­¯¹¬q)~©n³��
9
­��É�

< α0, α2 > (9) = {9, 10, 11, 12} ¡)­���¥ ¯JD�¯5��­�³�����³ °�­����µ­y¯¹¬q)~©n³�� 4
­��«�

< α0, α1 > (4) =
{1, 2, 3, 4, 5, 6, 7, 8} �

¨ª§{£�©±¯��±³¦¨>��§{­�©E�y­���°~­F��¨����n©±¯5�
�n­�©¤­��W�µ¬~§~§~©n³��Ô­�©H¬���­����«­��S))¥¦­#°~­F��­�¥¦¥ ¬~¥´­���°�­k°~³��Ô­����n³´¨���Y�¬�­�¥:��¨���Y�¬�­k°~­��¯5�)³*T�©µ­��n³:��¬~¥´�±¯5�~£�­ª�)È�¯Ô°�£����~³´�±³´¨��]D ¨ª©E�y­�¥¦¥¦­k°�­S��­��«�n­k¨ª§{£�©±¯��±³´¨���­��«��¥ ¯=�n¬~³´®¹¯5���n­yÌ

þ����]ç�î è�î�ê{çmýj²«÷�ìÎô�ô�é�õ�÷�÷�î�ê{ç�÷�õ�è�í�ê}çcè�é�ó~í¹è�î�ê{çÎ÷�÷�îQ�\ì�ö è�ócçm��õ�÷�ë�õ�í�õ�ö�ö�ì�ö�õ�÷'³yø=´�µ5¶Q· ÆWêRë B Ä α0 ÄI¸�¸�¸*Ä
αn ì Å º�» n ¼3Æ�¼p½B¾5¿ · »lÄ Si Â�» Ã »3º Ã »3ÌkÈLÂ:» Ã!Î » i ¼p½B»LÂvÂ Å Â�» Ã Ö ÃlÅ�í�í ¿ ¶ Ìk»3¿ í�µ5Å ¿ 0 ≤ i ≤ n − 1 ÄH» · Ci Â:» Ã »3º�¼Ã »3ÌkÈLÂ�» ÃSÎ » i ¼p½l»LÂÕÂ Å Â�» Ã Ö?½ µ º · ¿(¾�½ · »3¿ í�µ5Å ¿ 1 ≤ i ≤ n ¸´�µ5¶Q·

S =
⋃n−1
i=0 Si » · C =

⋃n
i=1 Ci ¸Ô » ÃRÎ » Å�îFí ¿EÁ3¼p½ µ º Î5¶v·Q¶Cµ º ÃwÃlÅ�¶ Ñ'¾5º · » ÃSÎ�µ5¶ Ñ5»3º ·XïL· ¿E» Ã ¾ ·C¶{Ãvð ¾ ¶v· » ÃRÊ Â:» Ã ½B»LÂvÂ Å Â�» ÃSÎ�µ5¶ Ñ5»3º ·�ïL· ¿E» Î5¶ÕÃ{ñ�µ5¶ º · » Ã ë ¶ ¸v»�¸
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r » Ãl· Â:» í Â Å�Ã�í » ·Q¶v· »3º ·Q¶ »3¿ · »LÂmõ Å » b′ ∈ BSi Ä
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{
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µ5Å
a 6= d,

Cai ∩ Cdj = ∅, ¾5Ñ5»(½ i 6= j
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�n³
u
­��É�H§c¯¹³¦©�­��

bu ∈ Sd−1
i ,

i− 1
�n³
u
­��É�H§c¯¹³¦©�­��

bu ∈ Cd−1
i ,

­��
lu =





i
�µ³
u
­��«�H³��Ô§{¯�³¦©

,

i+ 1
�µ³
u
­��É�H§c¯¹³¦©�­��

b′u ∈ Sd−1
i ,

i− 1
�µ³
u
­��É�H§c¯¹³¦©�­��

b′u ∈ Cd−1
i ,§{¨�¬�©

1 ≤ u ≤ min{p, r} �¶8¨��!�y­yÍ Gu Ñ8­��«�d�µ¬~§~§{¨��«£�­#®�©±¯¹³´­�¡~¨��
¯ b′u = bu
���8 ¨('

ku = lu
­���§{¯�©J��¨����µ£�Y�¬�­��ª��§c¬~³��(Y�¬~­
°98 ¬��b))©n³:� °�¨����~£ Í

bu
Ñ
¡]­�� ¬���­�³:��®ª¨�¥ ¬��±³´¨�� °�¨�����£�­Í

αd−1
ku

Ñ8¨��]��­#§{­�¬��Á¯��µ�µ­�³:�~°~©µ­�Y�¬I8 ¬��]�«­�¬)¥I)~©n³:��¯¹¥¦¨¹©B�
b′u+1 = bu+1

��Á¨�����Í Gu+1
Ñ8­��É��®�©±¯¹³´­ª�

�Á¨����
bu = b′u

§{¨�¬~©¤�n¨�¬��
u
¡
1 ≤ u ≤ min{p+ 1, r + 1} �

��¨��ª�n©µ¨����ZY�¬�­
p = r

���³
r < p

¡{¯¹¥´¨ª©E�
br+1

­��«�w@y¥C8 ³:���µ£�©n³´­�¬�©Á°�­
Ch(i,a,d)(b)

­��Á°~¨����k§c¯�©Á°�£L���)³ �±³´¨��
br+1

�I8 ¯�§~§{¯�©«�±³´­�����§c¯5�H@
Bd
¡)³¦¥ °)³:�µ§c¯�©±¯�\ �Á¯�®ª¯5�ª���Ã�©�§{¯�©Z��¨����É�n©n¬����n³¦¨��'¡

b′r+1

­��É��¥´­�°�­�©E�~³¦­�©Z)~©±³:��°�­
Ch(i,a−1,d)(b)

���Á¨�����§c¯�©H°�£L���)³ �±³´¨��
³¦¥Î¯�§~§c¯�©«�±³¦­��ª�H@
Bd
�ÃH��¯y¯¹¥´¨ª©E�H¬���­S��¨��ª�n©±¯¹°~³��
�±³´¨���¯�®�­��k¥´­SD�¯¹³´�dY�¬�­

b′r+1 = br+1
¡)°�¨����

r ≥ p �ÃH�]�Ô¨����n©µ­k°�­�� ¯5�~³*T�©µ­��µ³��y³ ¥ ¯¹³¦©µ­�Y�¬~­
r
�98 ­��É�H§c¯5�W�É�n©n³:���µ­��Ô­�����§)¥ ¬��Z;ª©±¯5�~°]Y�¬�­

p
��Á¨����
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�~³´®�­�¯¹¬
¸ �)³ ®�­�¯¹¬iº �~³ ®�­�¯¹¬��
äeåQæeçL½�èi É¥ ¥¦¬��«�n©±¯��±³´¨��Ê°~­�¥ ¯�§~©µ¨ª§{¨��n³ �±³¦¨>�²¼�§c¯';ª­
�¹½��_ÃH�²¯

Ch(0,0,2)(1) = (2, 3, 4, 5, 6, 7, 8, 9, 10)
­��

Ch(0,1,2)(1) = (2, 5, 6, 9, 10)
¡~°I8 ¨('

Ech(0,1,2)(1) ⊆ Ech(0,0,2)(1)
�

ÿké�ê{ô]êc÷�î è�î�ê{çþ
²ø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 < a ≤ d ≤ m Ä ∀b ∈ Bd Ä µ ºK¾ Ê
Ech(i,a,d)(b) ⊆ Ech(i,a−1,d)(b) ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
a ∈ N �n­�¥:�WY�¬~­ 0 < a ≤ m �Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ­�©�§c¯�©�©µ£���¬~©µ©µ­�����­��n¬�©

d
Y�¬~­ ∀d ¡ a ≤ d ≤ m ¡)¥Q8 �>6�§{¨¹�B�cT��«­ Hd �n¬~³´®¹¯5���n­#­��«��®�©±¯¹³¦­ª�

(Hd) : ∀b ∈ Bd, ∀i ∈ N on a : Ech(i,a,d)(b) ⊆ Ech(i,a−1,d)(b).

èm§{¨�¬�©
d = a��¨�³´�
b ∈ Ba ­�� i ∈ N ���8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨��
°~¬]�B�~­��y³���°�­S��¨�����­��
�±³¦¨>� ÍÕ°�­�D]Òs§c¯';ª­yºªº�Ñ
¡�¨���¯

Ch(i,a,a)(b) = (bαai )
���8 ¨('�­���¯�§~§)¥ ³:Y�¬)¯5�ª�Á¥ ¯y°�£L���)³ �±³´¨��
°~­k¥C8 ­����«­��S))¥¦­���¨�����­��
�
¯5���dD ­�©E�y£

Ech(i,a,a)(b)
¡~¨>��¨>)��±³´­��ª��Ì

Ech(i,a,a)(b) = {b, bαai }
��L¬~³��(Y�¬�­

b ∈ Ba
¡d��¨�¬��q�±¯�®�¨>����°I8 ¯�§~©(T���¥ ¯²§~©µ¨ª§{¨��µ³´�±³´¨�� �Ê§{¯';¹­mº���¡WY�¬�­Ê¥´­Ê°�­�©E�)³´­�©_)~©n³���°~­

Ch(i,a−1,a)
­��«�

bαai
¡~­��H§c¯�©H°�£����~³´�±³´¨��

b ∈ Ech(i,a−1,a)(b)
����8 ¨('

Ech(i,a−1,a)(b) ⊇ {b, bαai }
�Ãw�
¯y¯¹¥´¨ª©E�Z))³´­��

Ech(i,a,a)(b) ⊆ Ech(i,a−1,a)(b)
�Ä]�d��­���³'­��É��®�©±¯¹³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �

b ∈ Ba ­�� i ∈ N ��Á¨���� Ha ­��«��®�©±¯¹³¦­ª�
èé�n¬�§~§{¨��µ¨>��� Hd ®�©±¯¹³´­k§{¨�¬�© a ≤ d < m

­��d�y¨��ª�n©µ¨����ZY�¬�­ Hd+1
­��É��®�©±¯¹³¦­ª���¨�³´�

b ∈ Bd ­�� i ∈ N ���8 ¯�§~©(T���¥ ¯ °~£L���~³´�±³´¨�� Òy§{¯�;ª­�ºªº��~¨�¬��Á§{¨�¬�®�¨����Á£���©n³´©µ­Ô¥¦­���°~£���¨��Ô§{¨��n³ �±³¦¨>����°�­
Ch(i,a,d+1)(b)

­��
Ch(i,a−1,d+1)(b)

°~­k¥ ¯=��¯5�~³:T�©µ­��n¬~³ ®ª¯5���µ­�Ì
Ch(i,a,d+1)(b) = C =

(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp)

) ¡­��
Ch(i,a−1,d+1)(b) = C ′ =

(
Ch(l1,a−1,d)(b

′
1), . . . , Ch(lr,a−1,d)(b

′
r)
) �

Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§^�µ³ �±³¦¨��
½�§c¯';ª­��¹»�¨>��¯y¯¹¥´¨ª©E�kÌ
Ch(i,a,d+1)(b) =

(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp)

)

Ch(i,a−1,d+1)(b) =
(
Ch(k1,a−1,d)(b1), . . . , Ch(kp,a−1,d)(bp)

)
�]¯�©H°�£L�^�~³´�n³¦¨��
°~¬]�B��­��y³:�
°�­S��¨�����­��
�±³´¨���­���°�­�¥Q8 ­����«­��R))¥´­�°�­�)~©n³����ZY�¬~³ ¥¦­S��¨��Ô§{¨��«­�¡�¨��
¯�Ì

Ech(i,a,d+1)(b) =
⋃p
u=1Ech(ku,a,d)(bu)

Ech(i,a−1,d+1)(b) =
⋃p
u=1Ech(ku,a−1,d)(bu)�L¬~³��(Y�¬�­k¥C8 ¨����µ¬~§~§{¨��«­�¥Q8 ��6�§{¨¹�B�cT��µ­ Hd ®�©±¯¹³¦­ª¡~¨���¯�Ì

Ech(ku,a,d)(bu) ⊆ Ech(ku,a−1,d)(bu), ∀u, 1 ≤ u ≤ p.
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�Á¨����
Ech(i,a,d+1)(b) ⊆ Ech(i,a−1,d+1)(b)

�Ä]�d��­���³'­��É��®�©±¯¹³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �
b ∈ Bd ­�� i ∈ N ��]¯�©W��¨����µ£�Y�¬~­��ª� Hd+1

­��É��®�©±¯¹³¦­ª�
�Á¨���� ∀b ∈ Bd ¡ ∀i ∈ N ¡~­�� ∀d ¡ a ≤ d ≤ m ¨���¯�Ì

Ech(i,a,d)(b) ⊆ Ech(i,a−1,d)(b).Ä]���n¨ª¬��n­���­��µ�n­k°�£��Ô¨����«�µ©
¯��±³¦¨���­��É��®�©±¯¹³´­�Y�¬�­�¥�Y�¬~­S�«¨�³´�
a ∈ N �n­�¥��ZY�¬�­ 0 < a ≤ m �

�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä\gIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d < m Ä ∀b ∈ BSdi Ä0» ·�í�µ5Å ¿ ·�µ5Åc· È3¿ ¶ º bu ë 2 ≤ u ≤ p ì· »LÂmõ Å » Ch(i,a,d+1)(b) = C =
(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp)

) ë�½ ð ¸ Î ÁQÍGº ¶Q·Q¶Cµ ºhe í ¾�À�» Ë�Ë ì µ ºK¾
bu ∈ (Sdi ∪ Cdi ) ⊆ Bd Ä» · Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(i,a,d+1)(b) ∈ BSdi ⊆ Bd ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
i ∈ N ¡ a, d ∈ N ¡��µ­�¥:�WY�¬�­ 0 ≤ a ≤ d < m

¡~­��d�«¨�³´�
b ∈ BSdi

�Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ­�©�§c¯�©�©µ£���¬~©µ©µ­�����­��n¬�©
u
¡�Y�¬~­ ∀u ¡ 2 ≤ u ≤ p ¡~¥C8 �>6�§{¨¹�E��T��«­ Hu �µ¬)³ ®ª¯5�ª�n­k­��«�¤®�©±¯¹³´­ª�

(Hu) : bu ∈ (Sdi ∪ Cdi )èm§{¨�¬�©
u = 2�]¯�©W��¨����«�n©n¬��
�±³¦¨>� ¡

b2
­��«��¥´­�°�­�©B�~³´­�©Z)~©n³���°~­

Ch(k1,a,d)(b1)
�ÃÁ©

b1 = b ∈ Bd ­�� k1 = i
�~Ä4�
¬��±³¦¥ ³:�±¯5�ª��¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ª­yº���¡~¨���¨>)��±³¦­��ª�Á¯¹¥¦¨ª©E�

b2 = bαdi
�¶8¨��!�y­

b ∈ BSdi
¡c¯�¥¦¨ª©E�

b2 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� H2
­��É��®�©±¯¹³´­ª�

èé�n¬�§~§{¨��µ¨>��� Hu ¯�®�­�� 2 ≤ u < p
®�©±¯¹³´­k­��d�Ô¨����n©µ¨����ZY�¬~­ Hu+1

­��É��®�©±¯¹³´­ª��]¯�©J��¨����É�n©n¬��
�±³´¨��'¡
bu+1

­��«� ¥´­�°�­�©E�)³´­�©k))©n³:� °~­
Ch(ku,a,d)(bu)

��Ã�©
bu ∈ Bd

�_Ä4� ¬��n³ ¥¦³��n¯5��� ¥ ¯§~©n¨¹§}¨>�n³ �±³¦¨����s§c¯';ª­yº���¡~¨���¨>)��±³´­��ª�Á¯¹¥¦¨ª©E�
bu+1 = buα

d
ku

�¶8¨��!�y­
bu ∈ (Sdi ∪ Cdi )

¡c¯¹¥´¨ª©E�
bu+1 ∈ (BSdi ∪ Sdi ∪ Cdi )

�ÃÁ©L§c¯�©L°~£L���)³ �±³´¨�� ¡��«­�¬)¥)¥¦­�°~­�©E�~³¦­�©4)~©n³���°~­
C
§{­�¬��¤¯�§~§c¯�©«�n­��)³´©�@

BSdi
¡�­��

bu+1
�I8 ­��«�L§c¯5�e�µ¬�§)§{¨��«£³���³I<��n©µ­k¥¦­�°�­�©E�~³¦­�©Z))©n³:� ��Á¨����

bu+1 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� Hu+1
­��«�¤®�©±¯¹³´­��

�Á¨���� ∀u ¡ 2 ≤ u ≤ p ¡ bu ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á­k§)¥¦¬���¡~§c¯�©W��¨����É�n©n¬����±³´¨��'¡~¨����±¯�³´�dY�¬~­k¥¦­k°~­�©E�~³¦­�©Z))©n³:�
°�­
Ch(i,a,d+1)(b)

¯�§~§{¯�©µ�n³¦­����H@
BSdi

�ÃH��¯Ô°�¨����
Ch(i,a,d+1)(b) ∈ Bd

�Ä]�Á�n¨�¬��F��­�Y�¬�­Ô¥Q8 ¨��\¯x�Ô¨��ª�n©µ­�©Á­��«�Á®�©±¯¹³0Y�¬~­�¥:Y�¬�­=�µ¨ª³´�
i ∈ N ¡ a, d ∈ N ¡c�n­�¥��HY�¬�­ 0 ≤ a ≤ d < m

¡{­��
b ∈ BSdi

�
�
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ÿké�ê{ô]êc÷�î è�î�ê{ç�ä{äiø ∀i1, i2 ∈ N Ä
∀a, d ∈ N Ä · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä
∀b, b′ ∈ Bd Ä · »LÂ Ã õ Å » ÃB¶ i1 = i2

Ê { b′ 6∈ {b, le dernier brin de Ch(i1,a,d)(b)}
b 6∈ {b′, le dernier brin de Ch(i2,a,d)(b

′)} ¸
i Â µ ¿ Ã {b0, b1, . . . , bp} ∩ {b′0, b′1, . . . , b′r} = ∅ ¸

Ô » Ã È3¿ ¶ º Ã bu Ä 1 ≤ u ≤ p Ä�» · b′v Ä 1 ≤ v ≤ r Á · ¾5º · ¿E» Ã�í »E½ ·Q¶ Ñ'»3ÌJ»3º · ½l» Å>îbÎ »_Â*¾ Î ÁE½ µ Ì í�µ'Ãl¶v·Q¶Cµ º Î »
Ch(i1,a,d)(b) » · Ch(i2,a,d)(b

′)
Ã »LÂ µ ºMÂ*¾ Î ÁQÍGº ¶Q·Q¶Qµ ºje í ¾�À�» Ë�Ë Ê

Ch(i1,a,d)(b) =
(
Ch(k0,a,d−1)(b0), . . . , Ch(kp,a,d−1)(bp)

) Ä
Ch(i2,a,d)(b

′) =
(
Ch(l0,a,d−1)(b

′
0), . . . , Ch(lr,a,d−1)(b

′
r)
) Ä

¾5Ñ5»E½ p » · r í�µ5Å Ñ'¾5º ·�ïL· ¿E»�Á�À�¾ Å�î ÖUk�¸
ÿké�õ�ì*-{õWø Ç�¨ª¬��s¯¹¥ ¥´¨����k�n¨�¬���°I8 ¯'){¨ª©n°y�Ô¨��ª�n©µ­�©�§c¯�©�©µ£���¬�©µ©µ­�����­x�µ¬�©

u
Y�¬~­x�µ³

i1 = i2 = i
¯¹¥´¨ª©E� ∀u ¡

1 ≤ u ≤ p ¡)¥C8 ��6�§{¨¹�B�cT��«­ Gu �n¬~³´®¹¯5���n­#­��É��®�©±¯¹³¦­ª�
(Gu) : bu 6∈ {b′1, . . . , b′r}.èm§{¨�¬�©

u = 1��¬~§~§{¨��«¨����ZY�¬98 ³ ¥'­�Ë~³:�«�µ­
v
¡
1 ≤ v ≤ r �n­�¥IY�¬�­ b1 = b′v

��]¯�©d��¨����«�n©n¬��
�±³¦¨��'¡
b1
¡
b′v
ÍQ�n³

v
­��É�Á³:�Ô§{¯¹³´©
Ñ�­��

b′v+1

ÍC�n³
v
­��«�H§{¯¹³´©
ÑX�«¨�����©µ­��«§{­��
�±³ ®�­��Ô­��ª�Á¥´­��H°�­�© g�~³¦­�©E�4)~©±³:���8°~­

Ch(i,a,d−1)(b0)
¡
Ch(i,a,d−1)(b

′
v−1)

­��
Ch(i,a,d−1)(b

′
v)
���L¬)³:�(Y�¬�­

b0 = b
¡
b′v−1

­��
b′v¯�§~§{¯�©µ�n³¦­����~­��ª�F@

Bd−1 Í�§~©µ¨ª§{¨��µ³´�±³´¨�� º�¸y§c¯';ª­Ô�¹¼�Ñ
¡)­��\¯�§~§)¥ ³:Y�¬)¯5�ª��¥ ¯y§~©µ¨ª§{¨��µ³´�±³´¨��\�Ô§c¯';ª­ º���¡)¨��¯�Ì
b1 = b0α

d−1
i

¡
b′v = b′v−1α

d−1
i

Í�§{¨�¬�©
v
³��Ô§c¯¹³¦©
ÑL­��

b′v+1 = b′vα
d−1
i

Í�§{¨�¬�©
v
§{¯¹³´©
Ñ
���8 ¨('�°~³¦©µ­RY�¬�­

b1 = b′v
­��É�Á£�Y�¬)³ ®ª¯¹¥´­��ª��@y°)³´©µ­�Y�¬�­

b0 = b′v−1

ÍC�µ³
v
­��É��³:�y§c¯¹³´©
Ñ¤¨�¬

b0 = b′v+1

ÍC�n³
v
­��«��§{¯¹³´©
Ñ
�¶8­]Y�¬)³X��¨��ª�n©µ­�°~³´� ¥´­qD�¯¹³ �JY�¬�­

b0 = b 6∈ Ech◦(i2,a,d)(b
′)
��¯�©

b′v+1

­��
b′v−1

�µ¨>����°~­�¬�Ëb)~©n³����y°~­
Ech◦(i2,a,d)

�
�Á¨���� ∀v, 1 ≤ v ≤ r ¡ b1 6= b′v

¡��>8 ­��É�H@Ô°~³¦©µ­�Y�¬�­ G1
­��«��®�©±¯¹³¦­ª�

èé�n¬�§~§{¨��µ¨>��� Gu ®�©±¯¹³´­k§{¨�¬�© 1 ≤ u < p
­��d�Ô¨����n©µ¨����ZY�¬~­ Gu+1

­��É��®�©±¯¹³´­����¬~§~§{¨��«¨����ZY�¬98 ³ ¥'­�Ë~³:�«�µ­
v
¡
1 ≤ v ≤ r �n­�¥IY�¬�­ bu+1 = b′v

�
��³
u+1

­��«��³:�Ô§{¯¹³´©Î­��
v
§c¯¹³¦©�¡�§c¯�©#��¨����«�n©n¬��
�±³¦¨>� ¡

bu+1
¡
b′v+1

�«¨�����©µ­��«§{­��
�±³ ®�­��Ô­��ª��¥´­��Î°�­�©E�~³¦­�©E�9))©n³:���°�­
Ch(i,a,d−1)(bu)

­��
Ch(i,a,d−1)(b

′
v)
���L¬~³:�EY�¬~­

bu
­��
b′v
¯�§)§c¯�©«�±³´­�����­����W@

Bd−1 Í�§~©µ¨ª§{¨��µ³´�±³´¨���º�¸§c¯';ª­s�¹¼�Ñ
¡~­���¯�§)§)¥¦³�Y�¬c¯5�ª�Á¥ ¯�§~©n¨¹§}¨>�n³ �±³¦¨����s§c¯';ª­yº���¡~¨��
¯�Ì
bu+1 = buα

d−1
i

­��
b′v+1 = b′vα

d−1
i

���8 ¨('�°)³´©µ­SY�¬�­
bu+1 = b′v

­��É�H£�Y�¬~³´®ª¯�¥¦­����H@y°~³´©µ­SY�¬~­
bu = b′v+1

�¶H8 ­��«�d@Ô°~³¦©µ­SY�¬�­
bu+1 = b′v

­��É�H£�Y�¬~³´®ª¯¹¥´­����w@�°)³´©µ­SY�¬~­
bu ∈ {b′2, . . . , b′r+1}

�ÃÁ©H°I8 ¯�§~©(T��H¥Q8 �>6�§{¨¹�B�cT��µ­ Gu Y�¬�­�¥Q8 ¨��]�µ¬�§)§{¨��«­�®�©±¯¹³´­ bu 6∈ {b′2, . . . , b′r} ��Á¨����
bu+1 = b′v

­��É�H£�Y�¬~³´®¹¯¹¥¦­��ª�w@Ô°)³´©µ­SY�¬�­
bu = b′r+1

��]¯�©�°~£L���~³´�±³´¨��'¡
b′r+1

¯�§)§c¯�©«�±³´­����d@
BSd−1

i

­���¨����n¯¹³´�WY�¬�­
bu ∈ (Sd−1

i ∪Cd−1
i )

¡�°~¨����
bu 6= b′r+1

��Á¨������µ¬�§)§{¨��«­�©WY�¬�­
bu+1 = b′v

¯'){¨�¬��n³´�H@Ô¬��~­���¨����µ©±¯¹°)³:�
�±³¦¨���°c¯'���Z��­���¯5����Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
­��É��³:�y§c¯¹³´©H­��

v
§c¯¹³¦©�¯¹¥´¨ª©E�

bu+1 6= b′v
�

��³
u + 1

­��«�#³:�y§c¯¹³´©�­��
v
³��Ô§c¯¹³¦©�¡c§{¯�©w��¨����«�n©n¬��
�±³¦¨>� ¡

bu+1
¡
b′v
�«¨�����©µ­��µ§{­��
�±³ ®�­��y­��ª�#¥¦­���°�­�©E�)³´­�©E�)~©±³:����°~­

Ch(i,a,d−1)(bu)
­��
Ch(i,a,d−1)(b

′
v−1)

���_¬)³:�EY�¬�­
bu
­��
b′v−1

¯�§~§c¯�©«�±³¦­�����­��ª�W@
Bd−1 Í�§~©µ¨ g§{¨��n³ �±³´¨���º�¸p§c¯';ª­ �¹¼ªÑ
¡8­��W¯�§~§c¥¦³�Y�¬)¯5����¥ ¯ §)©µ¨ª§{¨��µ³´�n³¦¨��W� §c¯';ª­Êº���¡8¨��W¯ Ì

bu+1 = buα
d−1
i

­��
b′v = b′v−1α

d−1
i

���8 ¨('�°)³´©µ­SY�¬�­
bu+1 = b′v

­��É�H£�Y�¬~³´®ª¯�¥¦­����H@y°~³´©µ­SY�¬~­
bu = b′v−1

�
·¹¸



¶H8 ­��«�d@Ô°~³¦©µ­SY�¬�­
bu+1 = b′v

­��É�H£�Y�¬~³´®ª¯¹¥´­����w@�°)³´©µ­SY�¬~­
bu ∈ {b′0, . . . , b′r−1}

�ÃÁ©H°I8 ¯�§~©(T��H¥Q8 �>6�§{¨¹�B�cT��µ­ Gu Y�¬�­�¥Q8 ¨��]�µ¬�§)§{¨��«­�®�©±¯¹³´­ bu 6∈ {b′1, . . . , b′r−1}
�Ä]�H¨��
¯=��£���­��(�±¯¹³´©µ­��y­��ª�

b′0 6= bu
��¯�©

b′0 ∈ Bd
­��
bu ∈ (Sd−1

i ∪ Cd−1
i )

��Á¨������µ¬�§)§{¨��«­�©WY�¬�­
bu+1 = b′v

¯'){¨�¬��n³´�H@Ô¬��~­���¨����µ©±¯¹°)³:�
�±³¦¨���°c¯'���Z��­���¯5����Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
­��É��³:�y§c¯¹³´©H­��

v
³:�y§c¯¹³´©Á¯¹¥´¨ª©E�

bu+1 6= b′v
�

��³
u+ 1

­��É�Á§c¯¹³´©�­��
v
§{¯�³¦©�¡)§c¯�©d��¨����É�n©n¬����±³´¨��'¡

bu+1
¡
b′v
�«¨��ª�Á©µ­��«§{­��
�±³ ®�­��Ô­��ª�Á¥¦­���°�­�©E�)³´­�©B�Z))©n³:���°�­

Ch(ku,a,d−1)(bu)
­��
Ch(lv−1,a,d−1)(b

′
v−1)

­��H¨>��¯
ku
¡
lv−1 ∈ {i+ 1, i− 1} �Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ª­yº���¡~¨��
¯�Ì

bu+1 = buα
d
ku

­��
b′v = b′v−1α

d
lv1

�
�L¬~³��(Y�¬�­

bu+1
­��
b′v
¯�§~§c¯�©«�±³¦­����~­��ª�Z@

(Sd−1
i ∪Cd−1

i )
Í�§~©µ¨ª§{¨��µ³´�±³´¨��
º�¸k§{¯';¹­#�¹¼�Ñ
¡�­���Y�¬~­�§c¯�©

αd−1
i−1­��

αd−1
i−1

¨��i©µ­��É�n­ °)¯5���s¥ ¯]�=<��Ô­
i g ��­�¥ ¥¦¬~¥¦­ª¡�¨��p¯
¯¹¥¦¨ª©E��Ìm�n³ bu+1

­��
b′v ∈ Sd−1

i

Í�©µ­��µ§ � ∈ Cd−1
i

Ñ¯¹¥¦¨¹©B�
bu
­��
b′v−1

¯¹¬��E�µ³'­���°�¨�����§c¯�©W��¨>���«£�Y�¬�­����sÍ�­��
¬��±³¦¥ ³:�±¯'����¥ ¯Ô°�£L�^�~³´�n³¦¨��cÑ8¨���¯
ku = lv−1

��L¬~³��(Y�¬�­
bu+1 = buα

d−1
ku

¡
b′v = b′v−1α

d−1
lv−1

­��
ku = lv−1

¡ °~³¦©µ­kY�¬~­
bu+1 = b′v

­��É�k£�Y�¬~³´®ª¯¹¥´­�����@°~³¦©µ­�Y�¬�­
bu = b′v−1

�¶H8 ­��«�d@Ô°~³¦©µ­SY�¬�­
bu+1 = b′v

­��É�H£�Y�¬~³´®ª¯¹¥´­����w@�°)³´©µ­SY�¬~­
bu ∈ {b′0, . . . , b′r−1}

�Ä]�H¨����y¨>���n©µ­#­�����¨ª©µ­�°�­�¥ ¯=�!<��Ô­���¯5�)³*T�©µ­SY�¬�­k§~©µ£���£�°�­��k�Ô­����WY�¬�­�¥Q8 ¨��
¯Ô¬���­S��¨��ª�n©±¯¹°~³��
�±³´¨�� ��Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
­��É�H§c¯¹³¦©�­��

v
§c¯¹³¦©�¯¹¥¦¨ª©E�

bu+1 6= b′v
�

��³
u + 1

­��«�#§c¯¹³´©�­��
v
³��Ô§c¯¹³¦©�¡{§{¯�©F��¨����É�n©n¬����n³¦¨��'¡

bu+1
¡
b′v+1

�µ¨��ª��©µ­��«§{­����n³´®�­��Ô­����k¥´­��#°�­�©E�)³´­�©E�)~©±³:���H°�­
Ch(ku,a,d−1)(bu)

­��
Ch(lv,a,d−1)(b

′
v)
­��H¨��
¯y¯

ku
¡
lv ∈ {i+ 1, i− 1} �Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ª­yº���¡~¨��
¯�Ì

bu+1 = buα
d
ku

­��
b′v+1 = b′vα

d
lv

��L¬~³��(Y�¬�­
bu+1

­��
b′v
Í�§~©µ¨ª§{¨��n³ �±³´¨���º�¸k§c¯';ª­��¹¼�Ñ_¯�§~§{¯�©«�±³´­�����­��ª�Z@

(Sd−1
i ∪Cd−1

i )
¡�­���Y�¬~­�§c¯�©

αd−1
i−1­��

αd−1
i−1

¨��i©µ­��É�n­ °)¯5���s¥ ¯]�=<��Ô­
i g ��­�¥ ¥¦¬~¥¦­ª¡�¨��p¯
¯¹¥¦¨ª©E��Ìm�n³ bu+1

­��
b′v ∈ Sd−1

i

Í�©µ­��µ§ � ∈ Cd−1
i

Ñ¯¹¥¦¨¹©B�
bu
¯¹¬��E�µ³}­���°�¨����#§c¯�©W��¨����µ£�Y�¬~­��ª�sÍ�­���¬��±³ ¥¦³��n¯5�ª�Á¥ ¯Ô°~£L���~³´�±³´¨��cÑ�¨��
¯

ku = lv
��L¬~³��(Y�¬�­

bu+1 = buα
d−1
ku

­��
b′v+1 = b′vα

d−1
lv

­��
ku = lv

¡�°~³¦©µ­HY�¬�­
bu+1 = b′v

­��É�8£�Y�¬~³ ®ª¯¹¥¦­��ª�Z@�°~³¦©µ­Y�¬�­
bu = b′v+1

�¶H8 ­��«�d@Ô°~³¦©µ­SY�¬�­
bu+1 = b′v

­��É�H£�Y�¬~³´®ª¯¹¥´­����w@�°)³´©µ­SY�¬~­
bu ∈ {b′2, . . . , b′r+1}

�Ä]�H¨����y¨>���n©µ­#­�����¨ª©µ­�°�­�¥ ¯=�!<��Ô­���¯5�)³*T�©µ­SY�¬�­k§~©µ£���£�°�­��k�Ô­����WY�¬�­�¥Q8 ¨��
¯Ô¬���­S��¨��ª�n©±¯¹°~³��
�±³´¨�� ��Á¨���� ∀v, 1 ≤ v ≤ r ¡��µ³ u+ 1
­��É�H§c¯¹³¦©�­��

v
³��Ô§c¯¹³¦©�¯¹¥´¨ª©E�

bu+1 6= b′v
�

�Á¨���� Gu+1
­��«��®�©±¯¹³¦­ª�

�Á¨���� ∀u ¡ 1 ≤ u ≤ p ¡ bu 6∈ {b′1, . . . , b′r} �
��¨�¬�©�§{¨�¬�®ª¨�³¦©?��¨�����¥¦¬�©µ­,³ ¥H©µ­��É�n­M@y�Ô¨����µ©µ­�©xY�¬�­M�µ³

i1 6= i2
¨�� ¯ £L;�¯¹¥¦­��Ô­�����¥ ¯y�=<��Ô­�§~©µ¨ª§~©n³¦£��n£M@�n¯�®�¨�³´©�Ì

bu 6∈ {b′1, b′2, . . . , b′r} ∀u, 1 ≤ u ≤ p.Ä4��¬��±³ ¥¦³��n¯5����¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��,º�¸Ô§c¯';ª­���¼�¡~¨����±¯¹³ �dY�¬�­�Ì
{b1, . . . , bp} ⊆ (Sd−1

i1
∪ Cd−1

i1
)
­��dY�¬�­ {b′1, . . . , b′r} ⊆ (Sd−1

i2
∪ Cd−1

i2
)
�Ã�©H§c¯�©H°�£����~³´�n³¦¨��

(Sd−1
i1
∪ Cd−1

i1
) ∩ (Sd−1

i2
∪ Cd−1

i2
) = ∅ ��Á¨���� {b1, . . . , bp} ∩ {b′1, . . . , b′r} = ∅ �¶H8 ­��É�H@Ô°~³¦©µ­�Y�¬�­S�µ³

i1 6= i2
¨���¯

bu 6∈ {b′1 . . . , b′r}
¡ ∀u ¡ 1 ≤ u ≤ p �

�Á¨�����Y�¬~­�¥:Y�¬�­S�«¨�³´�
i1
¡
i2 ∈ N

¨���¯ {b0, b1, . . . , bp} ∩ {b′0, b′1, . . . , b′r} = ∅ �
�
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ÀH��­�§)©µ¨ª§~©n³´£��µ£�³:�y§{¨ª©«�
¯5�ª�n­�°�­����l��­��y³����Ô°�­���¨�����­��
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�
¯5�ª�B�¤¨�¬�®�­�©«�B�W��¨ª©µ©µ­��µ§{¨��~°)¯5�ª�B�
Ñe��­S�L8 ³��ª�n­�©E�µ­��
�n­�����§{¯5���

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä~ðÊø ∀i1, i2 ∈ N Ä
∀a, d ∈ N Ä · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä
∀b, b′ ∈ Bd Ä · »LÂ Ã õ Å » ÃB¶ i1 = i2

Ê { b′ 6∈ {b, le dernier brin de Ch(i1,a,d)(b)}
b 6∈ {b′, le dernier brin de Ch(i2,a,d)(b

′)} ¸
i Â µ ¿ Ã Ech◦(i1,a,d)(b) ∩ Ech◦(i2,a,d)(b

′) = ∅ ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
a ∈ N ¡��n­�¥��WY�¬~­ 0 ≤ a ≤ m �

Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ­�©�§c¯�©�©µ£���¬~©µ©µ­�����­��n¬�©
d
¡
a ≤ d ≤ m ¡�Y�¬~­k¥C8 �>6�§{¨¹�E��T��«­ Hd �n¬~³ ®ª¯5�ª�n­k­��«�¤®�©±¯¹³´­ª�

(Hd)
Ì ∀i1, i2 ∈ N ¡ ∀b, b′ ∈ Bd ¡��n­�¥:�XY�¬~­F�µ³ i1 = i2

Ì { b′ 6∈ {b, le dernier brin de Ch(i1,a,d)(b)},
b 6∈ {b′, le dernier brin de Ch(i2,a,d)(b

′)},¨��
¯�Ì
Ech◦(i1,a,d)(b) ∩ Ech◦(i2,a,d)(b

′) = ∅ �
èm§{¨�¬�©

d = a��¨�³´�
i1, i2 ∈ N

¡��¨�³´�
b, b′ ∈ Ba ®�£�©n³:�c¯5�ª�Á¥´­��W��6�§{¨¹�B�cT��µ­���°~­�Í Ha Ñ
�Ãw�
¯�§c¯�©H¥ ¯Ô°�£����~³´�n³¦¨���Òs§c¯';ª­yºªºª¡

Ch(i1,a,a)(b) = (bαai1)
­��
Ch(i2,a,a)(b

′) = (b′αai2)
���8 ¨('

Ech◦(i1,a,a)(b) = Ech◦(i2,a,a)(b
′) = ∅ ��Á¨����

Ech◦(i1,a,a)(b) ∩ Ech◦(i2,a,a)(b
′) = ∅ �Ä]�d��­���³'­��É��®�©±¯¹³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �

i1, i2 ∈ N
¡
b, b′ ∈ Ba ®ª£�©±³*�c¯5����¥´­��Z��6�§{¨¹�B�cT��«­��H°�­ Í Ha Ñ
��Á¨���� Ha ­��«��®�©±¯¹³¦­ª�

èé�n¬�§~§{¨��µ¨>��� Hd ®�©±¯¹³´­k§{¨�¬�© a ≤ d < m
¡~­��d�Ô¨����n©µ¨����ZY�¬~­ Hd+1

­��«��®�©±¯¹³¦­ª���¨�³´�
i1, i2 ∈ N

���¨�³´�
b, b′ ∈ Bd+1 ®�£�©n³:�c¯5�ª�Á¥´­��W��6�§{¨¹�B�cT��«­��H°�­�Í Hd+1

Ñ
�
��8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨���Òs§c¯';ª­�º¹º#¨���¯�Ì

Ch(i1,a,d+1)(b) =
(
Ch(k0,a,d)(b0), . . . , Ch(kp,a,d)(bp)

)

­��
Ch(i2,a,d+1)(b

′) =
(
Ch(l0,a,d)(b

′
0), . . . , Ch(lr,a,d)(b

′
r)
) ¯�®ª­��

p
­��
r
§{¨�¬�®¹¯5���W<��n©µ­k£L;�¯¹¬�Ë�@Ô¸~�

Ç�¨¹�n¨����'£L;�¯¹¥´­��Ô­����
bp+1

¥¦­_°~­�©E�~³¦­�©9)~©±³:�k°�­
Ch(kp,a,d)(bp)

­��
b′r+1

¥¦­_°�­�©E�~³¦­�©9))©n³:�k°�­
Ch(lr,a,d)(b

′
r)
���8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨���»s§c¯';ª­���·�¡~¨��
¯y¯¹¥¦¨ª©E�

Ech◦(i1,a,d+1)(b) =
(⋃p

u=0 Ech
◦
(ku,a,d)(bu)

)
∪
(⋃p

u=1{bu}
)

­��
Ech◦(i2,a,d+1)(b

′) =
(⋃r

v=0Ech
◦
(lv ,a,d)(b

′
v)
)
∪
(⋃r

v=1{b′v}
) �

�Á¨����#§{¨�¬�©W�y¨>���n©µ­�©WY�¬~­
Ech◦(i1,a,d+1)(b) ∩ Ech◦(i2,a,d+1)(b

′) = ∅ ³¦¥m�µ¬\[Ô��°�­S�Ô¨��ª�n©µ­�©kÌ




bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
Ech◦(ku,a,d)(bu) ∩ Ech◦(lv ,a,d)(b

′
v) = ∅ ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

bu 6∈ Ech◦(lv ,a,d)(b
′
v) ∀u, 1 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ Ech◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r

Í ¼�Ñ

��¨�¬�©W�y¨>���n©µ­�©H¥´­k§~©µ­���³´­�©�§{¨�³��ª�Á°�­�Í ¼�Ñ8³ ¥9�µ¬%[Ô�H°~­�®�£�©n³*�)­�©WY�¬�­�¥´­��Z��6�§{¨¹�B�cT��µ­��W�«¨��ª��®�£�©n³*�)£�­���¯¹¬©±¯5�c;
d
§{¨�¬�©H§{¨�¬�®�¨�³´©�¯�§~§c¥¦³�Y�¬�­�© Hd Y�¬�­�¥Q8 ¨����n¬�§~§{¨��µ­�®�©±¯¹³´­ª�
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�Á¨����#¨���§{­�¬��H©µ­��Ô§c¥ ¯5��­�©d��­#§)©µ­��y³¦­�©�§{¨�³:���H§c¯�©H¥¦­��W�>6�§{¨¹�B�cT��µ­��ZY�¬~³ °�¨�³´®ª­����W<��n©µ­�®�£�©n³*�)£�­����




bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
∀u, 0 ≤ u ≤ p
∀v, 0 ≤ v ≤ r

}
si ku = lv bu 6= b′v bu 6= b′v+1 bu+1 6= b′v

bu 6∈ Ech◦(lv ,a,d)(b
′
v) ∀u, 1 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ Ech◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r

Í«º�¸�Ñ

ÃÁ©�°I8 ¯�§~©(T���¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��\º�¸�§c¯';ª­s�¹¼s¨>�
¯
bu ∈ (Sdi1 ∪Cdi1) ∀u, 1 ≤ u ≤ p ­�� b′v ∈ (Sdi2 ∪Cdi2)

∀v, 1 ≤ v ≤ r �Ä]��°98 ¯�§)©(T��k¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨�� ¾�§c¯';ª­��ªÒ ¨��K�n¯¹³´�SY�¬~­�¥´­���)~©n³����k°�­
Ech◦(ku,a,d)(bu)

¯¹³����n³¡Y�¬~­k��­�¬�Ë°�­
Ech◦(lv ,a,d)(b

′
v)
¯�§~§c¯�©«�±³¦­�����­��ª�W@s°�­��X��­�¥ ¥¦¬~¥¦­��X�µ¬~§~§~©n³��Ô£�­��8¨�¬x��¨��ª�n©±¯5�
�n£�­��8­��ª�n©µ­�¥¦­��X�~³ ®�­�¯¹¬�Ë

a­��
d
�'�]¯�©F��¨����«£�Y�¬�­��ª�k³ ¥:�F��­Ô§{­�¬�®�­�����¯�§~§c¯�©«�n­��)³´©�@�°�­��w��­�¥¦¥¦¬)¥´­����µ¬�§)§~©n³:�y£�­��Á¨�¬M��¨��ª�n©±¯5�
�n£�­��#¯¹¬�~³´®�­�¯¹¬

d
��Á¨����

bu 6∈ Ech◦(lv ,a,d)(b
′
v)
¡ ∀u, 1 ≤ u ≤ p, ∀v, 0 ≤ v ≤ r ¡­��

b′v 6∈ Ech◦(ku,a,d)(bu)
¡ ∀u, 0 ≤ u ≤ p, ∀v, 1 ≤ v ≤ r ��]¯�©W�µ¬)³ �n­ª¡)¥¦­��H°�­�¬�Ë�°~­�©E�~³¦­�©E��§{¨�³:���E�H°�­ Í«º�¸�Ñe�µ¨��ª��®ª£�©n³*�~£�����Á¨����#§{¨�¬�©W�y¨>���n©µ­�©�Í«º�¸�Ñ�³ ¥'©µ­��É�n­S@=�y¨��ª�n©µ­�©WY�¬~­





∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r si ku = lv bu 6= b′v
∀u, 1 ≤ u ≤ p+ 1 ∀v, 0 ≤ v ≤ r si ku−1 = lv bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r + 1 si ku = lv−1 bu 6= b′v

Í«ºªº�Ñ

Ä4�
°�£���¨��Ô§{¨��±¯'����¥¦­��HÓ�³���£�Y�¬)¯��±³´¨�����°~­SD�¯�
�¨��q@Ô¨>)��µ­�©«®�­�©
u
­��
v
�«­�¥´¨��
¥¦­���³:���µ­�©«®ª¯�¥ ¥´­��

1 ≤ u ≤ p­��
1 ≤ v ≤ r ­���¥¦­��W��¯5� u = 0

¡
v = 0

¡
u = p

­��
v = r

¨���¯�Ì




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si k0 = l0 b0 6= b′0

∀v, 1 ≤ v ≤ r si k0 = lv b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = l0 bu 6= b′0

si kp = l0 bp+1 6= b′0
∀u, 1 ≤ u ≤ p si ku−1 = l0 bu 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr b0 6= b′r+1

∀v, 1 ≤ v ≤ r si k0 = lv−1 b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1

Í«º��ªÑ

��8 ¯�§~©(T���¥ ¯�§~©n¨¹§}¨>�n³ �±³¦¨��\¾�§c¯';ª­y�ªÒy¨>�u�n¯¹³´�wY�¬�­Ô¥´­��d)~©n³�����°�­
Ech◦(i1,a,d+1)(b)

¯¹³:���n³#Y�¬�­=��­�¬�Ë�°�­
Ech◦(i2,a,d+1)(b

′)
¯�§)§c¯�©«�±³´­�����­����F@ °�­��H��­�¥ ¥¦¬)¥´­��w�µ¬�§)§~©n³��Ô£�­���¨�¬_��¨��ª�n©±¯5�
�n£�­���­����n©µ­s¥¦­��H�~³´®�­�¯¹¬�Ë

a­��
d+ 1

�~�]¯�©W��¨>���«£�Y�¬�­�����³¦¥��W��­k§{­�¬�®�­����Á¯�§~§c¯�©«�n­��)³´©d@
Bd+1 �ÃÁ©

b0
­��
b′0 ∈ Bd+1 ¡)°I8 ¨('è

b0 6= b′v
¡ ∀v, 1 ≤ v ≤ r ¡è

b′0 6= bu
¡ ∀u, 1 ≤ u ≤ p ���8 ¯�§~©(T��H¥´­��W��6�§{¨¹�B�cT��µ­��W�µ³

i1 = i2
¡~¨>��¯�Ì

b0 6= b′0
¡
b0 6= b′r+1

­��
b′0 6= bp+1

�c¶H8 ­��«�H@Ô°~³´©n­yÌèé�µ³
k0 = l0

Ì
b0 6= b′0

¡èé�µ³
k0 = lr

­��
r
§{¯¹³´©�ÍC�58 ­��«�H@Ô°~³´©n­��µ³

lr = i2
ÑÁÌ
b0 6= b′r+1

¡èé�µ³
kp = l0

­��
p
§c¯¹³´©sÍQ�>8 ­��É�H@Ô°~³¦©µ­��n³

kp = i1
ÑÁÌ
b′0 6= bp+1

���8 ¨('�­��
¬��±³ ¥¦³��n¯5�ª�H��­���³'¨��
°�£��y¨>���n©µ­#­���§c¯�©«�±³´­�¥´­���§{¨�³:���B�H°�­�Í«º��ªÑ
� É¥9��­S��¨�¬���©µ­��«�µ­#§c¥¦¬��ZY�¬I8£@=�Ô¨����µ©n­�©ZY�¬�­




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si kp = l0 et kp 6= i1 bp+1 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr et lr 6= i2 b0 6= b′r+1

∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1

Í«º�·�Ñ
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Ä4����­4Y�¬~³���¨�����­�©E��­L¥¦­_§~©µ­���³´­�©Î§{¨�³��ª��°�­�Í«º�·�Ñ
¡�¨����n¯¹³´��°I8 ¯�§~©ET��Î¥ ¯¤§~©n¨¹§}¨>�n³ �±³¦¨��yº¹º4Y�¬~­ {b1, . . . , bp}∩
{b′0, . . . , b′r} = ∅ ���Á¨����#¥¦­k§~©µ­���³´­�©�§{¨�³��ª�H­��«�W))³¦­���®ª£�©n³:�~£ª�
Ä4�j��­_Y�¬~³W��¨�����­�©E�~­�¥´­�°�­�¬�Ë�³:T��Ô­�§{¨�³��ª��°~­ÊÍÉº�·�Ñ
¡_§)¬~³��(Y�¬~­�¥Q8 ¨��j�µ¬�§)§{¨��«­

l0 = kp
­��
i1 6= kp³ ¥9�I8 6�¯=Y�¬I8 ¬��]�«­�¬)¥9��¯5�W@�­�Ë)¯5�y³:�~­�©kÌ���­�¥¦¬~³'¨('

p+ 1
­��É�H§c¯¹³¦©���]¯�©m��¨����«�n©n¬��
�±³´¨�� ¡

bp+1
¡
b′1
�µ¨��ª�Î©µ­��µ§{­��
�±³ ®�­��y­��ª��¥¦­��Î°�­�©E�)³´­�©B�I)~©n³����Î°�­

Ch(i2,a,d)(bp)
­��
Ch(i2,a,d)(b

′
0)
��Á¨����#­���¯�§~§)¥ ³:Y�¬)¯5�ª�Á¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨����s§c¯';ª­yº���¡~¨��
¯

bp+1 = bpα
d
i2

­��
b′1 = b′0α

d
i2

���8 ¨('�°)³´©µ­SY�¬�­
bp+1 = b′0

­��«�H£�Y�¬)³ ®ª¯¹¥´­����w@Ô°~³¦©µ­�Y�¬�­
bp = b′1

�ÃÁ©H°I8 ¯�§~©(T��W��­�Y�¬�­�¥Q8 ¨��
¯=�y¨��ª�n©µ£#§~©µ£���£�°�­��!�Ô­����H¨��
¯
b′1 6∈ {b1, . . . , bp}

��Á¨����#¨��
¯Ô¬��~­���¨>���n©±¯¹°~³:���±³´¨��'��]¯�©W��¨����µ£�Y�¬~­��ª�H�µ³
l0 = kp

­��
i1 6= kp

¡
bp+1 6= b′0

�
�Á¨����k¥´­�°�­�¬�Ë�³:T��Ô­k§{¨�³:����°�­ Í«º�·�Ñ8­��«�¤®�©±¯¹³��
Ä4����­�Y�¬~³9��¨�����­�©E��­�¥´­#�n©µ¨�³:�µ³:T��Ô­k§{¨�³:����°�­�Í«º�·�Ñ
¡��«¨�³ �

v, 1 ≤ v ≤ r ��]¯�©m��¨����«�n©n¬��
�±³´¨�� ¡
b′v+1

¡
bp+1

�«¨����Î©µ­��«§{­��
�±³ ®�­��Ô­��ª��¥´­��Î°~­�©E�~³¦­�©E�I))©n³:��� °~­
Ch(lv,a,d)(b

′
v)
­��
Ch(kp,a,d)(bp)

�Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ª­yº���¡~¨��
¯
bp+1 = bpα

d
kp

­��
b′v+1 = b′vα

d
lv

�ÃÁ©�¨����n¬�§~§{¨��µ­
kp = lv

¡)°98 ¨('
°~³¦©µ­�Y�¬�­
b′v = bp+1

­��É�H£�Y�¬~³ ®ª¯¹¥¦­��ª�w@Ô°~³¦©µ­�Y�¬�­
b′v+1 = bp

�¶H8 ­��«�d@Ô°~³¦©µ­SY�¬�­
b′v = bp+1

­��«��£�Y�¬~³´®¹¯¹¥¦­��ª�w@Ô°)³´©µ­SY�¬~­
bp ∈ {b′2, . . . , b′r+1}

�Ä]�H¨����y¨>���n©µ­#­�����¨ª©µ­�°�­�¥ ¯=�!<��Ô­���¯5�)³*T�©µ­SY�¬�­k§~©µ£���£�°�­��k�Ô­����WY�¬�­�¥Q8 ¨��
¯Ô¬���­S��¨��ª�n©±¯¹°~³��
�±³´¨�� ��Á¨����#§{¨�¬�©¤�n¨�¬���®}¡
1 ≤ v ≤ r ¡��µ³ lv = kp

¯¹¥´¨ª©E�
b′v 6= bp+1

�
�Á¨����k¥´­#�n©µ¨�³:�n³*T��y­#§{¨�³:����°�­ ÍÉº�·�Ñ8­��«�¤®�©±¯¹³��
Ä4�j��­qY�¬~³W��¨�����­�©E��­�¥¦­qY�¬)¯��n©n³*T��Ô­�§{¨�³:�ª��°�­pÍ«º�·�Ñ
¡_§)¬~³��(Y�¬�­�¥Q8 ¨��j�µ¬�§)§{¨��«­

k0 = lr
­��
i2 6= lr³ ¥9�I8 6�¯=Y�¬I8 ¬��]�«­�¬)¥9��¯5�W@�­�Ë)¯5�y³:�~­�©kÌ���­�¥¦¬~³'¨('

r + 1
­��«�H§c¯¹³´©���]¯�©m��¨����«�n©n¬��
�±³´¨�� ¡

b′r+1

¡
b1
�µ¨��ª�Î©µ­��«§{­��
�±³´®ª­��Ô­����Î¥¦­��Î°�­�©E�)³´­�©B�I)~©n³����Î°�­

Ch(i1,a,d)(b
′
r)
­��
Ch(i1,a,d)(b0)

��Á¨����#¨��
¯
b′r+1 = b′rα

d
i1

­��
b1 = b0α

d
i1

���8 ¨('�°)³´©µ­SY�¬�­
b′r+1 = b0

­��«�H£�Y�¬)³ ®ª¯¹¥´­����w@Ô°~³¦©µ­�Y�¬�­
b′r = b1

�ÃÁ©H°I8 ¯�§~©(T��W��­�Y�¬�­�¥Q8 ¨��
¯=�y¨��ª�n©µ£#§~©µ£���£�°�­��!�Ô­����H¨��
¯
b1 6∈ {b′1, . . . , b′r}

��Á¨����#¨��
¯Ô¬��~­���¨>���n©±¯¹°~³:���±³´¨��'��]¯�©W��¨����µ£�Y�¬~­��ª�H�µ³
k0 = lr

­��
i2 6= lr

¡
b′r+1 6= b0

�
�Á¨����k¥´­SY�¬c¯��n©n³:T��Ô­k§{¨�³:����°�­ Í«º�·�Ñ8­��É��®�©±¯¹³��
Ä4����­�Y�¬~³9��¨�����­�©E��­�¥´­�°�­�©E�)³´­�©H§{¨�³:����°�­ Í«º�·�Ñ
¡��«¨�³ ��¬i¡

1 ≤ u ≤ p ��]¯�©u��¨����É�n©n¬��
�±³´¨��'¡
bu+1

¡
b′r+1

�«¨�����©µ­��µ§{­��
�±³´®ª­��y­��ª�,¥¦­���°�­�©E�~³¦­�©E�q))©n³:����°�­
Ch(ku,a,d)(bu)

­��
Ch(lr,a,d)(b

′
r)
�Ä4�
¯�§)§)¥¦³�Y�¬c¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����s§c¯';ª­yº���¡~¨��
¯

bu+1 = buα
d
ku

­��
b′r+1 = b′rα

d
lr

�ÃÁ©�¨����n¬�§~§{¨��µ­
ku = lr

°98 ¨0'
°~³¦©µ­�Y�¬�­
bu = b′r+1

­��«�H£�Y�¬~³ ®ª¯¹¥´­��ª�w@Ô°~³¦©µ­�Y�¬�­
bu+1 = b′r

�¶H8 ­��«�d@Ô°~³¦©µ­SY�¬�­
bu = b′r+1

­��É�H£�Y�¬~³ ®ª¯¹¥¦­��ª�w@Ô°~³¦©µ­SY�¬�­
b′r ∈ {b2, . . . , bp+1}

�Ä]�H¨����y¨>���n©µ­#­�����¨ª©µ­�°�­�¥ ¯=�!<��Ô­���¯5�)³*T�©µ­SY�¬�­k§~©µ£���£�°�­��k�Ô­����WY�¬�­�¥Q8 ¨��
¯Ô¬���­S��¨��ª�n©±¯¹°~³��
�±³´¨�� ��Á¨����#§{¨�¬�©¤�n¨�¬���¬'¡
1 ≤ u ≤ p ¡��n³ lr = ku

¯¹¥´¨ª©E�
bu 6= b′r+1

�
�Á¨����k¥´­�°�­�©E�)³´­�©H§{¨�³��ª��°�­ Í«º�·�ÑL­��«��®�©±¯¹³Õ�
�Á¨�������¨�¬���¯�®ª¨����Z�Ô¨����n©µ£�Y�¬~­��n¨�¬���¥¦­���§{¨�³:���B�Z�~£���­��E�n¯¹³¦©µ­��¤­��d�n¬\[k�n¯5���B�¤§{¨�¬�©W�y¨��ª�n©µ­�©WY�¬~­

Ech◦(i1,a,d+1)(b) ∩ Ech◦(i2,a,d+1)(b
′) = ∅

�µ¨>���W))³´­���®�£�©n³:�~£�����Á¨����
Ech◦(i1,a,d+1)(b) ∩ Ech◦(i2,a,d+1)(b

′) = ∅ �Ä]�d��­���³'­��É��®�©±¯¹³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �
i1, i2 ∈ N

¡
b, b′ ∈ Bd+1 ¡��n­�¥��ZY�¬�­
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�n³
i1 = i2

Ì { b′ 6∈ {b, le dernier brin de Ch(i1,a,d+1)(b)}
b 6∈ {b′, le dernier brin de Ch(i2,a,d+1)(b

′)}�Á¨���� Hd+1
­��É��®�©±¯¹³¦­ª�

�Á¨���� Hd ­��É��®�©
¯�³¦­k§{¨�¬�©¤�n¨�¬�� d ¡ a ≤ d ≤ m �Ã�©��n¨ª¬��n­���­��µ�n­k°�£��Ô¨����«�µ©±¯��±³¦¨���­��É��®�©
¯¹³´­SY�¬�­�¥:Y�¬�­S�«¨�³´�
a ∈ N ¡��n­�¥��WY�¬�­ 0 ≤ a ≤ m ��]¯�©W��¨����µ£�Y�¬�­��ª�Á¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨���­��«�H°~¨�����®�©±¯¹³¦­ª�

�È�¯y§)©µ¨ª§{¨��µ³´�n³¦¨��q�n¬~³ ®ª¯5���µ­��µ¨�¬~¥¦³:;���­�¥´­�D�¯¹³´�wY�¬�­�¥ ¯J�«£�Y�¬�­�����­�°�­S))©n³:����°)³:�µ§c¯�©n¬���­��Á©µ­�¥¦³ ¯'���
b
­��
b′ = bαdi­��«��¥Q8 ³:��®ª­�©E�«­�°�­�¥ ¯=�µ£�Y�¬~­�����­�°�­��X)~©±³:���H°~³��«§{¯�©±¬��¤­��ª�n©µ­

b′ = bαdi
­��
b
�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä�ýIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d ≤ m Ä ∀b ∈ Bd Ä µ ºK¾ ÊË ¸ (b, Ch(i,a,d)(b)) =
¶ º�Ñ5»3¿ Ã »�l Ã ÁEõ Å »3º"½l» ((b′, Ch(i,a,d)(b

′))
) Ï

Ð ¸ Ech(i,a,d)(b) = Ech(i,a,d)(b
′)
Ï

¾5Ñ5»E½ b′ Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » Ch(i,a,d)(b) ¸
ÿké�õ�ì*-{õ ø
ºª����¨�³´�

a ∈ N �n­�¥��ZY�¬�­ 0 ≤ a ≤ m �Ç�¨�¬��Á¯¹¥ ¥´¨����H�y¨��ª�n©µ­�©�§c¯�©Á©µ£���¬�©n©µ­�����­��µ¬�©
d
¡"Y�¬�­ ∀d, a ≤ d ≤ m

¡{¥Q8 �>6�§{¨¹�B�cT��µ­ Hd �µ¬~³´®ª¯'���n­s­��É�®�©±¯¹³´­ª�
(Hd)

Ì ∀b ∈ Bd, ∀i ∈ N ¡
(b, Ch(i,a,d)(b)) = inverse m séquence ((b′, Ch(i,a,d)(b

′))
)

avec b′ le dernier brin de Ch(i,a,d)(b)
�

èm§{¨�¬�©
d = a

¡��¨�³ �
i ∈ N ¡ b ∈ Ba ­�� b′ ¥´­�°�­�©E�~³¦­�©Z)~©n³��
°�­ Ch(i,a,a)(b)

�ÇH¨�¬��Z�n¯�®�¨�����§c¯�©H°�£����~³´�±³´¨�� ÍÕ°�­�D]Òs§c¯';ª­yºªº�Ñ�Y�¬�­
Ch(i,a,a)(b) = (bαai )

���8 ¨('
b′ = bαai ∈ Ba

�¢Î¨�¬5[ ¨�¬�©E��§c¯�©H°�£L�^�~³ �±³¦¨��'¡���¨�¬��H¯�®�¨�����¯¹¥´¨ª©E�
Ch(i,a,a)(b

′) = (b′αai )
�Ã�©

αai
­��É��¬���­�³:��®ª¨�¥ ¬��±³´¨��
°I8 ¨('

Ch(i,a,a)(b
′) = (b)

�ÃH��¯y¯¹¥´¨ª©E�
(b, Ch(i,a,a)(b)) = (b, b′)

­��
(b′, Ch(i,a,a)(b

′)) = (b′, b)
�

�Á¨����
(b, Ch(i,a,a)(b)) =

³��ª®�­�©E�«­ m �«£�Y�¬�­�����­ ((b′, Ch(i,a,a)(b
′))
) �

Ä+�d��­���³'­��«��®�©±¯¹³9Y�¬�­�¥:Y�¬�­S�µ¨ª³´�
i ∈ N ­��

b ∈ Ba ��Á¨����#¥C8 �>6�§{¨¹�E��T��«­ Ha ­��É��®�©±¯¹³¦­ª�
èé�µ¬�§)§{¨��«¨����ZY�¬�­ Hd ­��É��®�©
¯�³¦­k§{¨�¬�© a ≤ d < m

¡~­��d�Ô¨��ª�n©µ¨����ZY�¬�­ Hd+1
­��É��®�©±¯¹³´­ª���¨�³ �

i ∈ N ¡ b ∈ Bd+1 ­�� b′ ¥´­�°�­�©E�~³´­�©Z))©n³:�
°�­ Ch(i,a,d+1)(b)
���8 ¯�§)©(T��8¥ ¯�°�£����~³´�n³¦¨���Ò#§c¯';ª­sºªºª¡���¨�¬���°�­�®�¨����8­�Ë~¯5��³:��­�©�°�­�¬�ËJ��¯5��Ì���­�¥ ¬~³{¨('

b 6∈ BSdi
­��X��­�¥ ¬~³¨('

b ∈ BSdi
�èþ�n³

b 6∈ BSdi
¨��
¯�Ì

Ch(i,a,d+1)(b) = Ch(i,a,d)(b)
Í«º�Ó�Ñ

�L¬~³��(Y�¬�­
b′
­��«�,¥´­²°�­�©E�~³¦­�©u))©n³:��°~­

Ch(i,a,d+1)(b)
¡�¨�� ¯ £L;�¯¹¥´­��y­��ª�

b′
°�­�©E�)³´­�©u)~©±³:��°~­

Ch(i,a,d)(b)
�

��8 ¯�§~©(T��H¥ ¯Ô§~©µ¨ª§{¨��µ³´�±³´¨����s§{¯';¹­�º��s¨>��¯
b′ = bαd+1

i

­��
b′ = bαdi

�
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¶8¨��!�y­
b ∈ Bd+1 ¨��
¯ b′ ∈ Bd+1 ���¨����n©µ¨����¤§{¯�©W��¨��ª�n©±¯¹°~³��
�±³´¨��]Y�¬~­k¥C8 ¨>��¯

b′ 6∈ BSdi
���¬~§~§{¨��«¨����

b′ ∈ BSdi
�{Ãw�
¯y¯¹¥¦¨ª©E�

b′αdi ∈ (Sdi ∪ Cdi )
�ÃÁ©

b = b′αdi
­��H¨��
¯=�n¬�§~§}¨>�µ£

b ∈ Bd+1 ��­SY�¬~³'­����n©±¯�\Õ�~­ b 6∈ (Sdi ∪ Cdi )
��Á¨����

b′ 6∈ BSdi
��]¯�©H°~£L���~³´�±³´¨�� ÍÕ°�­�D]Òs§c¯';ª­yºªº�Ñ
¡~¨>��¯y¯¹¥´¨ª©E�

Ch(i,a,d+1)(b
′) = Ch(i,a,d)(b

′)
Í«º�ÒªÑ

ÃÁ©�¨����n¬�§~§}¨>�µ­k¥Q8 ��6�§{¨¹�B�cT��µ­ Hd ®�©±¯¹³´­ª¡��>8 ­��É�H@Ô°~³¦©µ­
(b, Ch(i,a,d)(b)) = inverse m séquence ((b′, Ch(i,a,d)(b

′))
) Í«º�¾�Ñ

Ä4�
¬��±³¦¥ ³:�±¯5�ª��¥¦­���£�Y�¬c¯��n³¦¨�����Í«º�Ó�Ñ
¡ÎÍÉº�ÒªÑ8­�� Í«º�¾�Ñ
¡�¨���¨>)��±³´­����
(b, Ch(i,a,d+1)(b)) = inverse m séquence ((b′, Ch(i,a,d+1)(b

′))
)
.

Ä]�d��­���³'§{¨�¬�©¤�n¨�¬��
i ∈ N ­��

b ∈ (Bd+1 −BSdi )
��Á¨���� Hd+1

­��É��®�©
¯¹³´­�°)¯5���W��­���¯'���
èþ�n³

b ∈ BSdi
Ì�]¯�©H°~£L���~³´�±³´¨��'¡c¥ ¯Ô°~£���¨��Ô§{¨��n³ �±³¦¨>�
°�­

Ch(i,a,d+1)(b)
­��É��°~­k¥ ¯!D ¨ª©E�Ô­yÌ

Ch(i,a,d+1)(b) = C =
(
Ch(k1,a,d)(b1), . . . , Ch(kp,a,d)(bp),

) �
¶8¨��!�y­

b′
­��É��¥´­�°�­�©E�~³´­�©Z))©n³:�
°�­

Ch(i,a,d+1)(b)
¡�¨���¯�§c¯�©H°�£����~³´�n³¦¨��

b′ ∈ BSdi
��]¯�©H°~£L���~³´�±³´¨��'¡c¥ ¯Ô°~£���¨��Ô§{¨��n³ �±³¦¨>�
°�­

Ch(i,a,d+1)(b
′)
­��«��¯¹¥¦¨¹©B��°�­�¥ ¯=D ¨ª©E�Ô­yÌ

Ch(i,a,d+1)(b
′) = C ′ =

(
Ch(l1,a,d)(b

′
1), . . . , Ch(lr,a,d)(b

′
r)
) �

�#¯5���H¥ ¯=�µ¬~³´�n­ª¡�Y�¬)³ �µ�n­S@�£��B�)¯5��;¹­�©
p
­��
r
¡���¨�¬���¯¹¥¦¥¦¨����W�µ¬�§)§{¨��«­�©WY�¬�­

p ≤ r ���¨�¬�©��Ô¨����n©µ­�©eY�¬~­
(b, Ch(i,a,d+1)(b)) = inverse m séquence ((b′, Ch(i,a,d+1)(b

′))
) ¡�³¦¥"D�¯¹¬��

�Ô¨����n©µ­�©WY�¬~­#§{¨�¬~©¤�µ¨�¬��
u
¡
1 ≤ u ≤ p ¨��
¯

(bu, Ch(ku,a,d)(bu)) = inverse m séquence ((b′r+1−u, Ch(lr+1−u,a,d)(b
′
r+1−u))

) ¡�­��nY�¬�­
r =

p
���¨�¬�©�§{¨�¬�®�¨�³´©�¬��±³ ¥¦³��«­�©

(Hd)
Y�¬�­\¥C8 ¨��þ�µ¬~§~§{¨��«­�®�©
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



ku = lr−u+1 ∈ N, ∀u, 1 ≤ u ≤ p,
b′r−u+1 = dernier brin de Ch(ku,a,d)(bu), ∀u, 1 ≤ u ≤ p,
bu ∈ Bd, ∀u, 1 ≤ u ≤ p,
r = p.ÃÁ©

bu ∈ Bd
¡
ku ∈ N

­��
bu+1 = dernier brin de Ch(ku,a,d)(bu)

¡ ∀u ¡ 1 ≤ u ≤ p
¡�§{¯�©°�£����~³´�±³´¨��
°�­

Ch(i,a,d+1)(b)
� É¥'©µ­��«�n­k°�¨�����¯=�Ô¨����µ©n­�©WY�¬�­�Ì




ku = lr−u+1, ∀u, 1 ≤ u ≤ p,
b′r−u+1 = bu+1, ∀u, 1 ≤ u ≤ p,
r = p.Ç�¨�¬��4�~¨��!�Ô¨����L°c¯'���]�n¨�¬��n­�¥ ¯k°�£��Ô¨����É�n©±¯��±³¦¨��

bp+1
­��
b′r+1

¥¦­��8°�­�©E�)³´­�©E�4)~©n³����L©µ­��µ§{­��
�±³:Dv�L°~­
Ch(kp,a,d)(bp)
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Ch(lr,a,d)(b

′
r)
�
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u
¡

0 ≤ u ≤ p
¡GY�¬�­¥C8 ��6�§{¨¹�B�cT��«­ Gu �n¬~³ ®ª¯5���µ­k­��«��®�©±¯¹³¦­ª�

(Gu) : bu+1 = b′r+1−uèm§{¨�¬�©
u = 0

ÌÃH�,¯ §{¨��«£
b′r+1

��¨��!�y­s£��
¯5�ª�k¥´­Ô°�­�©E�~³´­�©H))©n³:�\°~­
Ch(lr ,a,d)(b

′
r)
�}�L¬~³��(Y�¬�­

Ch(lr ,a,d)(b
′
r)
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¡+¯�¥¦¨ª©E�

b′r+1

­��É�y¯¹¬��E�µ³L¥¦­�°�­�©E�~³¦­�©)~©n³��
°�­
Ch(i,a,d+1)(b

′)
��]¯�©�°�£L�^�~³´�n³¦¨��'¡

b′
­��«�Ô¥´­�°�­�©E�~³´­�©R)~©±³:�Ê°�­

Ch(i,a,d+1)(b)
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b ∈ Bd+1 ¡�­��I¯�§~§)¥ ³ gY�¬c¯5�ª�#¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��,��§c¯';ª­�º���¡c¨���¨>)��±³´­����
b′ = bαd+1

i

­���§c¯�©w�n¬~³ �n­�¨���­��\°�£�°)¬~³´�FY�¬~­
b′ ∈ Bd+1 ¯¹¬��(�µ³Õ�¶8¨��!�y­Z��¨�¬��L¯�®�¨����]®�¬!Y�¬�­

b′r+1

­��É�8¥¦­H°�­�©E�)³´­�©G))©n³:��°�­
Ch(i,a,d+1)(b
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­��eY�¬~­

b′ ∈ Bd+1 ¡­��
¬��±³¦¥ ³:�±¯'����¥ ¯�§~©µ¨ª§{¨��n³ �±³¦¨>����¡�¨���¨>)��±³´­����
b′r+1 = b′αd+1

i

�
��8 ¨('

b′r+1 = bαd+1
i αd+1

i

­��H°~¨����
b′r+1 = b

Í�§)¬~³��(Y�¬�­
αd+1
i

­��É��¬��~­k³:��®�¨ª¥ ¬��±³¦¨>�{Ñ
�Ã�©H§c¯�©H°�£����~³´�n³¦¨���¨>��¯
b1 = b

��]¯�©W��¨����µ£�Y�¬~­��ª�
b′r+1 = b1

­��
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­��É��®�©±¯¹³´­ª�
èé�µ¬~§~§{¨��«¨���� Gu §{¨�¬~© 0 ≤ u < p

®�©
¯�³¦­k­��d�Ô¨����µ©µ¨����ZY�¬�­ Gu+1
­��«��­�����¨ª©µ­�®�©±¯¹³´­ª�ÃH��®�­�¬���°�¨����F�y¨>���n©µ­�©WY�¬~­

bu+2 = b′r−u
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�±³¦¨>��¨����n¯¹³´�dY�¬�­�Ì

bu+2
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Ch(ku+1,a,d)(bu+1)
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b′r−u+1
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bu+2
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b′r−u+1
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Bd
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bu+2 = bu+1α
d
ku+1

¡
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b′r−u+1 = b′r−uα

d
lr−u

�¶H8 ­��É�H@Ô°~³¦©µ­
bu+2 = bu+1α

d
ku+1

­��
b′r−u = b′r−u+1α
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lr−u .
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bu+2 = b′r−u
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ku+1 = lr−u

�ÃH�p§{­�¬���©µ­���¯�©EY�¬�­�©�Y�¬�­
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ku+1 =
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

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�µ³
u+ 1

­��É��³:�y§c¯¹³´©
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i+ 1
�n³
u+ 1

­��«�H§c¯¹³´©H­��
bu+1 ∈ Sdi ,
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�n³
u+ 1

­��«�H§c¯¹³´©H­��
bu+1 ∈ Cdi ,

­��
lr−u =





i
�µ³
r − u ­��«�H³��Ô§c¯¹³¦© ,

i+ 1
�µ³
r − u ­��É�H§c¯¹³¦©�­�� b′r−u ∈ Sdi ,

i− 1
�µ³
r − u ­��É�H§c¯¹³¦©�­�� b′r−u ∈ Cdi .èW��³

r − u ­�� u+ 1
�«¨�����³:�y§c¯¹³´©E��¯¹¥´¨ª©E�

ku+1 = i
­��
lr−u = i

��Á¨����#°c¯'���Z��­S��¯5�
ku+1 = lr−u

�èW��³
r−u ­�� u+ 1

�«¨��ª�¤§c¯¹³´©E�¤¯¹¥´¨ª©E�8¨���¯
ku+1

Í�©µ­��µ§ �
lr−u

Ñ ∈ {i− 1, i+ 1} �«­�¥¦¨��J�n³ bu+1Í�©µ­��«§ �
b′r−u

Ñ¤¯�§~§{¯�©µ�n³¦­����H@
Cdi
¨�¬

Sdi
���¬�§~§{¨��µ¨����

b′r−u ∈ Sdi
¡{¯¹¥´¨ª©E�

lr−u = i+ 1
�c�_¬)³:�EY�¬�­�§c¯�©

αi+1
¨���©µ­��«�n­�°)¯5����¥ ¯k�=<��Ô­

i g ��­�¥ ¥¦¬)¥´­ª¡+¯�¥¦¨ª©E� b′r−u+1 = b′r−uα
d
lr−u ∈ Sdi

�+Ã�©
b′r−u+1 = bu+1

¡�°I8 ¨('
bu+1 ∈ Sdi

��Ä+�
°~¨����

ku+1 = i+ 1
£L;�¯¹¥´­��Ô­������{¶H8 ­��É�H@�°)³´©µ­��n³

r − u ­�� u+ 1
�«¨�����§{¯�³¦©E�¤­��

b′r−u ∈ Sdi¯¹¥¦¨ª©E�
lr−u = ku+1
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b′r−u ∈ Cdi

¡�¯¹¥¦¨ª©E�
b′r−u+1 = bu+1

¯¹¬��(�n³�¡Î­��
lr−u

¯¹³:���µ³^Y�¬�­
ku+1

®ª¯¹¥¦­��ª�
i− 1

����8 ¨('J�µ³
r−u ­�� u+ 1

�«¨��ª��§c¯¹³¦©E�L­��
b′r−u ∈ Cdi

¯¹¥¦¨ª©E�
lr−u = ku+1
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ku+1 = lr−u
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b′r−u
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(Gu+1)
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u
¡
0 ≤ u ≤ p ¡ Gu ­��É��®�©±¯¹³¦­k³Õ� ­ª� bu+1 = b′r+1−u

�
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p = r
���¨����n©µ¨�����¥¦­#§{¯�©d��¨��ª�n©±¯¹°~³��
�±³´¨���­��]�µ¬�§)§{¨��n¯5�ª�dY�¬�­

p < r
�
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Ch(kp,a,d)(bp)
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Ch(i,a,d+1)(b)
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¯y¯¹¥¦¨ª©E�

bp+1 ∈ Bd+1 �
b′r+1−p

­��«��¬��u))©n³:�M�«�n©n³:�
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Bd+1 �Ãw��¨>)��±³¦­��ª��¯¹¥´¨ª©E��¬���­S��¨��ª�n©±¯¹°~³��
�±³´¨���¯�®ª­��#¥¦­�D�¯¹³ �dY�¬�­
bp+1 = b′r+1−p
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p
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�n­��y­��ª��³���D £�©n³´­�¬~©d@

r
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p = r
�
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¯=�y¨��ª�n©µ£�Y�¬�­




ku = lr−u+1 ∈ N, ∀u, 1 ≤ u ≤ p,
b′r−u+1 = dernier brin de Ch(ku,a,d)(bu), ∀u, 1 ≤ u ≤ p,
bu ∈ Bd, ∀u, 1 ≤ u ≤ p,
r = p,­��
¬��±³ ¥¦³��n¯5�ª�

(Hd)
Y�¬~­k¥C8 ¨>�]�n¬�§~§{¨��«­#®�©±¯¹³¦­ª¡)³�� ­ª� Ì ∀b ∈ Bd, ∀i ∈ N ¡

(b, Ch(i,a,d)(b)) = inverse m séquence ((b′, Ch(i,a,d)(b
′))
)

avec b′ le dernier brin de Ch(i,a,d)(b)
¡

¨��
°�£�°)¬~³ ��¯�¥¦¨ª©E�ZY�¬�­k§{¨�¬�©¤�n¨�¬��
u
¡
1 ≤ u ≤ p ¨���¯ r = p

­��dY�¬�­
(bu, Ch(ku,a,d)(bu)) = inverse m séquence ((b′r+1−u, Ch(lr+1−u,a,d)(b

′
r+1−u))

) �
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(b, Ch(i,a,d+1)(b)) = inverse m séquence ((b′, Ch(i,a,d+1)(b
′))
) �

�Á¨���� Hd+1
­��«��®�©±¯¹³¦­#§{¨�¬�©¤�n¨�¬��

b ∈ Bd+1 �
�Á¨���� ∀b ∈ Bd ¡ ∀i ∈ N ¡�­�� ∀d, a ≤ d ≤ m ¡

(b, Ch(i,a,d)(b)) = inverse m séquence ((b′, Ch(i,a,d)(b
′))
) ¡
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Ch(i,a,d)(b)
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¯��±³�D�­���­��«�0�µ³��y³¦¥ ¯¹³´©µ­�@�¥C8 ¯�¥:;ª¨ª©n³ �B���y­���§c¯';ª­¤�¹·��³¦¥_§~©µ­��)°,­��i­����n©µ£�­�¥ ¯�°~³��Ô­����µ³¦¨>�

i
°~¬f�B��­���³:� ¡Î¥´­���°�­�¬�ËK�~³´®ª­�¯¹¬�Ë,­����µ©n­�¥´­��(Y�¬~­�¥:��¨>�,®�­�¬��R��¯¹¥:��¬)¥´­�©s¥¦­�B�~­��y³��'¡�­��¤¥¦­H)~©n³��?@�§c¯�©«�±³´©¤°~¬�Y�¬�­�¥{¨���®ª­�¬��¤­�Ë~¯5��³:��­�©�¥¦­w�B�~­��y³��'��Æa�n¯R�«¨ª©«�±³´­Á¨�� ¨>)��±³´­��ª��¥´­w�l��­���³:��°~­��¨����~­��
�±³´¨��]�«¨�¬��ZD ¨ª©E�y­k°I8 ¬���­S�«£�Y�¬�­�����­�°�­F))©n³:�����

Ä4�]��¨��Ô§{¯�©
¯�³��«¨��
¯�®�­��k¥Q8 ¯¹¥*;ª¨ª©n³´�B���Ô­s��¡è ³ ¥9��¨����µ³ °cT�©n­��n¨�¬���°I8 ¯'){¨ª©n°�¥¦­���¯5��¨('
d > nivb + 1

ÍÕ°)¯5���Z��­���¯'��¨��
¯
ChE(i,a,d)(b) = ()

Ñ�Nè ¥ ¯_��¨��~°)³ �±³¦¨>�²°�­���¨��ª�±³���¬)¯��±³¦¨��I°�­�¥Q8 ¯'[ ¨�¬���°�­���¨�¬�®�­�¯¹¬�ËO)~©n³:���Ô°)¯5���Ô¥¦­��B��­��y³��p­��É��¯¹¬c;��y­��ª�n£�­�¡§)¬)³:�EY�¬�­]��¯¹³:���n­��)¯5�ª��³ ¥�D�¯�¬��Ô§)©µ­��~°�©n­�­��b��¨��Ô§~�µ­�¥¦­�D�¯¹³´�!Y�¬�­�¥¦­�°�­�©E�~³¦­�©=)~©n³��I°)¬b�B��­���³:�I§{­�¬��£L;�¯¹¥¦­��Ô­����d<��µ©µ­s¥¦­S)~©n³���³:�)³ �±³ ¯¹¥�°)¬q�B��­��y³:� �^�Á¨����R��¯¹³:���n­��)¯5�ª�Á¨���¯�[ ¨�¬��µ­s¬��q��¨�¬�®�­�¯¹¬]))©n³:��°c¯'���¥¦­��B��­��y³:�t�«­�¬)¥´­��y­��ª�k�µ³¤¥´­
°�­�©E�~³¦­�©=))©n³:� ¯�[ ¨�¬��µ£
¯\°~³��«§c¯�©n¬Ê­��ª�n©µ­�¥¦­��=�)³ ®�­�¯¹¬�Ë
a
­��
d − 1

�«¨�¬����­�©«�
¯�³���­��X��¨>�)°~³ �±³¦¨����#Í
brin ∈ ⋃d−1

k=a(Skinv ∪ Skinv−1 ∪Ckinv ∪Ckinv+1)
Ñ_­��W�µ³}³ ¥��~­F��¨ª©µ©µ­��«§}¨>�)° §{¯5�
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¯¹¬?))©n³:�
³:�)³ �±³ ¯¹¥Õ�
¶8­���°�­�¬�Ë�¯¹¥*;ª¨ª©n³´�E���Ô­��8¨��ª�X�!<��Ô­w��¨��Ô§)¥¦­�Ë�³´�n£ÔÍ

Θ(d′p)
Ñ
��¢�¨�¬��n­HD ¨�³:�8¨�� §~©µ£�D £�©µ­�©
¯k­�� §~©
¯��±³�Y�¬~­�¬��±³¦¥ ³ g�«­�©�¥Q8 ¯¹¥*;ª¨ª©n³´�B���Ô­#³´�n£�©±¯��±³:D�¯'�^��°98 £�®�³ �n­�©�°�­F�n¬�©E�l�)¯�©(;ª­�©�¥ ¯s§c¥ ¯5��­��Ô£��y¨�³´©µ­�§c¯�©�¥C8 ¬��±³¦¥ ³:�n¯��±³¦¨���°98 ¬���­�§c³¦¥¦­#°~­©µ£���¬�©E�µ³´®�³´�n£ª�

o]�
¯5�ª�L°�¨�����£�¬��!�B��­��y³:�y°�­Z��¨>����­��
�±³¦¨���£��n­��~°)¬
ChE(i,a,b)(d)

¡�¨���§{­�¬��L°�£�°~¬)³´©µ­H°�­�¬�Ës­����«­��R))¥¦­��]°�­)~©n³����#Ì)¥Q8 ­����µ­��S)c¥´­���¨>����­��
�
¯5����¨�¬�®�­�©«�H£��n­��~°~¬
EchE◦(i,a,d)(b)

­���¥Q8 ­����µ­��S)c¥´­���¨����~­��
�
¯5�ª�dD ­�©E�Ô£#£��n­��~°~¬
EchE(i,a,d)(b)

Í�®�¨�³´©w��;�¬�©µ­�º�¸�Ñ±�Î¶8­��Á°~­�¬�Ë�­����«­��S))¥¦­���°�­�)~©n³����w�«­Ô°�£L�^�~³:�E�«­����k°�­=��¯5�~³:T�©µ­=�µ³:��³¦¥ ¯¹³´©µ­!@¥Q8 ­����«­��R))¥¦­���¨����~­��
�
¯5�ª��¨ª¬�®ª­�©«�
Ech◦(i,a,d)(b)

­���¥C8 ­����µ­��S)c¥´­���¨�����­����±¯5���dD ­�©E�y£
Ech(i,a,d)(b)

�È�¯=��¨¹�±³¦¨���°98 ¨ª©()c³ �n­F;ª£���£�©±¯¹¥¦³��«£�­k­��«�W)c¯5�«£�­S�µ¬�©W��­���°~­�¬�Ë�­����«­��R))¥´­����

þ����]ç�î è�î�ê{ç�ärgþ² ` ç�÷�õ��u��ö�õ�÷yí�ê}ç�ç�õ�í¹è�ó)çcèx�ªè�õ�çÎë+ìÎ÷�ê}ì*-{õ�é�è õªè d õ�é'�f��³�ø=´�µ5¶Q· i ∈ N Ä a » · d · »LÂ Ãõ Å » 0 ≤ a ≤ d ≤ m ¸
� µ5Å ¿S½3ôc¾�õ Å »�È3¿ ¶ º b ∈ Ba Êö EchE◦(i,a,d)(b) » Ãl· Âi× »3º Ã »3ÌkÈLÂ�» Î »�È3¿ ¶ º ÃwÎ5Å ½3ô�»3Ì ¶ º Î »F½ µ º�º�»E½ ·Q¶Cµ º ChE(i,a,d)(b) ÄG» î ½B» í�· ÁwÂ:» Î »3¿l¼º ¶ »3¿RÈ3¿ ¶ º Ï

ö EchE(i,a,d)(b) =

{ ∅ Ãl¶ ChE(i,a,d)(b) = ()
EchE◦(i,a,d)(b) ∪ {b, b′}

Ãl¶ º µ º�Ä µ5É b′ » Ãl· Â:» Î »3¿lº ¶ »3¿�È3¿ ¶ º Î » ChE(i,a,d)(b)

ï*) ð ) ð ÿké�ê{ô�é�îv��è���÷
�#¯5���4��­��µ�n­H§c¯�©«�±³´­d�«¨����L­�Ë�§{¨��«£�­��_­��8°�£��y¨��ª�n©µ£�­��L°~³:A{£�©µ­��ª�n­��_§~©µ¨ª§)©n³´£��n£��L°�­��4�B�~­��y³����L°�­d��¨�����­��
�±³¦¨��£��n­��)°~¬����c¶8­�¥¦¥¦­�� g ��³9�«¨����H°~­��¤§)©µ¨ª§~©n³¦£��n£��H¯5�c¯�¥¦¨>;�¬�­��d@=��­�¥ ¥´­���°~­��Z�l��­���³:���H°�­S��¨����~­��
�±³´¨�� �

ÿké�ê{ô]êc÷�î è�î�ê{ç�äc�Iø � µ5Å ¿ ·�µ5Å�· i ∈ N Ä a, d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Ba Ä µ ºM¾ ÊË ¸�Â:¾ Ã ÁEõ Å »3º"½l» Î »�È3¿ ¶ º Ã ½ µ ¿l¿E» Ã�í�µ º Î ¾5º · Ö ChE(i,a,d)(b) » Ã3·GÅ º ¶ õ Å » ÏÐ ¸R» · Âi× »3º Ã »3ÌkÈLÂ:» Î »=Èl¿ ¶ º Ã ¿E» í ¿EÁ Ã »lº · ¾5º · EchE(i,a,d)(b) » Ã3·4Å º ¶ õ Å »�¸
ÿké�õ�ì*-{õ
ø ��­H°�£��y¨��ª�n©µ­�°~­�¥ ¯F�=<��y­Z��¯5�~³:T�©µ­ZY�¬�­H¥ ¯Á§~©µ¨ª§{¨��n³ �±³¦¨>� Ò�§{¯';¹­Á��Ó)¡¹­��Ô§~©µ­��c¯5�ª�

b ∈ Ba ¡¹­��_­����¨����n³¦°~£�©±¯5�ª�W��­��µ�n­wD ¨�³��¤¬�� �µ©n¨ª³��µ³:T��Ô­F��¯5��Ì���­�¥¦¬)³{¨('
d+ 1 > nivb + 1

³��Ô§)¥ ³:Y�¬)¯5�ª�
ChE(i,a,d+1)(b) = ()

�
�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä�+pø ∀i ∈ N Ä ∀a, d ∈ N Ä�Ñ5Á3¿ ¶ Íe¾5º · 0 ≤ a < d ≤ m Ä ∀b ∈ Ba · »LÂnõ Å » b ∈ (BSd−1
i ∪

Sd−1
i ∪ Cd−1

i ) Ä µ ºM¾ Ê
ChE(i,d−1,d)(b) = (b2, . . . , bp, bp+1) Ä» ·9í ¾5¿ ÃlÅ�¶Q· » Ê EchE(i,d−1,d)(b) ⊆ EchE(i,a,d)(b) ¸Ô » Ã È3¿ ¶ º Ã bu Ä 2 ≤ u ≤ p + 1 ÄZÁ · ¾5º · ½l» Å�î�Î »RÂ:¾ Î Á(½ µ Ì ícµ'Ãl¶Q·Q¶Cµ º Î » ChE(i,a,d)(b)

Ã »LÂ µ ºKÂ*¾ Î ÁQÍGº ¶Q·Q¶Cµ ºj�í ¾�À�»���k�Ädë bp+1 » Ã3· Â�» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » ChE(i,a,d)(b) ì ¸
ÿké�õ�ì*-{õ ø ��­�°�£��Ô¨����n©µ­k°�­k¥ ¯=�!<��Ô­���¯5�)³*T�©µ­�Y�¬�­�¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨���»s§{¯�;ª­��¹¾��¶8­��µ�n­HD ¨�³��

b ∈ Ba ∩ (BSd−1
i ∪Sd−1

i ∪Cd−1
i )

¡�­��X�~¨>� §c¯5�
b ∈ Bd ∩BSd−1

i

�~¶8­�§{­��)°)¯5�ª�¤°c¯'���e��­��8°~­�¬�Ë��¯5��¡�¥ ¯k°�£���¨��y§{¨��µ³ �±³¦¨��y°~­
ChE(i,a,d)(b)

­��«�8¥ ¯��=<��Ô­ª¡��«­�¬~¥´­d�l�)¯5�c;ª­�¥ ¯F��¨��~°)³ �±³¦¨>� °I8 ¯�©µ©(<��eY�¬)³��98 ­��É�L§)¥ ¬��
�«­�¬~¥´­��Ô­����WzÉ¥´­Ô°~­�©E�~³¦­�©w)~©n³���°)¬u�B��­���³:�\°�­=��¨�����­��
�±³¦¨���£��µ­��~°~¬IÍ

bp+1
Ñ�¯�§~§c¯�©«�±³¦­��ª��@

BSd−1
i

|���¯¹³:�Á­��É�°�­�®�­���¬JzÉ¥´­�°�­�©E�~³´­�©Z))©n³:�
°~¬]�B��­���³:�
°�­S��¨�����­��
�±³´¨���£��n­��~°)¬iÍ
bp+1

Ñ8­��É�
b
¡~¨ª¬�¯�§~§c¯�©«�±³¦­��ª�H@

BSd−1
i

|
�¶8­��H°~³:A{£�©µ­�����­��W��­��l�)¯5�c;ª­����H§c¯5�H¥ ¯Ô°~£��Ô¨����«�n©±¯��n³¦¨��'�
�
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4

1 2

3

5 6 9

7 8

10 1 2 5 6 9 10 1 10

�~³ ®�¸ �~³´®\º �)³ ®c�
äeåQæeç�º��jè� É¥ ¥¦¬��É�n©±¯��±³´¨��G°�­m¥ ¯W§~©µ¨ª§{¨��n³ �±³¦¨>� º�½ §{¯';ª­ Ó�½��kÈÎ­��f�B�~­��y³����p°�­þ��¨�����­����n³¦¨��G³:�(�n¬�� °~­ �
Ch(1,0,2)(2) = (3, 4, 5)

­��
Ch(1,1,2)(2) = (5)

¨��ª��¥¦­�¬�©�°�­�©E�)³´­�©W)~©n³���£�;�¯¹¬�Ë}�

ÿké�ê{ô]êc÷�î è�î�ê{ç�ä\fIø ∀i ∈ N Ä ∀a, a′, d ∈ N ÄwÑ'Á3¿ ¶ Íe¾5º · 0 ≤ a ≤ d ≤ m ÄS» · 0 ≤ a′ ≤ d ≤ m ÄS» ·
∀b ∈ Bmax{a,a′} Ä µ ºM¾ Ê

Î »3¿lº ¶ »l¿�Èl¿ ¶ º Î » ChE(i,a,d)(b) =
Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » ChE(i,a′,d)(b) ¸

ÿké�õ�ì*-{õ ø��¨�³ �
i ∈ N ���¨�³´�

a, a′ ∈ N ¡�®�£�©n³*�{¯5�ª� 0 ≤ a ≤ m ¡�­�� 0 ≤ a′ ≤ m �
��³
a = a′

¡¹¨>�Ô©µ­�� ¯�©BY�¬�­ZY�¬�­H¥Q8 £L;�¯¹¥¦³´�n£W@�°~£��Ô¨��ª�n©µ­�©+­��É�_£�®�³ °�­����n­WY�¬�­�¥:Y�¬�­W�«¨�³´�
d ∈ N ¡ a, a′ ≤ d ≤ m ��Á¨����k°)¯5���H¥ ¯=�n¬~³´�µ­�°�­�¥ ¯Ô°~£��Ô¨����«�µ©
¯��±³¦¨�����¨�¬���¯�¥ ¥´¨����Z�n¬�§~§{¨��µ­�©WY�¬�­

a 6= a′
�È ­S��¯5�¤¨('

a < a′
£��
¯5�ª�d�p6c�Ô£��µ©±³:Y�¬~­�¯¹¬���¯5�¤¨('

a′ < a
�~¨�¬��Z�~­��n©±¯¹³´�n­�©µ¨����ZY�¬�­k¥¦­S��¯5�¤¨('

a < a′
�

Ç�¨�¬��H¯¹¥¦¥¦¨����Z�Ô¨����n©µ­�©¤§c¯�©�©µ£���¬~©µ©µ­�����­F�n¬�©
d
Y�¬�­ ∀d ∈ N ¡ a′ ≤ d ≤ m ¥Q8 �>6�§{¨¹�B�cT��«­ Hd �n¬~³´®¹¯5���n­#­��É�®�©
¯�³¦­ª�

(Hd) : ∀b ∈ Bd, dernier brin de ChE(i,a,d)(b) = dernier brin de ChE(i,a′,d)(b).

èm§{¨�¬�©
d = a′��¨�³´�
b ∈ Ba′ ���8 ¯�§~©(T��H¥ ¯Ô°~£L���~³´�±³´¨���½�§c¯';ª­kÓª¸~¡���¨�¬���¯�®�¨����#Ì

ChE(i,a′,a′)(b) = Ch(i,a′,a′)(b) = (bαa
′
i )
��L¬~³��(Y�¬�­

b ∈ Ba′ ¡�§{¯�©Î¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨����8§c¯';ª­�º���¡���¨�¬��9�±¯�®�¨>���9Y�¬�­L¥´­L°�­�©E�)³´­�©m)~©n³��#°�­ ChE(i,a,a′)(b)­��«�
bαa

′
i

���Á¨����ÔÌ
dernier brin de ChE(i,a,a′)(b) = dernier brin de ChE(i,a′,a′)(b).

Ä]�d��­���³'­��É��®�©±¯¹³'§{¨�¬~©¤�µ¨�¬��
b ∈ Ba′ ��Á¨���� Ha′ ­��«��®�©±¯¹³¦­y�

èé�n¬�§~§{¨��µ¨>����¥Q8 ��6�§{¨¹�B�cT��µ­�°~­
©µ£���¬�©µ©µ­�����­
®�©±¯¹³´­�§{¨�¬�©
d
Í
a′ ≤ d < m

Ñ�­��x�Ô¨����µ©n¨>���kY�¬98 ­�¥¦¥¦­
­��É�­�����¨ª©µ­�®�©±¯¹³´­s¯�¬�©±¯5�c;
d+ 1

���¨�³´�
b ∈ Ba′ �

��³
d+ 1 > nivb + 1

¡�¨���¯y¯¹¥´¨ª©E�
ChE(i,a,d+1)(b) = ()

­��
ChE(i,a′,d+1)(b) = ()

�Ä]��°�¨����,§c¯�©�®ª¯5��¬)³ �n£f��¨�¬���¯�®�¨>���?)c³´­���°�­�©E�~³¦­�©])~©n³:� °~­
ChE(i,a,d+1)(b) =

°~­�©E�~³¦­�©�))©n³:� °�­
ChE(i,a′,d+1)(b)

°)¯5���W��­S��¯5���
��³���¨��²ÍC�n³

d + 1 ≤ nivb + 1
Ñ
¡I�~¨ª¬��#°�­�®�¨�����©n­L;�¯�©n°�­�©s�J��¯5�ÔÌ9��­�¥ ¬~³+¨('

b 6∈ (BSdi ∪ Sdi ∪ Cdi )
­����­�¥¦¬~³'¨('

b ∈ (BSdi ∪ Sdi ∪ Cdi )
�
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��³
b 6∈ (BSdi ∪Sdi ∪Cdi )

¡�¨>��¯�¯¹¥´¨ª©E�'§{¯�©Î°�£L�^�~³ �±³¦¨��
ChE(i,a,d+1)(b) = ChE(i,a,d)(b)

­��
ChE(i,a′,d+1)(b) =

ChE(i,a′,d)(b)
¨ª©�¨��f�µ¬�§~§}¨>�µ­ Hd ®�©±¯¹³´­ª¡#�58 ­��É�=@�°~³¦©µ­JY�¬~­ ¥´­ °~­�©E�~³¦­�©S)~©n³�� °�­ ChE(i,a,d)(b)

­��É�¯¹¬��E�µ³^��­�¥¦¬)³{°�­
ChE(i,a′,d)(b)

���Á¨����
ChE(i,a,d+1)(b)

­��
ChE(i,a′,d+1)(b)

¨��ª�X�=<��Ô­�°~­�©E�~³¦­�©e))©n³:�°)¯5���Z��­S��¯5���ÂH­L;�¯�©n°�¨����Z��¯¹³��ª�n­��c¯5�ª��¥´­S��¯5��¨0'
b ∈ (BSdi ∪ Sdi ∪ Cdi )

���8 ¯�§~©(T�� ¥ ¯i°�£����~³´�n³¦¨��m½\§{¯';¹­�Ó�¸~¡
ChE(i,a,d+1)(b)

­��
ChE(i,a′,d+1)(b)

�«­�°�£���¨��Ô§{¨��«­��ª��°�­�¥ ¯D�¯�
�¨>�]�µ¬)³ ®ª¯5�ª�n­�Ì
ChE(i,a,d+1)(b) = C =

(
ChE(k1,a,d)(b1), . . . , ChE(kp,a,d)(bp)

)
­��
ChE(i,a′,d+1)(b) = C ′ =

(
ChE(l1,a′,d)(b

′
1), . . . , ChE(lr,a′,d)(b

′
r)
)
.��¨�¬�©d�Ô¨��ª�n©µ­�©WY�¬�­

dernier brin de ChE(i,a,d+1)(b) = dernier brin de ChE(i,a′,d+1)(b),³ ¥9�µ¬\[Ô�Á¯¹¥´¨ª©E�H°�­S�Ô¨��ª�n©µ­�©ZY�¬�­
dernier brin de ChE(kp,a,d)(bp) = dernier brin de ChE(lr,a′,d)(b

′
r).��¨�¬�©H��­�¥ ¯k��¨�¬��Á¯¹¥¦¥¦¨����d�Ô¨����n©µ­�©H§{¯�©H©µ£���¬~©µ©µ­�����­R�µ¬�©

u
Y�¬�­ ∀u ¡ 1 ≤ u ≤ min{r, p} ¡c¥Q8 �>6�§{¨¹�B�cT��µ­

Gu
�µ¬~³´®ª¯5�ª�n­k­��É��®�©±¯¹³¦­ª�

(Gu) : bu = b′u ∈ Bdèm§{¨�¬�©
u = 1ÃH��¯�§c¯�©H°�£L�^�~³´�n³¦¨��

b1 = b
¡
b′1 = b

­��d��¨�¬��W�«¨��!�y­���°)¯5���H¥´­S��¯5�¤¨('
b ∈ Bd ��Á¨���� G1

­��É��®�©
¯�³¦­ª�
èé�µ¬�§)§{¨��«¨�����¥C8 ��6�§{¨¹�B�cT��«­ Gu ®�©
¯�³¦­#§{¨�¬�© u ®�£�©n³:�c¯5�ª� 1 ≤ u < min{r, p} ­��d�Ô¨����n©µ¨����ZY�¬~­ Gu+1­��É��®�©±¯¹³´­ª��]¯�©#��¨����É�n©n¬��
�±³´¨��

bu+1
­��
b′u+1

�µ¨>����¥´­��Î°�­�©E�~³´­�©E�I))©n³:���Î°�­
ChE(ku,a,d)(bu)

­���°~­
ChE(lu,a,d)(b

′
u)
��_¬)³:�EY�¬�­8°I8 ¯�§~©(T�� Gu ¡ bu ­�� b′u ∈ Bd ¡�¯¹¥´¨ª©E�Î°98 ¯�§)©(T��Î¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨��s��§c¯';ª­Hº���¡�¨���¯ bu+1 = buα

d
ku­��

b′u+1 = b′uα
d
lu

­��H§c¯�©W�µ¬)³ �n­
bu+1

­��
b′u+1 ∈ Bd

�
�]¯�©d��¨����«�µ©n¬��
�±³´¨���¨���¯�£L;�¯¹¥´­��y­��ª�

ku =





i
�µ³
u
­��É��³:�y§c¯¹³´©

,
i+ 1

�µ³
u
­��É�H§{¯�³¦©�­��

bu ∈ Sdi ,
i− 1

�µ³
u
­��É�H§{¯�³¦©�­��

bu ∈ Cdi ,
­��
lu =





i
�µ³
u
­��É��³��Ô§c¯¹³¦©

,
i+ 1

�µ³
u
­��«�H§c¯¹³´©H­��

b′u ∈ Sdi ,
i− 1

�µ³
u
­��«�H§c¯¹³´©H­��

b′u ∈ Cdi ,�_¬)³:�EY�¬�­ Gu ­��É�y®�©±¯¹³´­ª¡_¨�� ¯ bu = b′u
�8ÃH�²­�� °~£�°~¬~³´��¯¹¥¦¨ª©E�kY�¬�­

ku = lu
­���§c¯�©J�µ¬)³ �n­qY�¬~­

bu+1 = b′u+1 ∈ Bd
��Á¨���� Gu+1

­��É��®�©±¯¹³´­ª�
�Á¨���� ∀u ¡ 1 ≤ u ≤ min{r, p} ¡ Gu ­��É��®�©±¯¹³´­ª¡��>8 ­��É�H@Ô°~³¦©µ­�Y�¬�­�Ì

bu = b′u
���¬~§~§{¨��«¨����ZY�¬~­

r ≤ p ÍÕ¥´­S��¯5�¤¨(' p ≤ r £��±¯5���d�i6��Ô£��n©n³�Y�¬�­�Ñ±�Ç�¨�¬��H¯¹¥ ¥´¨����W�Ô¨����n©µ­�©�§c¯�©W��¨����µ©
¯�°)³:�
�±³¦¨���Y�¬�­��~£���­��E�n¯¹³¦©µ­��Ô­��ª�
r = p

�
��¬~§~§{¨��«¨�����°�¨�����Y�¬�­

r < p
��]¯�©�°~£L���~³´�±³´¨��'¡L¥´­�°~­�©E�~³¦­�©k)~©n³�� °�­

ChE(lr ,a′,d)(b
′
r)
Y�¬�­�¥C8 ¨��}��¨��!�y­

b′r+1

­��«��¯¹¬��(�n³Z��­�¥ ¬~³�°~­
ChE(i,a′,d+1)(b)

­��Á¯�§~§c¯�©«�±³¦­��ª�H@
BSdi

¨�¬���¨ª©µ©µ­��«§{¨��~°]@
b
��Á­F�!<��Ô­�¡�§c¯�©�°�£����~³´�n³¦¨���¨��?�n¯¹³´�WY�¬�­k¥´­k°�­�©E�)³´­�©Z)~©n³:��°�­
ChE(kp,a,d)(bp)

Y�¬~­#¥C8 ¨�����¨��!�Ô­
bp+1­��«��¯¹¬��(�n³^��­�¥¦¬)³{°�­

ChE(i,a,d+1)(b)
­��¤­��É�¤¥¦­Á§~©µ­���³´­�©�)~©n³:��°)¬J�l��­���³:�xY�¬)³}¯�§~§c¯�©«�±³¦­�����­F@

BSdi
¨�¬��¨ª©µ©n­��«§{¨��~°~­S@

b
��Á¨����#­��]��¨����µ³ °�£�©
¯'���dY�¬~­

br = b′r
¯�®ª­��

r < p
¨���¨>)~�n³¦­�����¬���­S��¨����µ©
¯�°)³:�
�±³¦¨��'��Á¨����

r = p
�
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�L¬~³��(Y�¬�­��~¨�¬��H¯�®ª¨�����§c¯�©W��¨>���É�n©n¬����n³¦¨��
°~­�©E�~³¦­�©Z))©n³:�
°�­

ChE(i,a,d+1)(b) =
°�­�©E�)³´­�©W)~©n³:�
°�­

ChE(kp,a,d)(bp)
¡°~­�©E�~³¦­�©Z))©n³:�
°�­

ChE(i,a′,d+1)(b) =
°�­�©E�)³´­�©W)~©n³:�
°�­

ChE(lr,a′,d)(b
′
r)
¡

Y�¬�­L¥C8 ¨��#®�³¦­��ª��°~­4�Ô¨����µ©n­�©
bp = b′r

­��
r = p

­��0Y�¬�­L°98 ¯�§)©(T�� Hd ¡�¥¦­L°~­�©E�~³¦­�©m)~©±³:�k°~­ ChE(kp,a,d)(bp)­��«�8¯¹¬��(�n³���­�¥ ¬~³)°�­
ChE(kp,a′,d)(bp)

¡�¯¹¥´¨ª©E�
ChE(i,a,d+1)(b)

­��
ChE(i,a′,d+1)(b)

¨����4�=<��y­�°�­�©B�~³´­�©)~©±³:��°c¯5���W��­k°~­�©E�~³¦­�©W��¯'���
Ä]���n¨�¬��n­���­��µ�n­k°~£��Ô¨����«�n©±¯��n³¦¨���­��É��®�©
¯�³¦­SY�¬�­�¥:Y�¬�­S�«¨�³´�

b ∈ Bd+1 ��Á¨���� Hd+1
­��É��®�©±¯¹³¦­ª�

�Á¨���� ∀d ∈ N, a < a′ ≤ d ≤ m ¡ ∀b ∈ Bd ¨���¯
dernier brin de ChE(i,a,d)(b) = dernier brin de ChE(i,a′,d)(b).Ã�©��n¨�¬��n­S��­��µ�n­�°�£��Ô¨����É�n©±¯��±³´¨���­��É��®�©±¯¹³´­SY�¬�­�¥�Y�¬�­R�«¨�³´�

i ∈ N ¡)­�� a, a′ ∈ N ¡�®�£�©n³:�c¯5�ª� 0 ≤ a ≤ d ≤ m ¡­��
0 ≤ a′ ≤ d ≤ m �

�

ÿké�ê{ô]êc÷�î è�î�ê{ç�äc
Iø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 < a ≤ d ≤ m Ä ∀b ∈ Ba Ä µ ºK¾ Ê
EchE(i,a,d)(b) ⊆ EchE(i,a−1,d)(b) ¸

ÿké�õ�ì*-{õ ø ��­�°�£��Ô¨����n©µ­k°�­k¥ ¯=�!<��Ô­���¯5�)³*T�©µ­�Y�¬�­�¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨��
¼�§{¯�;ª­��¹½���L¬~³��(Y�¬~­k¥C8 ¨���§)©µ­��~° ∀b ∈ Ba ­��W�~¨>��§)¥¦¬�� ∀b ∈ Bd ¡�¨���°~¨�³ �W��¨����µ³ °�£�©µ­�©H¬�����¯5�Z�µ¬~§~§)¥¦£��Ô­��ª�
¯¹³´©µ­yÌ���­�¥ ¬~³¨('
d+ 1 > nivb + 1

�~�]¯�©H°~£L���~³´�±³´¨��'¡c°�£L�^�~³ �±³¦¨��,º�¸Ô§{¯�;ª­kÓ�»�¡~¨��
¯Ô°c¯'���Z��­S��¯5�
EchE(i,a,d+1)(b) = ∅ et EchE(i,a−1,d+1)(b) = ∅.

��8 ¨('
EchE(i,a,d+1)(b) ⊆ EchE(i,a−1,d+1)(b)

�
�

ÿké�ê{ô]êc÷�î è�î�ê{ç ðAgIø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d < m Ä ∀b ∈ (BSdi ∪ Sdi ∪ Cdi ) ÄZ» ·#í�µ5Å ¿ ·�µ5Åc· È3¿ ¶ º
bu ë 2 ≤ u ≤ p ì ¶ º · »3¿lÑ'»3º"¾>º ·eÎ ¾5º Ã Â*¾ Î ÁE½ µ Ì í�µ'Ãl¶v·Q¶Cµ º Î » ChE(i,a,d+1)(b)

µ ºM¾
bu ∈ (Sdi ∪ Cdi ) ⊆ Bd Ä» · Â:» Î »3¿lº ¶ »3¿RÈ3¿ ¶ º Î » ChE(i,a,d+1)(b) ∈ Bd ¸Ô ¾ Î ÁE½ µ Ì í�µ'Ãl¶v·C¶Qµ º Î » ChE(i,a,d+1)(b) ½ µ º Ãl¶CÎ Á3¿EÁE»�» Ã3· ½l»LÂvÂ:» Î »SÂ*¾ Î ÁQÍGº ¶Q·Q¶Qµ ºh� í ¾�À�»���k Ê

ChE(i,a,d+1)(b) = C =
(
ChE(k1,a,d)(b1), . . . , ChE(kp,a,d)(bp)

) ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
i ∈ N ¡ a, d ∈ N ¡��µ­�¥:�WY�¬�­ 0 ≤ a ≤ d < m

¡~­��d�«¨�³´�
b ∈ (BSdi ∪ Sdi ∪ Cdi )

�Ç�¨�¬��H¯¹¥ ¥´¨����W�y¨>���n©µ­�©�§c¯�©�©µ£���¬~©µ©µ­�����­��n¬�©H¬'¡�Y�¬�­ ∀u ¡ 2 ≤ u ≤ p ¡)¥Q8 ��6�§{¨¹�B�cT��µ­ Hu �n¬~³ ®ª¯5�ª�n­k­��É��®�©±¯¹³¦­ª�
(Hu) : bu ∈ (Sdi ∪ Cdi )
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èm§{¨�¬�©
u = 2�]¯�©W��¨����«�n©n¬��
�±³¦¨>� ¡

b2
­��«��¥´­�°�­�©B�~³´­�©Z)~©n³���°~­

ChE(k1,a,d)(b1)
�ÃÁ©

b1 = b ∈ Bd °I8 ¨(' ChE(k1,a,d)(b1) = Ch(k1,a,d)(b1)
­��
k1 = i

�~Ä4��¬��±³¦¥ ³:�±¯5�ª�H¥ ¯s§~©n¨¹§}¨>�n³ �±³¦¨��
�§c¯';ª­yº���¡~¨���¨>)~�n³¦­����Á¯�¥¦¨ª©E�
b2 = bαdi

�¶8¨��!�y­
b ∈ (BSdi ∪ Sdi ∪ Cdi )

¡�­��dY�¬�­#§{¯�©
αi
¨����B�c¯5�c;ª­k°�­

i g ��­�¥ ¥¦¬)¥´­S�58 ­��«�d@Ô°~³¦©µ­�Y�¬�­k¥C8 ¨���§{­�¬��§c¯5�E�«­�©Á°I8 ¬��~­
i g ��­�¥ ¥¦¬~¥¦­�°~³��«§{¯�©n¬�­�@�¬���­ i g ��­�¥ ¥¦¬~¥¦­��µ¬~©«®�³´®ª¯'���n­�¨�¬�¬���­Ô¯¹¬��n©µ­ i g ��­�¥ ¥¦¬~¥¦­�°~³��«§c¯�©n¬~­ª¡c¨�¬¯¹¥¦¨¹©B�¤§c¯5�(�µ­�©H°I8 ¬��~­

i g ��­�¥¦¥ ¬~¥¦­S�µ¬~©«®�³´®¹¯5���n­R@Ô¬���­ i g ��­�¥ ¥¦¬)¥´­�°)³:�µ§c¯�©n¬�­ª¡c¯¹¥¦¨ª©E� b2 ∈ (BSdi ∪ Sdi ∪ Cdi )
�ÃÁ©�§c¯�©Á°~£L���~³´�±³´¨��'¡��«­�¬)¥�¥´­�°�­�©E�~³´­�©d)~©±³:��°�­

C
§{­�¬��#¯�§~§{¯�©«�n­��~³¦©w@

BSdi
¡c­��

b2
�I8 ­��«�Á§c¯5�H�µ¬�§)§{¨��«£³���³I<��n©µ­k¥¦­�°�­�©E�~³¦­�©Z))©n³:� ��Á¨����

b2 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� H2
­��É��®�©±¯¹³´­ª�

èé�n¬�§~§{¨��µ¨>��� Hu ¯�®�­�� 2 ≤ u < p
®�©±¯¹³´­k­��d�Ô¨����n©µ¨����ZY�¬~­ Hu+1

­��É��®�©±¯¹³´­ª��]¯�©m��¨����«�n©n¬��
�±³´¨�� ¡
bu+1

­��«��¥´­L°�­�©E�)³´­�©m)~©n³��#°~­
ChE(ku,a,d)(bu)

��ÃÁ©
bu ∈ Bd

°98 ¨0'
ChE(ku,a,d)(bu) =

Ch(ku,a,d)(bu)
­��
bu ∈ {i, i− 1, i+ 1} �~Ä4��¬��±³¦¥ ³:�n¯5���H¥ ¯s§~©µ¨ª§{¨��n³ �±³´¨�����§c¯';ª­Ôº���¡�¨���¨>)��±³¦­��ª�Á¯�¥¦¨ª©E�

bu+1 = buα
d
ku

�¶8¨��!�y­
bu ∈ (Sdi ∪ Cdi )

¡�Y�¬�­k§c¯�©
αi
¨�����­S�B�)¯5��;¹­k§c¯5��°�­

i g ��­�¥¦¥ ¬~¥´­k­��WY�¬�­k°~­ αi+1
¨�¬

αi−1
¨���l�)¯5�c;ª­k°~­

i g ��­�¥ ¥¦¬~¥¦­ª¡{¯�¥¦¨ª©E� bu+1 ∈ (BSdi ∪ Sdi ∪ Cdi )
�ÃÁ©L§c¯�©L°~£L���)³ �±³´¨�� ¡��«­�¬)¥)¥¦­�°~­�©E�~³¦­�©4)~©n³���°~­

C
§{­�¬��¤¯�§~§c¯�©«�n­��)³´©�@

BSdi
¡�­��

bu+1
�I8 ­��«�L§c¯5�e�µ¬�§)§{¨��«£³���³I<��n©µ­k¥¦­�°�­�©E�~³¦­�©Z))©n³:� ��Á¨����

bu+1 ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á¨���� Hu+1
­��«�¤®�©±¯¹³´­��

�Á¨���� ∀u ¡ 2 ≤ u ≤ p ¡ bu ∈ (Sdi ∪ Cdi ) ⊆ Bd ��Á­H§)¥¦¬���¡ª§c¯�©4��¨����É�n©n¬��
�±³¦¨��'¡¹¨��k�n¯¹³ �eY�¬�­�¥´­�°�­�©E�)³´­�©4)~©n³:��°�­
ChE(i,a,d+1)(b)

­��É�
b
¨�¬�¯�§~§c¯�©«�±³¦­��ª��@

BSdi
��#¯5���H¥´­��H°~­�¬�Ë���¯5�¤¨���¯Ô¥´­�°�­�©E�)³´­�©W)~©n³���°~­

ChE(i,a,d+1)(b) ∈ Bd
�Ä]���n¨�¬�����­!Y�¬~­Ô¥C8 ¨��,¯x�y¨��ª�n©µ£�­��É��®�©±¯¹³nY�¬�­�¥�Y�¬�­k�«¨�³´�

i ∈ N ¡ a, d ∈ N ¡{�n­�¥��wY�¬�­ 0 ≤ a ≤ d < m
¡}­��

b ∈ (BSdi ∪ Sdi ∪ Cdi )
�

�

ÿké�ê{ô]êc÷�î è�î�ê{ç ð äiø ∀i ∈ N Ä ∀a, d ∈ N Ä 0 ≤ a ≤ d ≤ m Ä ∀b ∈ Ba Ä µ ºK¾ Ê
·�µ5Åc· È3¿ ¶ º Î » EchE◦(i,a,d)(b) ¾ í�í ¾5¿ ·Q¶ »3º · Ö Å ºI»R½l»LÂÕÂ Å Â�» ÃlÅ�í�í ¿ ¶ ÌkÁB» µ5Å ½ µ º · ¿(¾�½ · ÁB»»3º · ¿E»RÂ:» Ã º ¶ Ñ5»E¾ Å>î a » · d ¸

½^× » Ã3· Ö Î5¶ ¿E» Ê
∀b′ ∈ EchE◦(i,a,d)(b) Ä ∃j ∈ N » · ∃k ∈ N · »LÂmõ Å » a ≤ k < d » · b′ ∈ (Skj ∪ Ckj ) ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
a ∈ N ¡ 0 ≤ a ≤ m ���¬uD�¯¹³ �k°�­Ô¥ ¯�°�£L�^�~³ �±³¦¨��\°)¬u�B��­��y³:�,°�­!��¨�����­����n³¦¨���£��n­��~°~¬²Í�°~­�DL½ §c¯';ª­�Ó�¸�Ñ
¡{¨��u��8 ¯�§{­�©�
�¨�³ ��Y�¬�­Ô§{¨�¬�©�n¨�¬��

d > nivb + 1
¨>��¯

ChE(i,a,d)(b) = ()
°I8 ¨('

EchE◦(i,a,d)(b) = ∅ �Ä]� °�¨�����§{¨�¬�©Ô�n¨�¬��
d > nivb + 1

¨�� ¯u)c³´­��
EchE◦(i,a,d)(b)

³�����¥ ¬���°)¯5����¥C8 ­����«­��S))¥¦­
°~­��=))©n³:���!Y�¬~³¯�§~§c¯�©«�±³¦­����~­��ª�H@Ô°~­��W��­�¥ ¥¦¬~¥¦­��W�n¬�§~§~©±³:�Ô£�­��¤¨�¬���¨��ª�n©±¯5�
�n£�­���­��ª�n©µ­�¥´­��W�~³´®�­�¯¹¬�Ë
a
­��
d
���¨�¬�©8¥´­d��¯5�_¨('

d ≤ nivb+1
¡�¥ ¯k°�£��y¨����É�n©±¯��±³´¨��Ô­��É�L­�Ë)¯5�
�n­��Ô­��ª�8¥ ¯F�=<��y­WY�¬~­d��­�¥ ¥´­�°�­�¥ ¯�§~©µ¨ª§{¨��n³ �±³¦¨>� ¾§c¯';ª­s�ªÒ��

�
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ÿké�ê{ô]êc÷�î è�î�ê{ç ð{ðÊø ∀i1, i2 ∈ N Ä
∀a, d ∈ N Ä · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä
∀b, b′ ∈ Ba ÄGÑ5Á3¿ ¶ Íe¾5º ·Ë ¸ b 6∈ EchE◦(i2,a,d)(b

′) ÄÐ ¸ b′ 6∈ EchE◦(i1,a,d)(b) Ä
Ó ¸ Ãl¶ i1 = i2 :

{
b′ 6∈ {b, le dernier brin de ChE(i1,a,d)(b)},
b 6∈ {b′, le dernier brin de ChE(i2,a,d)(b

′)}.� ºK¾?¾>Â µ ¿ ÃRÊ
EchE◦(i1,a,d)(b) ∩ EchE◦(i2,a,d)(b

′) = ∅ ¸
ÿké�õ�ì*-{õ ø ��¨�³ �

a ∈ N ¡��n­�¥��WY�¬~­ 0 ≤ a ≤ m �
��¨�¬�©s�n¨�¬��

d > nivb + 1
¡�¨��I¯�§c¯�©Ô°�£����~³´�n³¦¨��I°~¬b�B�~­��y³��I°�­���¨�����­����n³¦¨��Ê£��n­��~°~¬Ê­���°�­���­����µ­��R))¥´­����¨����~­��
�
¯5�ª�H£��n­��~°~¬���¨�¬�®�­�©«�B�¤­��dD ­�©E�y£��kÍÕ°�£����~³´�n³¦¨�����½�­���º�¸Ô§c¯';ª­���Ó�¸�­��HÓ�»ªÑÁÌ
ChE(i1,a,d)(b) = ()

°I8 ¨0'
EchE◦(i1,a,d)(b) = ∅.

�Á­S�=<��y­�§{¨�¬~©¤�µ¨�¬��
d > nivb′ + 1

¡~¨��
¯
ChE(i2,a,d)(b

′) = ()
°I8 ¨('

EchE◦(i2,a,d)(b
′) = ∅.

�Á¨����#§{¨�¬�©¤�n¨�¬��
d > min{nivb, nivb′}+ 1

¡~¨���¯
EchE◦(i1,a,d)(b) ∩ EchE◦(i2,a,d)(b

′) = ∅.

Ä]Ë~¯5�y³���¨����W��¯¹³��ª�n­��)¯5���H¥¦­S��¯5�¤¨('
a ≤ d ≤ min{nivb, nivb′}+ 1

�>8 ­��É�H@Ô°~³¦©µ­
b, b′ ∈ Bd−1 �

Ç�¨�¬��#¯¹¥ ¥´¨����F�Ô¨��ª�n©µ­�©�§c¯�©Á©n£���¬�©µ©n­�����­=�n¬�©
d
¡IY�¬~­ ∀d ¡ a ≤ d ≤ min{nivb, nivb′} + 1

¡'¥Q8 �>6�§{¨¹�B�cT��«­
Hd

�µ¬)³ ®ª¯5�ª�n­k­��É��®�©±¯¹³´­ª�
(Hd)

Ì ∀i1, i2 ∈ N ¡ ∀b, b′ ∈ Bd−1 ¡��n­�¥��ZY�¬�­ºª�
b 6∈ EchE◦(i2,a,d)(b

′)
¡

���
b′ 6∈ EchE◦(i1,a,d)(b)

¡
·��Z�n³

i1 = i2 :

{
b′ 6∈ {b, le dernier brin de ChE(i1,a,d)(b)},
b 6∈ {b′, le dernier brin de ChE(i2,a,d)(b

′)}.ÃH��¯y¯¹¥´¨ª©E�kÌ
EchE◦(i1,a,d)(b) ∩ EchE◦(i2,a,d)(b

′) = ∅ �èm§{¨�¬�©
d = aÃw���Ô¨����µ©n­k°�­k¥ ¯=�!<��Ô­���¯5�~³:T�©µ­�Y�¬�­�°)¯5���H¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨��,º��s§c¯';ª­�·���Y�¬�­ Ha ­��«�¤®�©±¯¹³´­��

èé�n¬�§~§{¨��µ¨>��� Hd ®�©±¯¹³´­k§{¨�¬�© a ≤ d < min{nivb, nivb′}+ 1
¡�­��d�Ô¨��ª�n©µ¨����ZY�¬�­ Hd+1

­��É��®�©
¯�³¦­ª���¨�³´�
i1, i2 ∈ N

¡��¨�³´�
b, b′ ∈ Bd ®�£�©n³:�c¯5����¥´­��Z��6�§{¨¹�B�cT��«­��H°�­�Í Hd+1

Ñ
�
��8 ¯�§~©(T��Î¥ ¯¤°�£����~³´�±³´¨���½�§c¯';ª­]Ó�¸¤¨��k¯�Ì

ChE(i1,a,d+1)(b) =
(
ChE(k0,a,d)(b0), . . . , ChE(kp,a,d)(bp)

)

­��
ChE(i2,a,d+1)(b

′) =
(
ChE(l0,a,d)(b

′
0), . . . , ChE(lr,a,d)(b

′
r)
) ¯�®ª­��

p
­��
r
§{¨�¬�®ª¯5���d<��n©µ­�£L;�¯¹¬�Ë

@Ô¸~�Ç�¨¹�n¨����'£L;�¯¹¥´­��Ô­����
bp+1

¥¦­_°~­�©E�~³¦­�©9)~©±³:�k°�­
ChE(kp,a,d)(bp)

­��
b′r+1

¥´­L°�­�©E�)³´­�©m)~©n³��#°~­
ChE(lr ,a,d)(b

′
r)
�
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¯y¯¹¥´¨ª©E�
EchE◦(i1,a,d+1)(b) =

(⋃p
u=0EchE

◦
(ku,a,d)(bu)

)
∪
(⋃p

u=1{bu}
)

­��
EchE◦(i2,a,d+1)(b

′) =
(⋃r

v=0EchE
◦
(lv ,a,d)(b

′
v)
)
∪
(⋃r

v=1{b′v}
) �

�Á¨����#§{¨�¬�©W�y¨>���n©µ­�©WY�¬~­
EchE◦(i1,a,d+1)(b) ∩ EchE◦(i2,a,d+1)(b

′) = ∅ ³¦¥9�n¬\[Ô��°�­S�Ô¨��ª�n©µ­�©#Ì




Ech◦(ku,a,d)(bu) ∩ EchE◦(lv ,a,d)(b
′
v) = ∅ ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

bu 6∈ EchE◦(lv ,a,d)(b
′
v) ∀u, 1 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ EchE◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
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��¨�¬�©��Ô¨����n©µ­�©�¥´­Á§~©µ­���³´­�©8§{¨�³:���¤°�­ÔÍÉº�½�Ñ]³ ¥"�µ¬\[y��°�­�®ª£�©±³*�~­�©�Y�¬~­Á¥¦­��e��6�§{¨¹�B�cT��«­��e�µ¨��ª�8®�£�©n³:�~£�­��¤¯¹¬©±¯5�c;
d
§{¨�¬�©H§{¨�¬�®�¨�³´©�¯�§~§c¥¦³�Y�¬�­�© Hd Y�¬�­�¥Q8 ¨����n¬�§~§{¨��µ­�®�©±¯¹³´­ª��Á¨����#§{¨�¬�©W�y¨>���n©µ­�©�Í«º�½ªÑ�³ ¥9�µ¬\[Ô��°�­S�Ô¨����µ©n­�©WY�¬�­




bu 6∈ EchE◦(lv ,a,d)(b
′
v) ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r

b′v 6∈ EchE◦(ku,a,d)(bu) ∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r
bu 6= b′v ∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r
∀u, 0 ≤ u ≤ p
∀v, 0 ≤ v ≤ r

}
si ku = lv bu 6= b′v bu 6= b′v+1 bu+1 6= b′v

Í«º�¼�Ñ

ÃÁ©�°I8 ¯�§~©(T���¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��
��¸�§c¯';ª­sÒ�¸�¨>�
¯
bu ∈ (Sdi1 ∪Cdi1) ∀u, 1 ≤ u ≤ p ­�� b′v ∈ (Sdi2 ∪Cdi2)

∀v, 1 ≤ v ≤ r �Ä]�¤°98 ¯�§)©(T���¥ ¯s§~©µ¨ª§{¨��µ³´�±³´¨�����º�§{¯';ª­#Ò�ºÁ¨��x�n¯¹³´�XY�¬�­�¥¦­��e))©n³:����°�­
EchE◦(ku,a,d)(bu)

¯¹³:���n³�Y�¬�­F��­�¬�Ë°�­
EchE◦(lv ,a,d)(b

′
v)
¯�§~§{¯�©«�±³´­�����­����W@�°�­��X��­�¥ ¥¦¬~¥¦­��Z�n¬�§~§~©n³��Ô£�­���¨ª¬���¨��ª�n©±¯5�
�n£�­���­����n©µ­#¥¦­��X�~³´®ª­�¯�¬�Ë

a
­��
d
���]¯�©X��¨>���«£�Y�¬�­�����³¦¥��X��­�§{­�¬�®�­��ª��¯�§~§c¯�©«�n­��~³¦©Z@s°�­�����­�¥ ¥¦¬)¥´­��X�n¬�§~§)©n³:�y£�­��8¨�¬?��¨��ª�n©±¯5�
�n£�­��¤¯¹¬�~³´®�­�¯¹¬
d
��Á¨����

bu 6∈ EchE◦(lv ,a,d)(b
′
v)
¡ ∀u, 1 ≤ u ≤ p, ∀v, 0 ≤ v ≤ r ¡­��

b′v 6∈ EchE◦(ku,a,d)(bu)
¡ ∀u, 0 ≤ u ≤ p, ∀v, 1 ≤ v ≤ r �Ä]�H§c¯�©W��6�§{¨¹�B�cT��µ­��Z�~¨�¬��H¯�®ª¨����

b0 6∈ EchE◦(i2,a,d+1)(b
′)
­��
b′0 6∈ EchE◦(i1,a,d+1)(b)

��]¯�©W�µ¬)³ �n­ª¡)¥¦­��H°�­�¬�Ë�§)©µ­��y³¦­�©E�¤§}¨ª³��ª�B�H°�­�Í«º�¼�Ñ��«¨��ª��®�£�©n³:�~£�����Á¨����#§{¨�¬�©W�y¨>���n©µ­�©�Í«º�¼ªÑ�³ ¥'©µ­��É�n­S@=�y¨��ª�n©µ­�©WY�¬~­




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 0 ≤ v ≤ r si ku = lv bu 6= b′v
∀u, 1 ≤ u ≤ p+ 1 ∀v, 0 ≤ v ≤ r si ku−1 = lv bu 6= b′v
∀u, 0 ≤ u ≤ p ∀v, 1 ≤ v ≤ r + 1 si ku = lv−1 bu 6= b′v

ÍÐ��¸�Ñ

Ä4�
°�£���¨��Ô§{¨��±¯'����¥¦­��HÓ�³���£�Y�¬)¯��±³´¨�����°~­SD�¯�
�¨��q@Ô¨>)��µ­�©«®�­�©
u
­��
v
�«­�¥´¨��
¥¦­���³:���µ­�©«®ª¯�¥ ¥´­��

1 ≤ u ≤ p­��
1 ≤ v ≤ r ­���¥¦­��W��¯5� u = 0

¡
v = 0

¡
u = p

­��
v = r

¨���¯�Ì




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si k0 = l0 b0 6= b′0

∀v, 1 ≤ v ≤ r si k0 = lv b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = l0 bu 6= b′0

si kp = l0 bp+1 6= b′0
∀u, 1 ≤ u ≤ p si ku−1 = l0 bu 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr b0 6= b′r+1

∀v, 1 ≤ v ≤ r si k0 = lv−1 b0 6= b′v
∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1

ÍÐ��º�Ñ
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¯
b0 6∈ EchE◦(i2,a,d+1)(b

′)
¡
b′0 6∈ EchE◦(i1,a,d+1)(b)
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è
b0 6= b′v

¡ ∀v, 1 ≤ v ≤ r ¡è
b′0 6= bu

¡ ∀u, 1 ≤ u ≤ p ¡Ä]���n¨�¬'[ ¨�¬�©B�¤§c¯�©W�>6�§{¨¹�B�cT��µ­���¡��n³
i1 = i2

¯�¥¦¨ª©E�
b0 6= b′0

¡
b0 6= b′r+1

­��
b′0 6= bp+1

�{ÃH��¯y¯¹¥´¨ª©E�kÌèé�µ³
k0 = l0

Ì
b0 6= b′0

¡èé�µ³
k0 = lr

­��
r
§{¯¹³´©�ÍC�58 ­��«�H@Ô°~³´©n­��µ³

lr = i2
ÑÁÌ
b0 6= b′r+1

¡èé�µ³
kp = l0

­��
p
§c¯¹³´©sÍQ�>8 ­��É�H@Ô°~³¦©µ­��n³

kp = i1
ÑÁÌ
b′0 6= bp+1

���8 ¨('�­��
¬��±³ ¥¦³��n¯5�ª�H��­���³'¨��
°�£��y¨>���n©µ­#­���§c¯�©«�±³´­�¥´­���§{¨�³:���B�H°�­�ÍÐ��º�Ñ
� É¥9��­S��¨�¬���©µ­��«�µ­#§c¥¦¬��ZY�¬I8£@=�Ô¨����µ©n­�©ZY�¬�­




∀u, 1 ≤ u ≤ p ∀v, 1 ≤ v ≤ r bu 6= b′v
si kp = l0 et kp 6= i1 bp+1 6= b′0

∀v, 1 ≤ v ≤ r si kp = lv bp+1 6= b′v
si k0 = lr et lr 6= i2 b0 6= b′r+1

∀u, 1 ≤ u ≤ p si ku = lr bu 6= b′r+1

ÍÐ�ª�ªÑ

Ä]�+¥´­8©µ­��É�n­8°�­�¥ ¯�°�£��y¨>���É�n©±¯��±³´¨��k­��«��­�Ë~¯5�
�n­��y­��ª�+¥ ¯W�=<��Ô­eY�¬~­e��­�¥¦¥¦­�°�­�¥ ¯H§~©µ¨ª§{¨��µ³´�±³´¨���º��¤§c¯';ª­¤·����
�Á¨���� Hd+1

­��É��®�©±¯¹³¦­ª�
�Á¨���� Hd ­��É��®�©
¯�³¦­k§{¨�¬�©¤�n¨�¬�� d ¡ a ≤ d ≤ min{nivb, nivb′}+ 1

�Ã�©��n¨ª¬��n­���­��µ�n­k°�£��Ô¨����«�µ©±¯��±³¦¨���­��É��®�©
¯¹³´­SY�¬�­�¥:Y�¬�­S�«¨�³´�
a ∈ N ¡��n­�¥��WY�¬�­ 0 ≤ a ≤ m ��]¯�©W��¨����µ£�Y�¬�­��ª�Á¥ ¯�§)©µ¨ª§{¨��µ³ �±³¦¨���­��«�H°~¨�����®�©±¯¹³¦­ª�

�
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n g ��­�¥ ¥¦¬~¥¦­ª¡Î­��s°�­ °�£�°)¬~³´©µ­ ¥¦­�~³´®ª­�¯�¬
°~­F;ª©n³��¤­��]D ¨������n³¦¨��
°�­��W�~³ ®�­�¯¹¬�Ë
°�­F;ª©n³��H¯5�E�«¨c��³´£��H¯¹¬�Ë
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n gihHg ��¯�©«�n­�� P �n­�¥Y�¬~­
0 ≤ a ≤ d ≤ m

�L��¨�³´� O =<>(K)d (b)
¬��~­�¨ª©())³´�n­
°�­
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¡_¥ ¯

n gihHg ��¯�©«�n­
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þ����]ç�î è�î�ê{ç�äcäb².�8ói÷�ì�î è�õ (
OGn(K,a,d)(b)

)
0≤n≤p

³�ø�´�µ5¶Q·
K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤

m Ä�» ·¡ÃLµ5¶Q· b ∈ Bd ¸Ô ¾ ÃlÅ�¶Q· » (OGn(K,a,d)(b)
)

0≤n≤p
» Ãl·�Î ÁQÍGº ¶ » Î »SÂ:¾kÌ!¾5º ¶ Ç3¿E» ÃlÅc¶ Ñ'¾5º · » Ê

ö OG0(K,a,d)(b) = {b} Ïö » · ∀n > 0
Ê

OGn(K,a,d)(b) =
⋃
i∈K

⋃
b′∈OGn−1(K,a,d)(b)

EchE(i,a,min{d,nivb′+1})(b′)
Ï

ñ�õ�� ó~éFbÎìÎõpä ø � µ5Å ¿ K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd Ä
Â:¾ ÃlÅ�¶Q· » (OGn(K,a,d)(b)

)
0≤n≤p

» Ã3·Ë ¸S½L¿ µ5¶ÕÃEÃ ¾5º · »BÄÐ ¸RÈ µ ¿lº�ÁB» í ¾5¿ Ba ÄÓ ¸ Ã3· ¾ ·Q¶Cµ º�º"¾ ¶ ¿E»R» ·9í Â Å�Ã�í ¾5¿ ·Q¶ ½ Å Â ¶ Ç3¿E»3Ìk»3º ·�Ê
∃p, 0 ≤ p ≤ |Ba|, · »LÂmõ Å » OGn(K,a,d)(b) = OGp(K,a,d)(b) ∀n ≥ q.
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�~³´®ª­�¯¹¬ ¾ �~³ ®�­�¯¹¬ ¾\� Ë
äeåQæeçÎº�·Sè Ä]Ë�­��Ô§)¥¦­k°�­k°�­�¬�Ë?�~³´®ª­�¯�¬�Ë���¨����«£���¬��±³:Dv��°I8 ¬���­k§�6�©
¯'��³¦°~­ª�~È ­���¯�©(<��µ­��X�n¬�§~§)©n³:�y£�­��H¯¹¬��~³´®ª­�¯¹¬
a
�«¨����W� ¯�©EY�¬�£�­���°I8 ¬��]��­�©E��¥´­��

b b b b¯ ) � °

b b b b­ D ; �

b b b b³ [ � ¥

b b b b� � ¨ §

äeåQæeç�º�Óqè Ä+Ë�­��Ô§c¥´­�°�­?�n¬~³ �n­ (
OGn(K,a,d)(b)

)
0≤n≤15

�n�Á­,Í ¯�ÑR@ÊÍ�§{ÑS�«¨��ª�Ô©µ­�§)©µ£��«­��ª�n£��=�B�)¯5Y�¬�­�§c¯5�
°�­s¥ ¯!�µ¬)³ �n­ (

OGn(K,0,1)(b)
)

0≤n≤15

Í ¯�®�­��
K = {0, 1} Ñ���¨ª©µ©µ­��«§{¨��)°)¯5�ª�w@Ô¥ ¯Ô§�6�©±¯5�y³ °�­�°�­s¥ ¯=��;�¬�©n­�º�·§c¯';ª­sÒ¹¾��

Ä4��­LA}­���Ì (
OGn(K,a,d), b)

)
0≤n≤p

­��É�
ºª�Z��©n¨ª³��(�±¯5�ª�n­���¯�©W�l�)¯5Y�¬~­#£�¥´£��y­��ª��°~­k¥ ¯!�µ¬~³´�n­#­��«�d��¨����«�µ©n¬)³ �H§c¯�©�¯'[ ¨�¬���°�­�)~©±³:����¡
���X){¨ª©E�~£�­���¯�©�¨���§{­�¬��Á¯'[ ¨�¬��n­�©�¯¹¬�§)¥¦¬��¤�µ¨�¬���¥´­��X))©n³:����°�­�¥ ¯ hdg ��¯�©«�n­#¨('�¨>�]�«­S�µ³´�n¬~­ª¡·��¤­��d�«�
¯��n³¦¨����)¯¹³¦©µ­#§)¬~³��(Y�¬�­S��©µ¨�³��(�±¯'���n­#­��W){¨ª©E��£�­ª�

��8 ¯¹¬��n©µ­]§c¯�©«��¡�§)¬~³��(Y�¬�­e@X�B�)¯5Y�¬�­_§c¯5� °�­L¥ ¯X�n¬~³´�µ­_¨��k¯'[ ¨�¬��n­L¯¹¬F�y¨�³:���Î¬��w))©n³:� ¡�¥ ¯X�n¬~³ �n­ (
OGn(K,a,d), b)

)
0≤n≤p¯��µ�n­�³:�)°�©±¯=�n¯Ô¥ ³:��³ �n­k­��
¯¹¬�§c¥¦¬�� |Ba| §{¯5���

�L¬~³��(Y�¬�­ °�­y�n­�¥¦¥¦­��S�µ¬)³ �n­��S�«¨��ª�R��¨>��®ª­�©(;ª­��ª�n­��k­�� ¬��f��¨��S))©µ­!���~³L°I8 ³ �n£�©±¯��±³¦¨>����¡ ¨��,§{­�¬��R��¨����µ³ °�£�©n­�©¥´­�¬�©�¥¦³��y³ �n­ª�
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äeåQæeç�º�ÒxèÊ¶¤¯¹¥:��¬)¥8°�­�¥C8 ¨ª©())³´�µ­?;¹£���£�©±¯¹¥ ³:�µ£�­?��¨ª©µ©µ­��µ§{¨��~°)¯5���n­?@�¥C8 ¨ª©()c³ �n­

<>K=<>{0,1}
ÍÕ¥Q8 ¨ª©())³´�µ­?D�¯5��­�Ñ§{¨�¬�©�¥¦­��F))©n³:���

1
¡

2
­��

3
°c¯5���k¥ ¯�§�6�©±¯5�y³¦°~­�°�­�¥ ¯?��;�¬�©µ­�Ò�§c¯';ª­�¼��LÍ ¯ªÑ

OG1(K,0,5)
§{¨�¬�©�¥´­��F)~©n³����

1
¡

2
­��

3
¡n�µ¨>���y©µ­�§~©µ£��µ­����µ£�­���§c¯�©y°~³:A{£�©µ­��ª�B�=�)³ ®�­�¯¹¬�ËI°�­�;ª©n³:���+°~­iÍQ){Ñ�@ÊÍQ;�Ñ

OGj(K,0,5)
¡+§{¨�¬�©y¥¦­���))©n³:���

1
¡

2
­��

3
¡�§{¨�¬~©

j = 2
@
j = 7

¡X�µ¨��ª��©µ­�§~©µ£��µ­��ª�n£�­���§c¯�©�°~³:A{£�©µ­����B���~³´®ª­�¯¹¬�Ë °�­M;ª©n³����¤Ç�¨¹�n¨>���?Y�¬�­
OGj(K,0,5) = OG7(K,0,5)

§{¨�¬�©
j > 7

�}�]¯�©Á­�Ë�­��Ô§c¥´­ª¡�Y�¬)¯5�~°�¨��u��¯¹¥:��¬)¥´­
OG1(K,0,5)(1)

¡{¨��\¯'[ ¨�¬��n­Ô¥´­��)~©n³����H°�­
ChE(0,0,5)(1) = (7, 6, 4)

­��
ChE(1,0,5)(1) = (11, 10, 9, 8, 5)

�

þ����]ç�î è�î�ê{ç�ä�ðj²E�yé��+î è�õ_ ^��çm��é�ó)ö�î�÷���õ
OG(K,a,d)(b)

³�ø�´Iµ5¶v·
K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤

d ≤ m ÄW» · b ∈ Bd ¸ Ô × µ ¿LÈ ¶Q· »�À�Á3º�Á3¿(¾>Â ¶ÕÃ ÁB» OG(K,a,d)(b) » Ãl·ZÎ ÁQÍGº ¶ »!½ µ Ì�Ìk»kÁ · ¾5º · Â:¾�Â ¶ Ì ¶Q· » Î »=Â*¾ ÃlÅ�¶Q· »(
OGn(K,a,d)(b)

)
n∈N

¸

ñ�õ�� ó~éFbÎìÎõ,ðIø=´�µ5¶v·
K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd ¸´^¶

b′ ∈ OG(K,a,d)(b)
¶ ÂG» î5¶ÕÃ3· »k¾>Â µ ¿ Ã�Å ºt»3º ·Q¶ »3¿ p Â:» í Â Å�Ãdí » ·Q¶v·ní�µ'ÃBÃB¶ ÈLÂ�» · »LÂ¡õ Å » b′ ∈ OGp(K,a,d)(b) » ·í Â Å�Ã�í ¿EÁE½ ¶{Ã Á3Ìk»3º ·4· »LÂmõ Å »

b′ ∈ OGq(K,a,d)(b) ∀q ≥ p » ·
b′ 6∈ OGq(K,a,d)(b) ∀q < p ¸

^ ¶ ¿E»_õ Å » b′ ∈ OG(K,a,d)(b) » Ã3· ¾>Â µ ¿ Ã Á(õ Åc¶ Ñ'¾>Â:»3º · Ö Î5¶ ¿E»_õ Å × ¶ ÂW» î5¶ÕÃ3· » Å º�» ÃlÅc¶v· »�Ì ¶ º ¶ Ì!¾>Â�» Î »uÈ3¿ ¶ º Ã
{b1, b2, . . . , bp+1} ⊆ OG(K,a,d)(b) ¿E»LÂ ¶ ¾5º · b » · b′ · »LÂvÂ:»�õ Å »





b1 = b
bp+1 = b′

bu+1 ∈ EchE(tu,a,du)(bu), ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p
du = min{d, nivbu + 1}, ∀u, 1 ≤ u ≤ p
bu+1 6= bu

� · Â�» Ã È3¿ ¶ º ÃSÎ »R½l» ·C· » ÃlÅc¶v· »�Ñ5Á3¿ ¶ Í�»3º ·�Ê
bu+1 ∈ OGu(K,a,d)(b)

í�µ5Å ¿ 0 ≤ u ≤ p » ·
bu+1 6∈ OGu−1(K,a,d)(b)

í�µ5Å ¿ 1 ≤ u ≤ p ¸

Òª»
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�#¯5������­��µ�n­y§c¯�©«�±³¦­k�«¨��ª��­�Ë�§{¨��µ£�­��#­���°~£��Ô¨��ª�n©µ£�­��k°~³:A{£�©µ­����n­��#§~©µ¨ª§)©n³´£��n£���°�­��#¨ª©()c³ �n­���;¹£���£�©±¯¹¥ ³:�µ£�­�����]¯�©E�y³>��­�¥¦¥¦­�� g ��³>�µ­]�µ©n¨ª¬�®ª­L¥ ¯�§)©µ¨ª§~©n³´£��n£_³��~°~³�Y�¬c¯5�ª�0Y�¬�­L¥´­�� ¨ª©())³´�µ­��9;ª£���£�©±¯¹¥ ³:�µ£�­��m�µ¨��ª��°�­��Î¬��~³¦¨����Î°98 ¨ª©()c³ �n­���¡¯¹³:���µ³nY�¬�­!��­�¥ ¥´­y³��~°~³�Y�¬)¯5����Y�¬~­Ô°~­�¬�Ëu��­�¥ ¥¦¬~¥¦­��w;ª£��~£�©±¯¹¥¦³��«£�­��w�µ¨>����¡��«¨�¬��w��­�©«�
¯¹³���­��w��¨��~°~³´�n³¦¨�����¡'°)³:�«�n³����
�n­��¨�¬���¨>��D ¨��~°~¬~­����
È�¯y§~©µ¨ª§{¨��µ³´�±³´¨��\�¹·Ô§{­�©B�Ô­���°�­�§~©µ¨�¬�®�­�©wY�¬�­s¥ ¯k��¨¹�±³´¨���°98 ¨ª©()c³ �n­S;ª£��~£�©±¯¹¥¦³��«£�­�­��É��¬���­S;ª£���£�©±¯¹¥ ³:�n¯��±³¦¨��°�­#¥ ¯R�~¨��±³¦¨���°I8 ¨ª©())³´�n­ª�)¶H8 ­��É�W@s°~³´©µ­FY�¬�­�§{¨�¬�©¤¬���­�§�6�©±¯5�y³ °�­�°�¨�����£�­ª¡�§{¨�¬~©¤¬���­����µ­��S)c¥´­�°98 ³��ª®�¨�¥¦¬��n³¦¨����°�¨����~£ª¡Î­��s§{¨�¬~©s¬��f)~©n³�� °�¨�����£ª¡�¥C8 ¨ª©()c³ �n­k;ª£���£�©±¯¹¥ ³:�«£�­�¨>)^�«­�©«®�£�­?@
¬��y�~³ ®�­�¯¹¬mÍ�­�����¨�� §c¯5�k­����n©µ­ °~­�¬�Ë�~³´®ª­�¯�¬�Ë °)³:�«�n³����
�B�
ÑG��¨ª©µ©µ­��«§{¨��~°?@�¥C8 ¨ª©())³ �n­�°�­F��­H)~©n³��?@S��­w�)³ ®�­�¯¹¬'��Ä4��°I8 ¯¹¬��n©µ­��L�n­�©E�Ô­���¡��µ³{¥C8 ¨��?�«­Á§)¥ ¯'��­°)¯5���H¥¦­���¯¹°�©µ­�°I8 ¬���­k§�6�©±¯5�y³ °�­�°I8 ³:� ¯';ª­���¡���­��µ�n­k§~©µ¨ª§{¨��µ³´�±³´¨����y¨��ª�n©µ­�Y�¬�­�¥Q8 ­����«­��R))¥´­�°~­���©µ£L;�³¦¨>����°98 ¬���~³´®ª­�¯�¬

a
��¨¹©n©µ­��«§{¨��)°)¯5�ª�H@Ô¬���­k©µ£L;�³¦¨���°�¨����~£�­�°~¬��)³ ®�­�¯¹¬

a
¡~­��É�H©µ£�°~¬)³ �H@=��­��«�n­k©µ£L;�³´¨���­�¥¦¥¦­S�=<��y­ª�

ÿké�ê{ô]êc÷�î è�î�ê{ç ðcýIø=´�µ5¶v·
K ⊆ N Ä a · »LÂmõ Å » 0 ≤ a ≤ m Ä�» · b ∈ Ba Ä µ ºK¾

OG(K,a,a)(b) =<>(K)a (b).

ÿké�õ�ì*-{õIø Ç�¨�¬��Á¯¹¥ ¥´¨����w�Ô¨��ª�n©µ­�©�°)¯5���Á¬���§~©µ­��y³¦­�©H�n­��Ô§��HY�¬~­
OG(K,a,a)(b) ⊆<>(K)a (b)

¡c§c¬~³:�wY�¬�­
<>(K)a (b) ⊆ OG(K,a,a)(b)

���¨�³´�
b′ ∈ OG(K,a,a)(b)

��L¬~³��(Y�¬~­
b′ ∈ OG(K,a,a)(b)

¡�¨����n¯¹³ ��°I8 ¯�§~©(T�� ¥ ¯�©µ­���¯�©EY�¬�­8��Y�¬I8 ³¦¥¹­�Ë~³:�«�µ­L¬��~­G�µ¬)³ �n­_°~­¡)~©n³���� {b1, b2, . . . , bp+1} ⊆

OG(K,a,a)(b)
�n­�¥¦¥¦­SY�¬�­





b1 = b
bp+1 = b′

bu+1 ∈ EchE(tu,a,a)(bu), ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p
bu+1 6= bu

�

Ä]�H§c¯�©H°�£����~³´�±³´¨��iÌ
EchE(tu,a,a)(bu) = {bu, buαatu}

¡ ∀u ¡ 1 ≤ u ≤ p �
��8 ¨('�³ ¥'­�Ë�³��É�n­ {b1, b2, . . . , bp+1} ⊆ OG(K,a,a)(b)

�n­�¥9Y�¬�­




b1 = b
bp+1 = b′

bu+1 ∈ {bu, buαatu}, ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p�L¬~³��(Y�¬~­�¥Q8 ¨��y�µ¬~§~§{¨��«­

bu+1 6= bu
¡�¨��p°~£�°~¬)³ �y¯¹¥¦¨ª©E�RY�¬I8 ³¦¥L­�Ë~³:�«�µ­

tu ∈ K
¡+¯�®ª­��

1 ≤ u ≤ p
¡ �n­�¥eY�¬�­

b′ = bαat1α
a
t2 . . . α

a
tp+1

��Á¨����
b′ ∈<>(K)a (b)

�Ä]�d��­���³'­��É��®�©
¯�³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �
b′ ∈ OG(K,a,a)(b)

��Á¨����
OG(K,a,a)(b) ⊆<>(K)a (b)

�
��¨��ª�n©µ¨����Z� ¯¹³:���µ­��)¯5�ª�dY�¬�­

<>(K)a (b) ⊆ OG(K,a,a)(b)
���¨�³´�

b′ ∈<>(K)a (b)
�

 É¥¹­�Ë~³:�É�n­8¯¹¥´¨ª©E�Î¬���­G�n¬~³´�µ­L°�­G)~©n³���� {b1, . . . , bp+1} ∈<>(K)a (b)
�n­�¥ ¥´­4Y�¬~­�Ì





b1 = b
bp+1 = b′

bu+1 = buα
a
tu , ∀u, 1 ≤ u ≤ p

tu ∈ K, ∀u, 1 ≤ u ≤ p��¨����µ©n¨>���¤§c¯�©�©n£���¬�©µ©n­�����­S�µ¬�©
u
¡
1 ≤ u ≤ p+ 1

¡�Y�¬�­
bu ∈ OG(K,a,a)(b)

�
èm§{¨�¬�©

u = 1 b1 = b ∈ OG(K,a,a)(b)
§c¯�©W��6�§{¨¹�B�cT��«­ª���Á¨������58 ­��«�¤®�©±¯¹³}§}¨ª¬~©

u = 1
�

èé�n¬�§~§{¨��µ¨>����¥Q8 �>6�§{¨¹�B�cT��µ­�®�©±¯¹³´­k§{¨�¬�©
u
¡
1 ≤ u < p+ 1

¡~­��d�Ô¨��ª�n©µ¨����ZY�¬�­S�58 ­��«�¤®�©±¯¹³'§{¨�¬�©
u+ 1

�
bu+1 = buα

a
tu

­��
EchE(tu,a,a)(bu) = {bu, buαatu}

����8 ¨('
bu+1 ∈ EchE(tu,a,a)(bu)

�¶8¨��!�y­Ê¨�� �n¬�§~§{¨��«­I§{¯�©K�>6�§{¨¹�B�cT��«­²°~­Ê©µ£���¬�©µ©µ­�����­tY�¬~­
bu ∈ OG(K,a,a)(b)

¡#¯¹¥¦¨¹©B�
bu+1 ∈

OG(K,a,a)(b)
��Á¨������58 ­��É��®�©±¯¹³}§}¨ª¬~©

u+ 1
�
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�]¯�©W��¨����µ£�Y�¬�­��ª�
bu ∈ OG(K,a,a)(b)

¡ ∀u ¡ 1 ≤ u ≤ p+ 1
�ÃH��¯y¯¹¥´¨ª©E�

b′ ∈ OG(K,a,a)(b)
�)Ä+�d��­���³'­��«��®�©±¯¹³9Y�¬~­�¥:Y�¬�­S�µ¨ª³´�

b′ ∈<>(K)a (b)
��Á¨����

<>(K)a (b) ⊆ OG(K,a,a)(b)
��]¯�©W��¨����µ£�Y�¬�­��ª�

OG(K,a,a)(b) =<>(K)a (b)
�

�È�¯�§)©µ¨ª§{¨��µ³´�n³¦¨����n¬~³ ®ª¯5���µ­S�y¨��ª�n©µ­�Y�¬~­��n³ ¬���)~©n³��
¯�§)§c¯�©«�±³´­����H@Ô¬��~­#¨ª©()c³ �n­�;ª£���£�©±¯¹¥ ³:�µ£�­ª¡c¯¹¥´¨ª©E�d@=�B�c¯5Y�¬�­�~³´®ª­�¯�¬ ¡�¥C8 ¨¹©E))³ �n­F��¨����n­��)¯5�ª�W��­w)~©n³��?D�¯¹³ ��§c¯�©«�±³´­#°�­F��­��µ�µ­�¨ª©())³´�n­H;ª£���£�©±¯¹¥ ³:�«£�­ª��ÀH��­�¨ª©())³´�n­H;ª£���£�©±¯¹¥ ³:�«£�­�­��É�¯¹¥´¨ª©E�H¬���­�¬��~³¦¨��
°I8 ¨ª©())³ �n­����
ÿké�ê{ô]êc÷�î è�î�ê{ç ð)ï²ø=´�µ5¶v·

K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd ¸
� µ5Å ¿ ·�µ5Å�· b′ ∈ OG(K,a,d)(b) Ä <>(K)δ (b′) ⊆ OG(K,a,d)(b) Äe¾5Ñ5»E½ a ≤ δ ≤ min{d, nivb′} ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
b′ ∈ OG(K,a,d)(b)

­��
b′′ ∈<>(K)δ (b′)

¯�®ª­��
a ≤ δ ≤ min{d, nivb′}

���¨����µ©n¨>���ZY�¬~­
b′′ ∈ OG(K,a,d)(b)

��L¬~³��(Y�¬~­
b′′ ∈<>(K)δ (b′)

¡)³ ¥'­�Ë�³��É�n­ {b0, b1, . . . , bp} �n­�¥9Y�¬�­




b0 = b′,
bp = b′′,
bu+1 = buα

δ
tu , ∀u, 0 ≤ u < p,

tu ∈ K, ∀u, 0 ≤ u < p.��¨�³´�
du = min{d, nivbu + 1} ¡ ∀u ¡ 0 ≤ u ≤ p ��L¬~³��(Y�¬~­ ∀u ¡ 0 ≤ u ≤ p

¡
bu ∈<>(K)δ (b′)

¡c¨��\¯k��£���­��(�±¯¹³´©µ­��y­��ª�
δ ≤ nivbu

�{Ä4��¬��±³¦¥ ³:�±¯5�ª�#¥ ¯�§~©µ¨ª§{¨��µ³ g�±³´¨����s§c¯';ª­yº��s¨����±¯�³´�Á¯¹¥´¨ª©E�WY�¬�­�¥´­�°�­�©E�~³¦­�©Z))©n³:�
°�­
Ch(tu,a,δ)(bu)

­��É�
buα

δ
tu

�Ã�©H§c¯�©W��6�§{¨¹�B�cT��µ­
buα

δ
tu = bu+1

¡~°~¨>���
bu+1

­��«��¥´­�°�­�©B�~³´­�©Z)~©n³���°~­
Ch(tu,a,δ)(bu)

�Ä]�H§c¯�©W��¨����«£�Y�¬�­����
bu+1 ∈ Ech(tu,a,δ)(bu)

��L¬~³��(Y�¬~­
δ ≤ nivbu

­��
du = min{d, nivbu + 1} ¡�¨���¯ δ ≤ du ��#¯5���H¥´­S��¯5�¤¨('

δ = du
¡~¨���¯Ô°~³¦©µ­��
�n­��y­��ª�

bu+1 ∈ Ech(tu,a,du)(bu)
Í�¨�¬

bu+1 ∈ EchE(tu,a,du)(bu)
Ñ
�Ä]�_°)¯5���+¥¦­X��¯'�+¨('

δ < du
¡�¨����±¯¹³ �L¯¹¥´¨ª©E�+§c¯�©]°�£L���)³ �±³¦¨>��Í ½�§c¯';ª­�Ó�¸�ÑmY�¬�­

ChE(tu,a,du−1)(bu)
­��É�_¥Q8 ¬���°�­���«¨�¬��G�B�~­��y³����HÍ�¨�¬�¥´­d�«¨�¬��4�B�~­��y³��cÑnY�¬)³���¨��Ô§{¨��µ­��ª�

ChE(tu,a,du)(bu)
���]¯�©4�µ¬)³ �n­

EchE(tu,a,du−1)(bu) ⊆
EchE(tu,a,du)(bu)

��Ä4�#°�­��(��­��)°)¯5�ª��§c¯5�m@�§c¯5��[É¬��EY�¬I8£@
δ
¨����Ô¨��ª�n©µ­GY�¬~­

EchE(tu,a,δ)(bu) ⊆ EchE(tu,a,du)(bu)
�¶8­�Y�¬~³'§{­�©E�y­���°�­���¨�����¥ ¬�©µ­SY�¬�­

bu+1 ∈ EchE(tu,a,du)(bu)
� É¥'­�Ë~³:�«�µ­s¯¹¥´¨ª©E� {b0, b1, . . . , bp} �n­�¥IY�¬�­





b0 = b′,
bp = b′′,
bu+1 ∈ Ech(tu,a,du)(bu), ∀u, 0 ≤ u < p,
tu ∈ K, ∀u, 0 ≤ u < p.�]¯�©W��¨����µ£�Y�¬�­��ª�

b′′ ∈ OG(K,a,d)(b)
ÍC�LDÐ�~©n­���¯�©EY�¬�­s�ªÑ
�

¶8­SY�¬�­�¥C8 ¨���®�³¦­��ª�Á°�­S�Ô¨��ª�n©µ­�©�­��«��®�©±¯¹³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �
b′′ ∈<>(K)δ (b′)

��Á¨����
<>(K)δ (b′) ⊆ OG(K,a,d)(b)

�
ÃÁ©¤�n¨�¬��d��­���³'­��É��®�©
¯�³9Y�¬�­�¥�Y�¬~­��µ¨�³ �

b′ ∈ OG(K,a,d)(b)
��]¯�©W��¨����µ£�Y�¬�­��ª��¡~§{¨�¬~©¤�n¨�¬��

b′ ∈ OG(K,a,d)(b)
¡
<>(K)δ (b′) ⊆ OG(K,a,d)(b)
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©µ£L;�³¦¨�� °I8 ¬��}�~³´®ª­�¯¹¬°�¨����~£#­��É��¥´­S�=<��y­�Y�¬�­�¥:Y�¬~­S�«¨�³ ��¥¦­�)~©n³���°)¬kz�){¨ª©n°�|#°�­�¥ ¯�©µ£L;�³´¨��
³:�~³´�±³ ¯¹¥¦­��Ô­����d�l��¨�³:�n³'§{¨�¬�©H¥¦­S��¯¹¥:��¬)¥��
ÿké�ê{ô]êc÷�î è�î�ê{ç ð{üÊø=´�µ5¶v·

K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b1 Ä b2 ∈ Bd ¸´^¶
b2 ∈<>(K)d (b1) ¾>Â µ ¿ Ã OG(K,a,d)(b1) = OG(K,a,d)(b2) ¸

ÿké�õ�ì*-{õ ø �L¬~³:�EY�¬~­
b1 ∈ OG(K,a,d)(b1)

­��
b1 ∈ Bd

¯�¥¦¨ª©E�k°I8 ¯�§~©(T��k¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨�� ��Ó�§{¯';¹­�Ò¹¼�¡'¨>� ¯
<>(K)d (b1) ⊆ OG(K,a,d)(b1)

���8 ¨('��µ³
b2 ∈<>(K)d (b1)

¯¹¥¦¨ª©E�
b2 ∈ OG(K,a,d)(b1)

���¬)³ �n­R@Ô¥ ¯Ô°�£����~³´�±³´¨��
°�­
OG(K,a,d)(b2)

¨��
¯y¯¹¥´¨ª©E�
OG(K,a,d)(b2) ⊆ OG(K,a,d)(b1)

���8 ¯¹¬��n©µ­#§c¯�©«��°)³´©µ­SY�¬�­
b2 ∈<>(K)d (b1)

­��«�H£�Y�¬)³ ®ª¯¹¥´­��ª�w@Ô°~³¦©µ­�Y�¬�­
b1 ∈<>(K)d (b2)

�ÃH��¨>)��±³¦­��ª�Á¯¹¥¦¨ª©E��°�­�¥ ¯=�!<��Ô­���¯5�)³*T�©µ­�Ì
OG(K,a,d)(b1) ⊆ OG(K,a,d)(b2)

��Á¨������µ³
b2 ∈<>(K)d (b1)

¯¹¥´¨ª©E�
OG(K,a,d)(b2) = OG(K,a,d)(b1)
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R1
­��
R2

�µ³´�±¬�£�­��#©µ­��«§{­��
�±³ ®�­��Ô­��ª��¯¹¬�Ë�~³´®ª­�¯�¬�Ë
d − 1

­��
d
°�­�¥ ¯y§�6�©±¯5�y³ °�­s­��w��¨>���n­��)¯5�����n¨�¬��n­��Á°�­�¬�Ë�¥´­R)~©n³��
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R1
­��«��³:����¥¦¬~­��Á°)¯5���

R2
�{È�¯�§~©µ¨ª§{¨��µ³´�±³´¨��,�¹¾ ¯'[ ¨�¬��n­�¬���­�³���D ¨ª©E� ¯��±³¦¨��q�n¬�§~§)¥¦£��Ô­��ª�
¯¹³´©µ­�Ì¥Q8 ­����«­��R))¥¦­�°�­��Á©µ£L;�³´¨�����°~¬_�~³´®ª­�¯¹¬

a
��¨ª©µ©n­��«§{¨��~°c¯5�ª�F@

R1
­��«��³�����¥ ¬���°)¯5���Á¥C8 ­����«­��R))¥¦­�°�­���©µ£�;�³´¨����Á°)¬�~³´®ª­�¯�¬

a
��¨¹©n©µ­��«§{¨��)°)¯5�ª�H@

R2
�

ÿké�ê{ô]êc÷�î è�î�ê{ç ð^�Iø=´�µ5¶v·
K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a < d ≤ m Ä�» · b ∈ Bd Ä µ ºK¾

OG(K,a,d−1)(b) ⊆ OG(K,a,d)(b).

ÿké�õ�ì*-{õ ø ��¨�³ �
b′ ∈ OG(K,a,d−1)(b)

���8 ¯�§~©(T���¥ ¯�©µ­���¯�©EY�¬�­#�k§c¯';ª­#Òª»k³ ¥c­�Ë~³:�É�n­�¬��~­w�µ¬~³´�n­Á°�­H)~©±³:��� {b1, b2, . . . , bp+1} ⊆ OG(K,a,d−1)(b)
�n­�¥ ¥´­Y�¬~­





b1 = b
bp+1 = b′

bu+1 ∈ EchE(tu,a,min{d−1,nivbu+1})(bu), ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ p�]¯�©H°�£����~³´�n³¦¨���¨>�]�n¯¹³´�dY�¬�­è

EchE(i,a,d)(b) = Ech(i,a,d)(b)
§{¨�¬�©

b ∈ Bd ÍÕ°�£L���)³ �±³¦¨>��½�§{¯�;ª­kÓ�¸�Ñ�Nè
Ech(i,a,d)(b)

­��É�L¥C8 ­����«­��R))¥¦­�°~­X)~©±³:���_°~¬!�B�~­��y³��Ô°~­Z��¨�����­��
�±³¦¨��
Ch(i,a,d)(b)

¡'6=��¨��Ô§~©n³��¡�µ­��]°�­�¬�Ë­�Ë��n©µ£��y³´�n£��kÍÕ°�£����~³´�n³¦¨���»�§c¯';ª­s�¹·�Ñ"Nè
Ch(i,a,d)(b) = Ch(i,a,d−1)(b)

§{¨�¬�©
b ∈ Bd −BSd−1

i

¡
­��

Ch(i,a,d)(b) = C =
(
Ch(k1,a,d−1)(b1), Ch(k2,a,d−1)(b2), . . . , Ch(kp,a,d−1)(bp)

) §{¨�¬~©
b ∈

BSd−1
i

¡c¯�®ª­���­��ª�n©µ­�¯¹¬��n©µ­
b1 = b

­��
k1 = i

ÍÕ°�£L�^�~³ �±³¦¨���Òs§{¯�;ª­�ºªº�Ñ±�ÃH�m°~£�°~¬~³´�
¯¹¥¦¨¹©B� °~­u��­����n©µ¨�³���°�£L���)³ �±³´¨����xY�¬~­
EchE(i,a,d−1)(b) ⊆ EchE(i,a,d)(b)

¡L§{¨�¬~©
a < d

­��
b ∈ Bd ���8 ¯¹¬��n©µ­#§c¯�©«�H¨���¯

min{d, nivbu + 1} = min{d− 1, nivbu + 1}¨�¬
min{d, nivbu + 1} = min{d− 1, nivbu + 1}+ 1

��Á¨����
EchE(tu,a,min{d−1,nivbu+1})(bu) ⊆ EchE(tu,a,min{d,nivbu+1})(bu)

¡ ∀u ¡ 1 ≤ u ≤ p �Ä]�H§c¯�©W��¨����«£�Y�¬�­����
b′ ∈ OG(K,a,d)(b)

�Ä]�d��­���³'­��É��®�©
¯�³9Y�¬�­�¥�Y�¬�­S�µ¨�³ �
b′ ∈ OG(K,a,d−1)(b)

��Á¨����
OG(K,a,d−1)(b) ⊆ OG(K,a,d)(b)

�
�
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d
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d − 1
��¨ª©µ©µ­��µ§{¨��~°)¯5�ª�F@k��­�¥¦¥¦­ g ��³0D ¨����Á£L;�¯¹¥´­��Ô­����Á§c¯�©«�±³´­�°�­���­�¬�ËqY�¬~³#��¨>�y§{¨��«­�����¥´­��¨ª©())³´�n­���°)¬��~³´®ª­�¯¹¬

a
¥ ¬~³9��¨ª©µ©n­��«§{¨��~°c¯5�ª�H£L;�¯¹¥´­��y­��ª���

ÿké�ê{ô]êc÷�î è�î�ê{ç ð�+pø=´�µ5¶v·
K ⊆ N Ä a » · d · »3Â Ã õ Å » 0 ≤ a ≤ d ≤ m Ä�» · b ∈ Bd Ä µ ºK¾

OG(K,d−1,d)(b) ⊆ OG(K,a,d)(b).

ÿké�õ�ì*-{õ ø ��¨�³ �
b′ ∈ OG(K,d−1,d)(b)

���8 ¯�§~©(T���¥ ¯p©µ­���¯�©EY�¬�­i� ³ ¥�­�Ë~³:�«�n­\¬��~­M�µ¬~³´�n­\°�­u))©n³:��� {b1, b2, . . . , bp+1} ⊆ OG(K,d−1,d)(b)
ÍQ��­uY�¬~³³:�y§)¥ ³:Y�¬�­

bu ∈ Bd−1 §{¨�¬�© 1 ≤ u ≤ p+ 1
ÑL�n­�¥¦¥¦­�Y�¬�­





b1 = b
bp+1 = b′

bu+1 ∈ EchE(tu,d−1,min{d,nivbu+1})(bu), ∀u, 1 ≤ u ≤ p
tu ∈ K, ∀u, 1 ≤ u ≤ pÃ�©

min{d, nivbu + 1} = d
��¯�©

bu ∈ Bd−1 ¯¹¬]�Ô¨�³:���Z�«­�¥¦¨���¥ ¯Ô°�£����~³´�n³¦¨��'���8 ¨('
EchE(tu,d−1,min{d,nivbu+1})(bu) = EchE(tu,d−1,d)(bu)

���8 ¯�§~©(T��s¥ ¯
§~©µ¨ª§{¨��n³ �±³´¨�� º�»�§c¯';ª­ Ó�»�¨��f�±¯¹³ ��Y�¬�­
EchE(i,d−1,d)(b) ⊆ EchE(i,a,d)(b)

¡Î§{¨�¬�©
a < d

­��
b ∈ Bd ���8 ¨('

EchE(tu,d−1,d)(bu) ⊆ EchE(tu,a,d)(bu)
¡ ∀u ¡ 1 ≤ u ≤ p �Ã�©d��¨�¬���¯�®ª¨�����°~³´�dY�¬�­

min{d, nivbu + 1} = d
¡)°I8 ¨(' ∀u ¡ 1 ≤ u ≤ p Ì

EchE(tu,d−1,min{d,nivbu+1})(bu) ⊆ EchE(tu,a,min{d,nivbu+1})(bu)
�Ä]��°�¨����#§c¯�©W��¨����µ£�Y�¬~­��ª�

b′ ∈ OG(K,a,d)(b)
�¶8¨��!�y­¡��­���³¹­��«�'®�©±¯¹³5Y�¬�­�¥�Y�¬�­e�«¨�³ �

b′ ∈ OG(K,a,d)(b)
¡�¨��#­��F��¨�����¥¦¬�Y�¬~­

OG(K,d−1,d)(b) ⊆ OG(K,a,d)(b)
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�±¬~£�­S@�¥C8 ¯¹³ °�­k°�­k¥ ¯�§~©µ¨ª§{¨��n³ �±³´¨����¹¼�Ñ
¡�§)¬~³���°�­��Ô¨��ª�n©µ­�©ZY�¬�­��l�)¯5Y�¬~­F)~©n³���°�­���­��µ�n­�µ¬)³ �n­�¯�§)§c¯�©«�±³´­����H@Ô¥ ¯!��­�¥ ¥¦¬~¥¦­�;ª£���£�©
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b ∈ Ba · »LÂmõ Å » EchE◦(i,a,min{d,nivb+1})(b) 6= ∅ ¸´�µ5¶Q·
b′ ∈ EchE◦(i,a,min{d,nivb+1})(b) ¸´�µ5¶Q·
d′ = min{d, nivb + 1} » · l = nivb′ ¸´�µ5¶Q· Â:¾ ÃlÅ�¶Q· » Î »�È3¿ ¶ º Ã (bd′′)l≤d′′≤d′ Ä µ5É bd′′ ∈ EchE◦(i,a,d′)(b) ∪ {b} ∀d′′ Ä l ≤ d′′ ≤ d′ Ä Î ÁQÍGº ¶ » í ¾5¿ Ê
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

bd′ = b, » · td′ = i;» ·Ií�µ5Å ¿ l ≤ d′′ < d′
µ º Î ÁQÍ4º ¶v· ¿E» Ã�í »E½ ·Q¶ Ñ5»3ÌJ»lº · bd′′ » · td′′ »3º ðLµ º"½ ·Q¶Cµ º Î » bd′′+1 » · td′′+1 :Ãl¶

bd′′+1 6∈ (BSd
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td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

) ¾>Â µ ¿ Ã bd′′ = bd′′+1 » · td′′ = td′′+1;Ãl¶ º µ º�Ä ÃLµ5¶Q· ChE(td′′+1,a,d
′′+1)(bd′′+1) =
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′
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′
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(bd′′)l≤d′′≤d′
°�£L���)³´­k§c¯�©





bd′ = b,
­��
td′ = i;­��H§{¨�¬�©

l ≤ d′′ < d′, bd′′
­��
td′′

�µ¨��ª�H©µ­��µ§{­��
�±³´®ª­��Ô­�����°�£L���)³:��­��]D ¨����
�±³¦¨���°~­
bd′′+1

­��
td′′+1 :�µ³

bd′′+1 6∈ (BSd
′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥¦¨ª©E�

bd′′ = bd′′+1
­��
td′′ = td′′+1;�µ³���¨��'¡��«¨�³´�

ChE(td′′+1,a,d
′′+1)(bd′′+1) =

(
ChE(k1,a,d′′)(b

′
1), . . . , ChE(kp,a,d′′)(b

′
p)
)

¯�®ª­��
p, k1, . . . , kp, b

′
1, . . . , b

′
p

®�£�©n³:�c¯5�ª�Á¥´­��W��¨��~°)³ �±³¦¨>���H°�­k¥ ¯Ô°�£����~³´�n³¦¨���½�§c¯';ª­#Ó�¸
,­��

j ∈ {1, . . . , p} �µ­�¥9Y�¬�­ b′ ∈ EchE(kj ,a,d′′)(b
′
j),
¯¹¥´¨ª©E�

bd′′ = b′j
­��
td′′ = kj ;

­��«���µ­�¥¦¥¦­�Y�¬�­ ∀d′′ ¡ l ≤ d′′ ≤ d′
{
b′ ∈ EchE(td′′ ,a,d′′)(bd′′),­��
EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(i,a,d′)(b),­��

b′
­��«��¥´­�°�­�©E�)³´­�©W)~©n³���°~­

Ch(tl,a,l)(bl)
�

��¨��ª�n©µ¨�����§{¯�©s©n£���¬�©µ©n­�����­?�µ¬�©
d′′
¡
l ≤ d′′ ≤ d′

¡0Y�¬I8 ³ ¥L­�Ë�³��É�n­�¬���­x�n¬~³´�µ­�°�­J))©n³:���
(β0, . . . , βq)

°~­
EchE(td′′ ,a,d′′)(bd′′)

�n­�¥ ¥´­SY�¬~­yÌ




β0 = bd′′ , τ0 = td′′ ,
βq = b′, τq−1 = tl, δq = l
βu−1 =

°�­�©B�~³´­�©Z)~©±³:��°~­
ChE(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q,

τu−1 =

{
τu − 1

�µ³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�µ³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q,

δu = nivβu , ∀u, 0 < u ≤ q.

¾�Ó



èm§{¨�¬�©
d′′ = l

Ì�_©µ­��~¨>���
β0 = bl

¡
τ0 = tl

¡
β1 = b′

¡
δ1 = l

­��
q = 1

�Ãw�
¯�Ìèm§c¯�©H°�£L���)³ �±³´¨��
°�­k¥ ¯��n¬~³´�µ­
(bd′′)l≤d′′≤d′

¡�¨��
¯
b′
°~­�©E�~³¦­�©Z))©n³:��°~­

ChE(tl,a,l)(bl)
¯�®�­��

bl ∈ Bl
���8 ¨('�§c¯�©Á°�£����~³´�±³´¨���°�­��H�l��­��y³����Á°�­���¨�����­��
�±³´¨���¨���¯

ChE(tl,a,l)(bl) = Ch(tl,a,l)(bl)
¡c­��Á§c¯�©¥ ¯k§~©µ¨ª§{¨��n³ �±³¦¨>���#§c¯';ª­sº��#¨���¯

b′ = blα
l
tl

���]¯�©���­��«�n­�§)©µ¨ª§{¨��µ³´�n³¦¨���¨���¯k£�;�¯¹¥¦­��Ô­��ª�¤°�­�©E�)³´­�©�)~©n³��°�­
Ch(tl,a,l)(b

′) = b′αltl = bl
��Á¨�����¨���¯�))³´­��

β0 =
°�­�©E�)³´­�©W)~©n³��
°�­

Ch(τ0,a,δ1)(β1)

è
δ1 = l = nivb′ = nivβ1�Á¨����#§{¨�¬�©

d′′ = l
¥Q8 �>6�§{¨¹�B�cT��«­�°�­k©µ£���¬~©µ©µ­�����­#­��«��®ª£�©±³*�~£�­ª�

èé�n¬�§~§{¨��µ¨>���8¥C8 ��6�§{¨¹�B�cT��«­�®�©±¯¹³¦­Á§{¨�¬�©
d′′
¡
l ≤ d′′ < d′

¡�­��X�Ô¨����n©µ¨����eY�¬98 ­�¥¦¥¦­Á­��É��®�©±¯¹³¦­Á§{¨�¬�©
d′′+ 1

Ì��8 ¯�§~©(T��Î¥ ¯�§~©n¨¹§}¨>�n³ �±³¦¨����¹½�§c¯';ª­L¾ª·�¨��F�n¯¹³´�#Y�¬�­
b′ ∈ EchE(td′′ ,a,d′′)(bd′′) ⊆ EchE(td′′+1,a,d

′′+1)(bd′′+1)
�

�]¯�©H°�£L�^�~³´�n³¦¨���¨����n¯¹³´�dY�¬~­��n³
bd′′+1 6∈ (BSd

′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥´¨ª©E�

ChE(td′′+1,a,d
′′+1)(bd′′+1) = ChE(td′′+1,a,d

′′)(bd′′+1),

­��d�n³:�~¨>�
ChE(td′′+1,a,d

′′+1)(bd′′+1) =
(
ChE(k1,a,d′′)(b

′
1), . . . , ChE(kp,a,d′′)(b

′
p)
)

¯�®�­��
b′1, . . . , b

′
p

­��
k1, . . . kp

®�£�©n³:�c¯5���#¥¦­��w��¨��~°~³´�n³¦¨�����°~­Ô¥ ¯�°�£L�^�~³ �±³¦¨���©µ£���¬�©E�µ³´®�­Ô°�­��w�l��­���³:����°~­��¨�����­��
�±³¦¨>� ��]¯�©W��¨����µ£�Y�¬~­��ª�H�µ³
bd′′+1 6∈ (BSd

′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥¦¨¹©B�

ChE(td′′ ,a,d′′)(bd′′) = ChE(td′′+1,a,d
′′)(bd′′+1),

­��d�n³:�~¨>�
³¦¥'­�Ë�³:�«�n­
j
¡
1 ≤ j ≤ p �n­�¥9Y�¬~­

ChE(td′′ ,a,d′′)(bd′′) = ChE(kj ,a,d′′)(b
′
j).�L¬~³��(Y�¬�­#¥C8 ¨��?�n¬�§~§{¨��µ­#¥Q8 �>6�§{¨¹�B�cT��«­#°~­�©µ£���¬�©µ©µ­�����­Á®�©±¯¹³¦­k¯¹¬�©±¯5�c;
d′′
¡~³¦¥}­�Ë�³��É�n­#¬���­F�µ¬)³ �n­#°�­w))©n³:���

(β′0, . . . , β
′
q)
°�­
EchE(td′′ ,a,d′′)(bd′′)

�n­�¥ ¥´­SY�¬�­�Ì




β0 = bd′′ , τ0 = td′′ ;
βq = b′, τq−1 = tl, δq = l;
βu−1 =

°�­�©E�)³´­�©W)~©n³���°~­
Ch(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q;

τu−1 =

{
τu − 1

�µ³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�µ³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q;

δu = nivβu , ∀u, 0 < u ≤ q;��³
bd′′+1 6∈ (BSd

′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥´¨ª©E��­���§)©µ­��)¯5�ª�





β0 = β′0;
β1 = β′1, τ0 = τ ′0, δ1 = δ′1;��� ��� ���
βq = β′q, τq−1 = τ ′q−1, δq = δ′q;¨��
¯Ô¬���­��n¬~³´�µ­k©µ£�§{¨��~°c¯5�ª�Á¯¹¬�Ë���¨��)°~³ �±³¦¨������

��³
bd′′+1 ∈ (BSd

′′
td′′+1

∪ Sd′′td′′+1
∪ Cd′′td′′+1

)
¯¹¥´¨ª©E��§~©µ­���¨����#Ì
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



β0 = b′1;
β1 = b′2, τ0 = k1, δ1 = d′′;��� ��� ���

βj−1 = b′j = β′0, τj−2 = kj−1, δj−1 = d′′;
βj = β′1, τj−1 = τ ′0, δj = δ′1;��� ��� ���

βj+q−1 = β′q, τj+q−2 = τ ′q−1, δj+q−1 = δ′q.ÂH­L;�¯�©n°�¨����Z�n³I��­��µ�n­��µ¬~³´�n­�®�£�©n³:�~­�¥´­��W��¨>�)°~³ �±³¦¨����Z��Ë�£�­��kÌè ¥´­��W��¨��)°~³ �±³¦¨����Z�µ¨��ª�W))³¦­���®�£�©n³*�)£�­���§{¨�¬�©
βu
¡
τu−1

­��
δu
¯�®ª­��

u
�n­�¥9Y�¬~­

j ≤ u ≤ j + q − 1
Nè ¥ ¯=��¨��)°~³ �±³¦¨��]��¨�����­�©B�)¯5�ª�

β0
­��«��®ª£�©n³*�)£�­S��¯�©

β0 = b′1 = bd′′+1
Nè ¥ ¯y©µ­�¥ ¯��±³¦¨��

βu−1 =
°�­�©E�)³´­�©d)~©±³:��°�­

Ch(τu−1,a,δu)(βu)
­��É��­�¥¦¥¦­k®ª£�©n³:�~£�­s§{¨�¬�©��n¨�¬��

u
¡
0 < u ≤

j − 1
Ì¨��q�±¯¹³ �wY�¬�­

b′u+1 =
°�­�©E�)³´­�©H)~©n³���°�­

Ch(ku,a,d′′)(b
′
u)
­��
b′u ∈ Bd

′′ §{¨�¬�©
1 ≤ u < j

�"�Á¨�����­��¯�§~§)¥ ³:Y�¬)¯5�ª�#¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��,�Ô§c¯';ª­ º��
b′u+1 = b′uα

d′′
ku

­���°~­�©E�~³¦­�©H)~©n³���°�­
Ch(ku,a,d′′)(b

′
u+1) =

b′u+1α
d′′
ku

= b′u
�c�_¬)³:�(Y�¬�­

τu−1 = ku
¡
δu = d′′

¡
βu = b′u+1

­��
βu−1 = b′u

§}¨ª¬~©
1 ≤ u ≤ j

¯¹¥´¨ª©E�°�­�©E�)³´­�©W)~©n³���°~­
Ch(τu−1,a,δu)(βu) = βu−1

�Ä+��°~¨����F��­��µ�µ­S��¨��~°~³´�±³´¨���­��É��®�£�©n³:�~£�­��
è ¥ ¯�©µ­�¥ ¯��±³´¨���­����µ©µ­

τu−1
­��
τu
­��É�H­�¥ ¥´­#®�£�©n³:�~£�­k§{¨�¬�©¤�n¨�¬��

u
¡
0 < u ≤ j − 1

Ì
�]¯�©]°�£L�^�~³ �±³¦¨���ÍÕ°�­�DcÒ�§{¯';¹­�º¹º�Ñ ¨����n¯¹³ �¡Y�¬�­�Ì

ku =





td′′+1
�µ³
u
­��É��³:�y§c¯¹³´©

,

td′′+1 + 1
�µ³
u
­��É�H§{¯�³¦©�­��

b′u ∈ S
nivb′u
td′′+1

,

td′′+1 − 1
�µ³
u
­��É�H§{¯�³¦©�­��

b′u ∈ C
nivb′u
td′′+1

.

��8 ¨('iÌ
ku+1 =





ku + 1
�n³
b′u+1 ∈ (S

nivb′
u+1

ku+1−1 ∪ C
nivb′

u+1

ku+1
),

ku − 1
�n³
b′u+1 ∈ (C

nivb′
u+1

ku+1+1 ∪ S
nivb′

u+1

ku+1
).

¶8­�Y�¬)³'­��ª�n©±¯�\v��­�Ì
τu =

{
τu−1 + 1

�n³
βu ∈ (S

nivβu
τu−1 ∪ C

nivβu
τu ),

τu−1 − 1
�n³
βu ∈ (C

nivβu
τu+1 ∪ S

nivβu
τu ).

¶H8 ­��É�H@Ô°~³¦©µ­yÌ
τu−1 =

{
τu − 1

�µ³
βu ∈ (S

nivβu
τu−1 ∪ C

nivβu
τu ),

τu + 1
�µ³
βu ∈ (C

nivβu
τu+1 ∪ S

nivβu
τu ).Ä+�d��­���³'­��«��®�©±¯¹³9Y�¬�­�¥:Y�¬�­S�µ¨ª³´�

u
¡
1 ≤ u < j

��Á¨����#¥ ¯�©µ­�¥ ¯��±³´¨���­��ª�n©µ­
τu−1

­��
τu
­��É��®�£�©n³*�)£�­k§{¨�¬�©

1 ≤ u < j
�

è ¥ ¯!��¨>�)°~³´�n³¦¨��]��¨>����­�©E�c¯'���
δu
¡
1 ≤ u < j

­��É�H®�£�©n³*�)£�­R��¯�©
δu = d′′

­��
βu = b′u+ 1 ∈ Bd′′ §c¯�©°�£L���)³ �±³¦¨>� ��Á¨�������­��µ�n­��n¬~³ �n­#®ª£�©±³*�~­#�n¨�¬��n­��H¥´­��W��¨��)°~³ �±³¦¨����X�~Ë�£�­�����]¯�©W��¨����µ£�Y�¬~­��ª�Á¥Q8 �>6�§{¨¹�B�cT��µ­k°�­k©µ£���¬~©µ©µ­�����­#­��É��®ª£�©±³*�~£�­s¯�¬�©±¯5�c;

d′′ + 1
��Á¨����Ô§}¨ª¬~©#�n¨ª¬��

d′′
¡
a ≤ d′′ ≤ d′

¡Î³ ¥+­�Ë�³��É�n­�¬��~­k�µ¬)³ �n­�°�­k)~©n³����
(β0, . . . , βq)

°�­
EchE(td′′ ,a,d′′)(bd′′)�n­�¥ ¥´­SY�¬�­�Ì





β0 = bd′′ , τ0 = td′′ ,
βq = b′, τq−1 = tl, δq = l
βu−1 =

°�­�©B�~³´­�©Z)~©±³:��°~­
ChE(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q,

τu−1 =

{
τu − 1

�µ³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�µ³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q,

δu = nivβu , ∀u, 0 < u ≤ q.�]¯�©W��¨����«£�Y�¬�­�����³ ¥'­�Ë�³��É�n­�¬���­S�µ¬)³ �n­k°~­F)~©n³����
(β0, . . . , βq)

°~­
EchE(i,a,d′)(b)

�n­�¥ ¥´­SY�¬~­yÌ
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



β0 = b, τ0 = i;
βq = b′, τq−1 = tl, δq = l;
βu−1 =

°~­�©E�~³¦­�©Z))©n³:�
°�­
Ch(τu−1,a,δu)(βu), ∀u, 0 < u ≤ q;

τu−1 =

{
τu − 1

�n³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�n³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < q;

δu = nivβu , ∀u, 0 < u ≤ q;

�
ñ�õ�� ó~éFbÎìÎõ�ï ø � ºK¾_ë ÃlÅ�¶Q· »RÖ?½B» ·C· » Î Á3Ì µ º Ã3· ¿(¾ ·Q¶Cµ º ì Êö βu−1 = βuα

δu
τu−1

Ä ∀u Ä 0 < u ≤ q Ïö Ech(τu−1,a,δu)(βu) ⊆ EchE(i,a,min{d,nivb+1})(b) Ä ∀u Ä 0 < u ≤ q Ïö δu < d′
í�µ5Å ¿ 0 < u ≤ q ë Î Á Î5Å�¶Q·HÎ5Å!ð ¾ ¶v· õ Å » δu = nivβu » · βu ∈ EchE◦(i,a,min{d,nivb+1})(b)í�µ5Å ¿ 0 < u ≤ q ¾ ¶ º ÃB¶ õ Å » Î »SÂ:¾ í ¿ µlí�µ'Ãl¶v·C¶Qµ º ÐcË ì ¸¥ ¯Á§~©µ¨ª§{¨��n³ �±³´¨���·�¸F�y¨��ª�n©µ­ZY�¬�­�¥C8 ¨ª©()c³ �n­Z;¹£���£�©±¯¹¥ ³:�µ£�­�°I8 ¬���)~©n³���¯�§~§c¯�©«�n­��)¯5���e@Á¬���­¤¨ª©()c³ �n­X;ª£���£�©±¯¹¥ ³:�«£�­­��«��³:����¥¦¬�­ °)¯5������­��µ�n­y°~­�©E�~³:T�©µ­ª�m��¯5���#¥¦­k��¯¹°�©µ­�°I8 ¬���­y§�6�©±¯5�y³ °�­y°98 ³:��¯';ª­���¡9��­�¥ ¯�³:�y§)¥¦³�Y�¬~­kY�¬�­k�n³+¥C8 ¨��§~©µ­��~° ¬���­�©n£L;�³´¨��

R1
°I8 ¬��J�)³ ®�­�¯¹¬ °~¨>����£�¯¹³����µ³"Y�¬I8 ¬��~­�©µ£L;�³¦¨>�

R2
°I8 ¬��J�~³ ®�­�¯¹¬�³:��D £�©n³¦­�¬�©�D�¯�³��n¯5���8§{¯�©µ�n³¦­°�­��Ô©µ£L;�³¦¨����=��¨��y§{¨��n¯5�ª�

R1
�]Æ ¬��b�~³´®ª­�¯�¬I­�����¨ª©µ­�§c¥¦¬��=)c¯5��¡]¥C8 ­����«­��R))¥¦­�°�­���©µ£L;�³¦¨����=��¨��y§{¨��n¯5�ª�

R1��¨��Ô§)©µ­��~°�¥¦­���©µ£L;�³¦¨����Z��¨��y§{¨��n¯5�ª�
R2
�

ÿké�ê{ô]êc÷�î è�î�ê{çmý�gIø=´�µ5¶v·
K ⊆ N Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä br1 ∈ Bd Än» · br2 ∈ OG(K,a,d)(br1) ¸� ºK¾?¾>Â µ ¿ Ã OG(K,a,δ)(br2) ⊆ OG(K,a,d)(br1)¾5Ñ5»E½ a ≤ δ ≤ min{d, nivbr2} ¸

ÿké�õ�ì*-{õ ø ��¨�³ �
b ∈ OG(K,a,d′)(br2)

­��d�Ô¨����n©µ¨����ZY�¬~­
b ∈ OG(K,a,d)(br1)

��L¬~³��(Y�¬~­
b ∈ OG(K,a,δ)(br2)

¡]¨��}�±¯�³´� §c¯�© ¥ ¯,©µ­���¯�©BY�¬�­\�\§c¯';ª­\Òª»uY�¬I8 ³¦¥�­�Ë~³:�«�µ­�¬���­_�µ¬~³´�n­�°�­])~©±³:���
(b1, . . . , bp)

��³:�~³���¯¹¥¦­��n­�¥¦¥¦­SY�¬�­�Ì




b1 = br2,
bp = b,
bu+1 ∈ EchE(tu,a,du)(bu), ∀u, 1 ≤ u < p,
tu ∈ K, ∀u, 1 ≤ u < p,
du = min{δ, nivbu + 1}, ∀u, 1 ≤ u < p.�L¬~³��(Y�¬~­k¥C8 ¨>��§~©n­��~°
¥ ¯=�n¬~³´�µ­S�y³��~³:� ¯¹¥´­#¨���¯�Ì





bu ∈ OGu(K,a,δ)(br2), ∀u, 1 ≤ u ≤ p,
bu 6∈ OGu−1(K,a,δ)(br2), ∀u, 1 < u ≤ p,
bu+1 6= bu, ∀u, 1 ≤ u < p��8 ¯¹¬��n©µ­#§{¯�©«��¡~§)¬)³:�EY�¬�­

br2 ∈ OG(K,a,d)(br1)
¡�¨��]�n¯¹³ �H§c¯�©H¥ ¯�©µ­�� ¯�©BY�¬�­s�s§c¯';ª­sÒª»�Y�¬98 ³ ¥'­�Ë~³:�«�n­k¬��~­�µ¬)³ �n­k°~­F))©n³:���

(b′1, . . . , b
′
q)
��³:�~³���¯¹¥¦­��n­�¥ ¥´­SY�¬�­�Ì




b′1 = br1,
b′q = br2,
b′v+1 ∈ EchE(t′v ,a,d

′
v)(b

′
v), ∀v, 1 ≤ v < q,

t′v ∈ K, ∀v, 1 ≤ v < q,
d′v = min{d, nivb′v + 1}, ∀v, 1 ≤ v < q.��¨�¬�©W�y¨��ª�n©µ­�©WY�¬�­

b ∈ OG(K,a,d)(br1)
¡)³¦¥9�µ¬\[y�H°�­S�Ô¨��ª�n©µ­�©WY�¬98 ³ ¥'­�Ë�³��É�n­k¬���­��n¬~³ �n­#©n­�¥¦³ ¯5�ª�

b
­��
br1ÍC�LD�©µ­�� ¯�©EY�¬~­s�ªÑ
�)��¨�¬�©d��­�¥ ¯�¡���¨�¬���¯¹¥¦¥¦¨>���H¬��±³¦¥ ³:�µ­�©�¥¦­��H°�­�¬�Ë��n¬~³ �n­���§~©µ£���£�°�­����µ­���©µ­�¥ ³ ¯5���

b
@
br2
­��
br2

@
br1
�

ÃH��¯ 


bu+1 ∈ EchE(tu,a,du)(bu), ∀u, 1 ≤ u < p,
du = min{δ, nivbu + 1}, ∀u, 1 ≤ u < p,
δ ≤ min{d, nivbr2}.
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du ≤ min{d, nivbr2 , nivbu + 1} ≤ min{d, nivbu + 1} ���¬)³ �n­_@,¥ ¯i°�£L�^�~³ �±³¦¨��²©µ£���¬~©E�µ³´®ª­�°�­��k�l��­���³:����°�­q��¨����~­��
�±³´¨��²£��µ­��~°~¬���ÍÕ°�­�D�½,§c¯';ª­�Ó�¸�Ñ
¡+¨��}�n¯¹³´�JY�¬~­

EchE(i,a,d−1)(b) ⊆ EchE(i,a,d)(b)
­���§c¯�©X�µ¬~³´�n­

EchE(i,a,c)(b) ⊆ EchE(i,a,d)(b)
§}¨ª¬~©L�n¨�¬��

c
¡
a ≤ c ≤

d
��]¯�©x��¨����«£�Y�¬�­����

EchE(tu,a,du)(bu) ⊆ EchE(tu,a,d′′u)(bu)
¯�®�­��

d′′u = min{d, nivbu + 1} §{¨�¬�©��n¨�¬��
u, 1 ≤ u < p.¶8­�Y�¬~³ ³��Ô§)¥ ³:Y�¬�­SY�¬~­k¥ ¯=�µ¬)³ �n­k°~­F)~©n³����

(b1, . . . , bp)
©µ­�¥¦³ ¯5�ª�

b
@
br2
­��É���n­�¥ ¥´­SY�¬�­�Ì





b1 = br2,
bp = b,
bu+1 ∈ EchE(tu,a,d′′u)(bu), ∀u, 1 ≤ u < p,
tu ∈ K, ∀u, 1 ≤ u < p,
d′′u = min{d, nivbu + 1}, ∀u, 1 ≤ u < p.Ä4��§~©n­��)¯5�ª�Á¥ ¯=�n¬~³ �n­

(β1, . . . , βq+p−1)
�n­�¥ ¥´­SY�¬�­�Ì





β1 = b′1 = br1,
βq = b′q = b1 = br2,
βq+p−1 = bp = b,
βw+1 ∈ EchE(τw,a,δw)(βw), ∀w, 1 ≤ w < q + p,

τw =

{
t′w,

§{¨�¬�©
w, 1 ≤ w < q,

tw−q+1,
§{¨�¬�©

w, q ≤ w < q + p− 1,¨���¯y¯�¥¦¨ª©E�Z))³´­��
τw ∈ K, ∀w, 1 ≤ w < p+ q − 1,

δw =

{
d′w,

§{¨�¬~©
w, 1 ≤ w < q,

d′′w−q+1,
§{¨�¬~©

w, q ≤ w < q + p− 1,¨���¯y¯�¥¦¨ª©E�Z))³´­��
τw = min{d, nivβw + 1}, ∀w, 1 ≤ w < q + p− 1.�]¯�©W��¨����µ£�Y�¬�­��ª�

b ∈ OG(K,a,d)(br1)
��L¬~³��(Y�¬~­���­��µ�µ­�°�£��y¨����É�n©±¯��±³´¨���­��«��®�©±¯¹³¦­�Y�¬�­�¥�Y�¬�­S�µ¨�³ �

b ∈ OG(K,a,δ)(br2)
¡c¯�¥¦¨ª©E�

OG(K,a,δ)(br2) ⊆ OG(K,a,d)(br1).

�Ä4� �µ¬~§~§{¨��n¯5���KY�¬~­ ¯¹¬���¬��~­t�µ¬�§)§~©µ­��E�µ³¦¨���¨�¬ ��¨��ª�n©±¯5�
�±³´¨�� °�­²³ g ��­�¥¦¥ ¬~¥´­}�98 ­��É�i³��ª�n­�©«®�­���¬�­ ¥´¨ª©E�,°�­²¥ ¯��¨����«�n©n¬��
�±³¦¨>�W°�­,¥ ¯p§�6�©
¯5�y³¦°~­ª¡�¥ ¯p§~©µ¨ª§{¨��µ³´�±³´¨��W·�ºM�Ô¨��ª�n©µ­MY�¬�­M�n³Á¬��é)~©n³��
b′
��¨��ª�n­���¬P@Ê¥C8 ³��ª�n£�©n³¦­�¬�©°I8 ¬��x�B��­��y³:��¯�§~§c¯�©«�±³¦­��ª�Z@�¬���­

i g ��­�¥ ¥¦¬~¥¦­H;ª£���£�©
¯�¥ ³:�µ£�­ª¡�¯¹¥¦¨ª©E�8¥Q8 ­�Ë��n©µ£��y³´�n£ b °�­H��­H�B�~­��y³���¯�§~§{¯�©µ�n³¦­����X@�¥ ¯�=<��Ô­
i g ��­�¥¦¥ ¬~¥´­S;¹£���£�©±¯¹¥ ³:�µ£�­ª�Æd����°~­�¥´­Ô°�£��Ô¨����n©µ­�©�¡c¨���­�Ë��n©±¯¹³ �#°�­�¥C8 ³:���n£�©n³´­�¬�©�°)¬_�B��­��y³���¬���­=�µ¬~³´�n­�°�­R))©n³:���ÔÍÕ°�£L���)³´­Ô°)¯5���Á¥ ¯�§~©µ¨ g§{¨��µ³´�±³´¨��\�¹¼�Ñ�©n­�¥¦³ ¯5�ª�

b
­��
b′
¡)�µ­�¥¦¥¦­RY�¬~­R�B�c¯'Y�¬�­S))©n³:��°�­R��­�¥¦¥¦­ g ��³#�µ¨�³ ��°�­�©E�)³´­�©d)~©±³:��°I8 ¬��q�B�~­��y³���³:�E�µ¬�°)¬)~©n³��]�µ¬~³´®ª¯'������L¬~³��L¨��J�Ô¨��ª�n©µ­HY�¬~­H�B�)¯5Y�¬�­d)~©±³:� °~­Á¥ ¯S�µ¬~³´�n­�¯�§~§{¯�©µ�n³¦­����X@k¥ ¯S��­�¥ ¥¦¬~¥¦­Á­��J�Ô¨����µ©
¯'����Y�¬~­H�B�c¯'Y�¬�­d))©n³:� °~­��­��µ�n­=�n¬~³´�µ­Ô­��É����¨��ª�n­���¬,°)¯5����¬��M�B�~­��y³��\°�­!��¨�����­��
�±³¦¨>�,°�¨����k¥´­=)~©n³��\³��~³´�±³ ¯¹¥]¯�§~§{¯�©µ�n³¦­����S@�¥ ¯x��­�¥¦¥ ¬~¥´­ª�

ÿké�ê{ô]êc÷�î è�î�ê{çmýÎäiø=´�µ5¶v·
i ∈ N Ä K = N − {i} Ä a » · d · »LÂ Ã õ Å » 0 ≤ a ≤ d ≤ m Ä j ∈ K ÄX» · br ∈ Bd ¸� ºP½ µ º Ãl¶QÎ Ç3¿E»qõ Å »]Â:¾ í�� ¿(¾5Ì ¶CÎ » P º�»_½ µ º ·Q¶ »3º ·�í ¾ Ã]Î » i ¼ ÃlÅ�í�í ¿E» ÃBÃl¶Qµ ºjº ¶�Î » i ¼p½ µ º · ¿(¾�½ ·Q¶Cµ ºé»3º · ¿E»]Â:» Ãº ¶ Ñ5»(¾ Å>î a » · d ¸´�µ5¶Q·

b ∈ Ba · »LÂmõ Å » EchE◦(j,a,d′)(b) 6= ∅ ¸´�µ5¶Q·
d′ = min{d, nivb + 1} » · b′ ∈ EchE◦(j,a,d′)(b) ¸´^¶

b′ ∈ OG(K,a,d)(br) ¾>Â µ ¿ Ã b ¾ Å�ÃBÃl¶ ¸
ÿké�õ�ì*-{õ ø ��¬�§~§}¨>�µ¨����

b′ ∈ OG(K,a,d)(br)
��L¬~³��(Y�¬~­

b′ ∈ EchE◦(j,a,d′)(b)
¡ ¯¹¥¦¨¹©B�#°I8 ¯�§~©(T��#¥ ¯ §)©µ¨ª§{¨��µ³´�n³¦¨�� �¹¼�§c¯';ª­y¾�Ó)¡ ³¦¥+­�Ë~³:�«�µ­�¬���­!�n¬~³´�µ­�°�­=)~©n³����

{β0, . . . βp} ⊆ EchE◦(j,a,d′)(b) ∪ {b}
�n­�¥ ¥´­SY�¬~­
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



β0 = b, τ0 = j;
βp = b′, τp−1 = tl, δp = l;
βu−1 =

°�­�©E�~³´­�©Z))©n³:�
°�­
Ch(τu−1,a,δu)(βu), ∀u, 0 < u ≤ p;

τu−1 =

{
τu − 1

�µ³
βu ∈ (Sδuτu−1 ∪ Cδuτu )

τu + 1
�µ³
βu ∈ (Cδuτu+1 ∪ Sδuτu )

, ∀u, 0 < u < p;

δu = nivβu , ∀u, 0 < u ≤ p;¨('
l = nivb′

­��
tl
­��É��³��(�µ¬
°�­k¥ ¯Ô°~£L���~³´�±³´¨��
°�­�¥ ¯=�n¬~³ �n­

(bd′′)l≤d′′≤d′
°�£L���)³´­�°)¯5���H¥ ¯Ô§~©µ¨ª§{¨��µ³´�±³´¨����¹½��

Æd����°�­F�Ô¨����n©µ­�©XY�¬�­
b ∈ OG(K,a,d)(br)

¡c��¨�¬���¯¹¥ ¥´¨����X�y¨��ª�n©µ­�©¤§c¯�©¤©µ£���¬�©n©µ­�����­#°~£���©µ¨�³��(�n¯5���n­F�µ¬�©
u
¡

0 ≤ u ≤ p ¡�Y�¬�­ (Hu)
Ì
βu ∈ OG(K,a,d)(br)èm§{¨�¬�©

u = p
¡

βp = b′ ∈ OG(K,a,d)(br)
§{¯�©W��¨����«�µ©±¬��
�±³´¨�� ��Á¨����k¥Q8 �>6�§{¨¹�B�cT��µ­k°~­#©µ£���¬~©µ©µ­�����­

(Hp)
­��«��®�©±¯¹³¦­ª�

èé�n¬�§~§{¨��µ¨>���
(Hu)

¡
0 < u ≤ p ¡�®�©±¯¹³´­k­��d�Ô¨����n©µ¨����ZY�¬~­ (Hu−1)

­��É��®�©±¯¹³´­ª�Ãw�
¯�§c¯�©H°~£L���)³ �±³´¨��
βu−1

u�°~­�©E�~³¦­�©Z))©n³:�
°�­
ChE(τu−1,a,δu)(βu)

¡¯�®�­��
δu = nivβu

�
Ãw��°�¨�³´�H­�Ë~¯5��³:��­�©H°�­�¬�Ë?��¯5�#Ì
ºª�Z�µ¨�³ �

τu−1 ∈ K
¡

���Z�µ¨�³ �
τu−1 6∈ K

�
a î
τu−1 ∈ K øÃw�
¯�§c¯�©H°~£L���)³ �±³´¨��

βu−1 ∈ EchE(τu−1,a,δu)(βu) = Ech(τu−1,a,δu)(βu)
��¯�©

δu = nivβu
��L¬~³��(Y�¬�­

δu = nivβu < d′ ≤ d §{¨�¬�© 0 < u ≤ p °I8 ¯�§~©(T��H¥ ¯�©µ­�� ¯�©EY�¬~­#Óy¨��
¯ δu + 1 ≤ d′ ≤ d ���8 ¨('��n¬~³ �n­R@Ô¥ ¯Ô°~£L���~³´�±³´¨���©µ£���¬�©E�µ³´®ª­�°�­��Z�l��­��y³����H°�­S��¨�����­��
�±³´¨���¨���¯�Ì
Ech(τu−1,a,δu)(βu) ⊆ Ech(τu−1,a,δu+1)(βu) ⊆ Ech(τu−1,a,min{d,δu+1})(βu)

�L¬~³��(Y�¬�­
βu−1 ∈ Ech(τu−1,a,δu)(βu)

¯¹¥¦¨ª©E�
βu−1 ∈ Ech(τu−1,a,min{d,δu+1})(βu)

�¶8¨��!�y­\¨>�P�n¬�§~§}¨>�µ­\§{¯�©]�>6�§{¨¹�B�cT��µ­i°�­,©µ£���¬~©µ©µ­�����­MY�¬�­
βu ∈ OG(K,a,d)(br)

¡¤¯¹¥¦¨ª©E�
βu−1 ∈

OG(K,a,d)(br)
�¶8­SY�¬~³9��¨�¬��¤§{­�©E�Ô­���°�­S��¨�����¥ ¬�©µ­�°)¯5���H¥´­S��¯5�¤¨('

τu−1 ∈ K
�

a î
τu−1 6∈ K øÃw�
¯y¯¹¥´¨ª©E�

τu−1 = i
¡~­��H­���©µ­�;�¯�©±°)¯5�ª��¥ ¯y°�£L���)³ �±³¦¨>�
°�­��X)~©±³:���

β0, . . . , βq
Ìè

τu−2
­��
τu ∈ {i− 1, i+ 1} ¡èé�µ³

τu = i− 1
¯¹¥¦¨¹©B�

βu ∈ (Cδuτu+1 ∪ Sδuτu )
¡��58 ­��É�H@Ô°~³¦©µ­

βu ∈ (Cδui ∪ Sδui−1)
¡

èé�µ³
τu = i+ 1

¯¹¥¦¨¹©B�
βu ∈ (Sδuτu−1 ∪ Cδuτu )

¡��58 ­��É�H@Ô°)³´©µ­
βu ∈ (Sδui ∪ Cδui+1)

¡�L¬~³��(Y�¬�­
δu
­��É�8�n­�¥"Y�¬�­

a ≤ δu ≤ d
¡�­��XY�¬~­Á¥C8 ¨��x�µ¬~§~§{¨��«­wY�¬�­�¥¦­��

i g ��­�¥ ¥¦¬)¥´­��¤°�­�¥ ¯�§�6�©
¯'��³¦°~­�­����µ©µ­¥¦­��d�~³´®ª­�¯¹¬�Ë
a
­��
d
��­R�«¨����H�~³m�n¬�§~§)©n³:�y£�­��d�~³#��¨��ª�n©±¯5�
�n£�­���¯¹¥¦¨ª©E�

βu 6∈ (Sδui ∪ Cδui )
�{ÇH¨�¬���¯¹¥ ¥´¨����¯¹¥¦¨¹©B�¤­�Ë)¯'��³:�~­�©H¥¦­�������¯'��©µ­��«�
¯'���B�#Ì

ºª�
τu = i− 1

­��
βu ∈ Sδui−1

����
τu = i+ 1

­��
βu ∈ Cδui+1

�
ºª����³

τu = i− 1
­��
βu ∈ Sδui−1

ÌÇ�¨�¬��8¯¹¥¦¥¦¨����4�Ô¨��ª�n©µ­�©4Y�¬~­
βu
­��
βu−1

¯�§~§c¯�©«�±³¦­����~­��ª�X@#¬��k�B�~­��y³���°�­d��¨�����­��
�±³´¨���³��(�n¬y°98 ¬��))©n³:�
°�­
OG(K,a,d)(br)

¡���­SY�¬~³m��¨�¬��¤§{­�©E�Ô­��µ�n©±¯Ô°�­���¨>����¥¦¬~©µ­�Y�¬�­
βu−1

¯¹¬��(�n³���]¯�©W��¨>���É�n©n¬����n³¦¨���¨��
¯
βu−1 =

°�­�©B�~³´­�©Z)~©±³:�
°�­
Ch(τu−1,a,δu)(βu)

�¶8¨��k�Ô­
δu = nivβu

¡{­���¬��±³ ¥¦³��n¯5�ª�k¥ ¯ §~©µ¨ª§{¨��µ³´�±³´¨��,�y§c¯';ª­�º��Ô¨��u�n¯¹³´�wY�¬�­
βu−1 = βuα

δu
τu−1�>8 ­��É�H@Ô°~³´©n­

βu−1 = βuα
δu
i

�
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�L¬~³��(Y�¬�­
βu ∈ Sδui−1

­��=Y�¬�­ §c¯�©
αi
¨��i©n­��É�n­ °c¯5���s¥ ¯q�=<��y­

i g ��­�¥ ¥¦¬)¥´­ª¡+¯¹¥¦¨ª©E� βu−1 ∈ Sδui−1¯¹¬��E�µ³'­��
δu−1 = δu

���¨ª³´�
C =<>(K)δu

¡�§)¬~³��(Y�¬�­L¥Q8 ¨����µ¬�§~§}¨>�µ­]§c¯�©m��6�§{¨¹�B�cT��«­_°~­]©µ£���¬�©µ©µ­�����­GY�¬�­
βu ∈ OG(K,a,d)(br)

¡­���¬��±³ ¥¦³��n¯5�ª�Á¥ ¯�§)©µ¨ª§{¨��µ³´�n³¦¨�����Óy§c¯';ª­sÒ¹¼�¨����±¯¹³ �Á¯¹¥´¨ª©B�ZY�¬~­
C ⊆ OG(K,a,d)(br)

���¨ª³´�
brin = βuα

δu
τu

Í�¨���¯y¯�¥¦¨ª©E�
nivbrin ≥ δu

Ñ±�¶8¨��k�Ô­
brin ∈ C ¡c¯¹¥´¨ª©E� brin ∈ OG(K,a,d)(br)

���8 ¯¹¬��n©µ­]§c¯�©«��¡�§c¯�©Î¥ ¯�§~©µ¨ª§{¨��µ³´�±³´¨��yº�·�§c¯';ª­8·ªÒ�¡�¨��F�±¯¹³ �#Y�¬~­_¥¦­_°�­�©E�~³¦­�©9))©n³:�k°�­
Ch(τu,a,δu)(brin)­��É�

brinαδuτu
�58 ­��«�d@y°~³´©µ­

βu
��]¯�©H°~£L���~³´�±³´¨��

Ch(τu,a,δu)(brin) = ChE(τu,a,δu)(brin)
¡­��

ChE(τu,a,δu+1)(brin) = (ChE(τu,a,δu)(brin), ChE(τu−1,a,δu)(βu), . . .)
¡Á¯�®�­��

τu−1 =
τu + 1

���8 ¨('
βu
­��
βu−1 ∈ ChE(τu,a,δu+1)(brin)

��L¬~³��(Y�¬�­
u > 0

¡
βu ∈ Ech◦(i,a,d′)(b)

¡{­��
a ≤ nivβu ≤ d′ − 1 < d

¡'¯¹¥¦¨ª©E�
a + 1 ≤ δu + 1 ≤

d′ ≤ d �{¶8¨>�k�Ô­k°I8 ¯¹¬��n©µ­#§c¯�©«��¡ nivbrin ≥ δu ¡~¨��
¯y¯¹¥¦¨ª©E� min{d, nivbrin + 1} ≥ δu + 1
���8 ¨('

βu−1 ∈ ChE(τu,a,min{d,nivbrin+1})(brin)
��L¬~³��(Y�¬�­

brin ∈ OG(K,a,d)(br)
¯¹¥´¨ª©E�

βu−1
¯�¬��(�µ³Õ�

�Á¨������µ³
τu = i− 1

­��
βu ∈ Sδui−1

¡
(Hu−1)

­��«��®�©±¯¹³¦­ª�
������³

τu = i+ 1
­��
βu ∈ Cδui+1

Ì¨��]�Ô¨��ª�n©µ­k°�­S��¯5�)³*T�©µ­��n³:��³¦¥ ¯¹³´©µ­SY�¬~­
(Hu−1)

­��É�H­�����¨ª©µ­#®�©±¯¹³´­��
�Á¨������µ³

τu−1 6∈ K
¯¹¥´¨ª©E�

(Hu−1)
­��É��®�©±¯¹³´­��

�Á¨����k°)¯5���¤�n¨ª¬���¥´­��W��¯5�
(Hu−1)

­��É��®�©±¯¹³´­��
�Á¨����

βu ∈ OG(K,a,d)(br)
¡ ∀u ¡ 0 ≤ u ≤ p ��]¯�©W��¨����µ£�Y�¬�­��ª�

b ∈ OG(K,a,d)(br)
�

�È�¯s§~©µ¨ª§{¨��µ³´�±³´¨���·ª�R�Ô¨��ª�n©µ­FY�¬~­F�µ³'¯¹¬?��¨�¬�©E�¤°�­#¥ ¯���¨����«�n©n¬��
�±³¦¨>��°�­#¥ ¯�§�6�©±¯5�y³ °�­ª¡)¯¹¬���¬��~­
i g �µ¬~§~§~©µ­��(�µ³¦¨��¨�¬

i g ��¨��ª�n©±¯5�
�±³´¨��t�I8 ­��É��³:���n­�©«®�­���¬~­
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ñ�õ�� ó~éFbÎìÎõ,üIø � Âm» Ã3· Ñ�¿p¾ ¶ õ Å » ÃB¶4Î » Ã i ¼p½ µ º · ¿(¾�½ ·Q¶Cµ º ÃFµ5Å i ¼ ÃBÅ�í�í ¿E» ÃBÃB¶Cµ º Ã�µ º · Á · ÁR»21H»E½ ·QÅ ÁE» Ã Â µ ¿ Ã�Î »SÂ*¾½ µ º Ã3· ¿ Å ½ ·C¶Qµ º Î »xÂ*¾ í�� ¿(¾5Ì ¶CÎ »lÄQÂ�» Ã i ¼p½l»LÂÕÂ Å Â�» Ã À�Á3º�Á3¿(¾>Â ¶{Ã ÁB» Ãwí » Å Ñ5»3º ·WÃ × ¶ º · »3¿ Ã »E½ · »3¿ Ã ¾5º Ã?ïL· ¿E»?½ µ º ð3µ º Î5Å » Ãë�½ ð ¸cÍ0À Å ¿E» Ã Ë\� » · Ë � ì ¸#�K¾ ¶{Ã�Î ¾5º Ã ½l»3¿ · ¾ ¶ º Ã ½B¾ Ã Â*¾ í ¿ µlí�µ'Ãl¶Q·Q¶Qµ º Ó>Ð » Ãl·X·�µ5Åc·XÎ »RÌ ï Ìk»RÑ5Á3¿ ¶ Í�ÁB»BÄX½ µ Ì�Ìk»½^× » Ã3· Â:»W½B¾ ÃXÎ ¾5º Ã Âp× » î »3Ì í Â:» Î »ZÂ*¾¡Í0À Å ¿E» Ð k µ5É!·�µ5Åc· » Ã Â�» Ã"ð ¾�½l» Ã À�Á3º�Á3¿p¾�Â ¶ÕÃ ÁB» Ã4Ã3µ º ·9Î » Å�î Ö Î » Å�î�Î5¶ÕÃÕñLµ5¶ º · » Ãµ5Å ½ µ º ðLµ º Î5Å » Ã Ì!¾>Â À'¿EÁRÂ*¾ í ¿EÁ Ã »3º"½l» Î » Ð ¼p½ µ º · ¿(¾�½ ·Q¶Cµ º Ã Â µ ¿ ÃSÎ »SÂ:¾x½ µ º Ã3· ¿ Å ½ ·Q¶Qµ º Î »SÂ:¾ í�� ¿(¾5Ì ¶CÎ »�¸
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